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The vacuum ultraviolet photolysis of carbon dioxide has been investigated. Kinetic data and quantum 
yield measurements indicate that electronically excited (1D) oxygen atoms are produced in the primary 
process at 1470 A and 1236 A. Such a primary process is consistent with the tentative spectral assignments 


which have been made for carbon dioxide. 





REVIOUS investigations'? of the photolysis of 

carbon dioxide have left the mechanism of the 
reaction in doubt. Groth' found the quantum yield 
of carbon monoxide at 1470 A to be near unity and 
suggested that oxygen atoms are formed in the primary 
process. Groth used a flow system and a gold-plated 
reaction vessel to prevent ozone formation, and thus 
his work cannot provide any indication of the detailed 
fate of the oxygen atom presumably produced in the 
primary process. Jucker and Rideal’ state that the 
quantum yield of carbon monoxide is close to two, and 
conclude that no oxygen atoms are involved in the 
photolysis. They propose a mechanism which involves 
the reaction of a photoexcited carbon dioxide molecule 
with a normal molecule to give oxygen and carbon 
monoxide in one step. If this mechanism were to be 
correct, it would require a revision of the proposals that 
have been made for the fate of carbon dioxide mole- 
cules in the upper atmosphere.’ We have re-examined 
the photolysis of carbon dioxide at 1470 A in an effort 
to make a choice between the two mechanisms, and 
also have extended the investigation to shorter wave- 
lengths in order to test the effect of excitation energy 
on the primary photochemical process. 


EXPERIMENTAL 


The light source used in the early part of this re- 
search was a 60-cycle electrical discharge through 


1 W. Groth, Z. lg ya Chem. (Leipzig) B37, 307 (1937). 


2H. Jucker and E. K. Rideal, J. Chem. Soc. 1957, 1058. 
*D. R. Bates, The Earth as a Planet, edited by G. P. Kuiper 
(University of Chicago Press, Chicago, Illinois). 


xenon. A calcium fluoride window was placed in such a 
way that the reaction cell viewed the discharge axially. 
With a power dissipation of 1000 w this lamp delivered 
10“ quanta of 1470 A radiation per sec through a 
window 25 mm in diam. The maximum intensity was 
obtained with a voltage drop of 500 v and a xenon 
pressure of 50 uw. This lamp was abandoned because 
the commercial neon sign electrodes gradually de- 
teriorated. 

The greater part of the work was done with micro- 
wave discharge lamps. A QK-61 magnetron (10-cm 
continuous wave) tuned to a cylindrical cavity was 
operated at a power input of 100 w. The discharge took 
place in a quartz tube of 25 mm diam located axially 
in the cavity. By adjusting the pressure in the tube to a 
few microns and by tuning the cavity the discharge 
could be brought to within a few millimeters of the 
window mounted on the end of the tube. The relatively 
short light path through unexcited gas minimized 
reabsorption of resonance radiation. A lithium fluoride 
window was used in conjunction with a pure krypton 
filling to obtain the 1236 A resonance line of krypton. 
A krypton discharge combined with a synthetic sap- 
phire window had no photochemical effect on carbon 
dioxide, which indicates that the effective radiation 
from the krypton discharge was indeed confined to 
wavelengths less than 1450 A. A discharge through 
xenon together with a sapphire window provided 
essentially monochromatic radiation of 1470 A wave- 
length. Although a two-millimeter thickness of sap- 
phire absorbs approximately one-half of the incident 
radiation at 1470 A, sapphire was used as a window in 
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Fic. 1. The yield of carbon monoxide as a function of photolysis 
time at 1470 A. The pressure of carbon dioxide was 10 millimeters. 


preference to calcium fluoride because of its superior 
mechanical properties. 

The maximum output of the krypton lamp was 10% 
quanta per sec through a window 25 mm in diam, and 
that of the xenon lamp was a factor of four lower. The 
lamps were often operated at less than maximum 
intensity in order to improve their stability. Various 
mixtures of helium with the heavier rare gases were 
tried as lamp fillings, but none improved the per- 
formance. 

A cylindrical reaction vessel 25 mm in diam and 10 
cm in length was fastened directly to the window of the 
lamp. The cell was serviced by a mercury free gas 
storage manifold. All pressures were measured with a 
thermocouple gauge or an electrically indicating spoon 
gauge. A conventional gas micro-analytical system 
which had provision for combustion of carbon monoxide 
and absorption of carbon dioxide completed the ap- 
paratus. 

Mass spectrometric analyses were conducted with an 
instrument employing the Consolidated 21-620 analyzer 
tube. 

All gases were purest available commercial grades, 
further purified by bulb to bulb distillation. Mass 
spectrometric analyses showed satisfactory purity in 


Taste I. The photolysis of carbon dioxide at 1470 A. 
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® Runs at 10-mm pressure were made with a higher light intensity than those 
at 35 mm. 


all cases except nitric oxide, which contained small 
amounts of nitrogen. This impurity was of no chemical 
consequence, and could easily be corrected for in the 
mass spectrometric analyses for carbon monoxide. 


RESULTS AND DISCUSSION 


I. Experiments with 1470 A Light 


A preliminary set of experiments showed that th 
total yield of noncondensable material was ind 
pendent of the pressure when essentially all the light 
was absorbed by carbon dioxide. Most of the data were 
then obtained at carbon dioxide pressures of 10 mm 
and 35 mm. Figure 1 and the data in Table I show that 
at both pressures the yield of carbon monoxide is a 
linear function of the illumination time. The extent 
of the decomposition of carbon dioxide ranged from 
0.3% to 3% at the lower pressure, and from 0.1% to 
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Fic. 2. The yield of oxygen as a function of photolysis time at 
1470 A. The pressure of carbon dioxide was 10 mm. 


0.4% at the higher pressure. These figures are some- 
what misleading, since at 10 mm pressure one-half 
of the light is absorbed in the first three centimeters of 
the reaction cell, and at 35-mm pressure the correspond- 
ing distance is 0.83 centimeters, The effective per- 
centage decompositions thus may be as much as a 
factor of 3 to 10 higher than those quoted above, but 
are still less than 10%. 

The amount of oxygen produced and its time varia- 
tion are shown in Fig. 2 and in Table I. The oxygen 
found both by mass spectral and chemical analysis is 
considerably less than one-half the amount of carbon 
monoxide produced. Furthermore, the data indicate 
that the amount of oxygen produced approaches a 
value which is time independent. This finding seems 
to correspond to the observations of Jucker and Rideal, 
who state that the photochemical yield as measured 
by pressure change decreased rapidly with time of 
illumination. Since it seemed likely that the missing 
oxygen should be present as ozone, an irradiated 
sample was collected in a quartz absorption cell without 
being allowed to come into contact with stopcock 
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grease. The ultraviolet spectrum showed the broad 
absorption band of ozone. Because of the breadth of 
this band and the small amount of products involved, 
no quantitative determinations of ozone were made. 

It is convenient to discuss these results in terms of a 
mechanism involving oxygen atoms 


CO,+hr>CO,* 
CO.*+CO+0 (1) 
20+M-—0,+M (2) 
0+0;+M—0;+M (3) 


and the excited molecule reaction proposed by Jucker 
and Rideal augmented by a step in which ozone is 
produced, 


Tabs 


CO,+-hv>CO,* Tae 
CO.*+C0,2C0-+0, (4) 
CO,*-+0.—>CO+03. (5) 


In addition to the indicated possibilities, ozone might 
be produced by the photolysis of molecular oxygen. 
However, since the experiments involve almost total 
absorption of the light by carbon dioxide, any absorp- 
tion by the product molecules must decrease the yield 
of carbon monoxide. The fact that the carbon monoxide 
yield is a linear function of time suggests that absorp- 
tion by the products is not important. To confirm this 
supposition, we may calculate the fraction of light 
absorbed by the molecular oxygen using the absorption 
coefficients‘ listed in Table IT. In the runs done at 35 
millimeters pressure, the amount of light absorbed by 
the molecular oxygen present at the end of the reaction 
would be 0.2% of the total incident radiation, if the 
products were to be uniformly distributed over the 
whole reaction vessel. Since most of the products are 
concentrated in the first two centimeters of the cell, 
a more reasonable estimate of the fractional light 
absorption of oxygen would be 1%. The concentration 
of ozone is expected to be slightly less than one third 
the concentration of carbon monoxide, with the con- 
sequence that ozone can absorb no more than 2 or 3% 
of the light incident on the reaction cell. Similar calcula- 
tions show that the absorption of light by the products 


TABLE II. Absorption coefficients.* 





1470 A 1236 A 





18 3.4 
355 14 
100 300 

10 56 

0.7 . 0.8 





® Absorption coefficients are in units of cm™! for gases at one atmosphere 
pressure and 25°C. The data refer to natural logarithms. 


4K. Watanabe, M. Zelikoff, and E. Inn, ‘“Abso 
efficients of Several ary oe Gases,” Air Force 
Research Center Technical Report No. 52-23. 
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TABLE III. The effect of added oxygen. 





O: pressure 
mm) R* 


Time 


CO, pressure 
(sec) 


Run mm) 





12 600 
13 600 
14 600 


0.96 
0.95 
1.00 


0.17 
0.16 
0.20 


35.0 
35.0 
35.0 





® R is defined as the ratio of the amount of CO obtained by photolysis of the 
mixture to the amount obtained from the photolysis of pure carbon dioxide. 


is also negligible in the runs done at 10 millimeters 
pressure. We can conclude that formation of ozone 
does not occur through photolysis of oxygen, and 
that no inner filter is to be expected either from oxygen 
or ozone. 

It is a consequence of the excited molecule mechanism 
that any variation in the rate of production of oxygen 
must result in a variation of the rate of formation of 
carbon monoxide. From a steady-state treatment of 
the excited molecule mechanism we obtain 


Tabs[_2ha(CO2) +s (Oz) | 
ky(COz) +5 (Oz) 

for the rate of production of carbon monoxide and 

Tara[ka(CO2) — hs (Oz) ] 
ka(COz) +5 (Oz) 


for the rate of oxygen formation. These expressions 
show that when the oxygen concentration is essentially 
zero the initial rate of carbon monoxide formation is 


[d(CO) /dt Jinitini= 2Zavs- 


After the oxygen concentration has reached its steady 
value the rate of carbon monoxide production has 
fallen to 





d(CO) /dt= 


d(Oz) /dt= 





[d(CO) /dt }tinar= 1.5 Jabs. 


At the shortest irradiation times the oxygen produced 
corresponds to approximately one-half of the steady- 
state concentration. Therefore, the expected change 
in the rate of production of carbon monoxide over the 
range of decompositions investigated should amount to 
approximately 20% of the initial rate. Such a change 
should be detectable as a curvature in Fig. 1. Neither 
the data obtained at 10-mm pressure nor those obtained 
at 35 mm show any decreasing trend in the rate of for- 
mation of carbon monoxide. 

To eliminate the possibility that any variation in the 
rate of production of carbon monoxide had gone un- 
detected, oxygen was deliberately added to the reaction 
mixture and the yield of carbon monoxide compared 
with that occurring in the photolysis of pure carbon 
dioxide. The ratio of ky to k; was estimated from the 
value of the steady-state concentration of oxygen in 
the photolysis of pure carbon dioxide, and sufficient 
oxygen was added to the mixtures to insure that 99% 
of the excited carbon dioxide molecules would form 
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TABLE IV. The effect of added nitric oxide. 








Time 
(sec) 


600 13 
600 14 
600 26 
600 40 


CO, pressure NO pressure 
(mm) (mm) 02/CO Rs 





0.005 0.17 1. 
0.016 0.19 1. 
0.080 0.40 1 
0.080 0.3 1 








® R is defined as in Table III. 


ozone. At the same time, no more than one-tenth of 
the light incident on the mixtures was absorbed by 
oxygen. If the excited molecule mechanism is correct, 
the yield of carbon monoxide from the mixtures should 
be at least 30% lower than from the photolysis of pure 
carbon monoxide. As demonstrated by the data in 
Table III, the presence of considerable amounts of 
added oxygen does not affect the yield of carbon monox- 
ide beyond that expected on the basis of the inner 
filter effect. Thus the experiments with added oxygen 
as well as the time dependence of the carbon monoxide 
yield are inconsistent with the excited molecule 
mechanism, 

There is a further objection to the excited molecule 
mechanism, At the maximum concentrations of oxygen 
existing in the photolysis of pure carbon dioxide an 
electronically excited carbon dioxide molecule would 
encounter an oxygen molecule approximately every 
10~ second. Since the calculated radiative lifetime of 
carbon dioxide is 10~* sec, formation of ozone by step 5 
would seem very unlikely. 

Runs 15-18 (Table IV) demonstrate that the addi- 
tion of small amounts of nitric oxide definitely increases 
the oxygen to carbon monoxide ratio, presumably at 
the expense of the ozone yield. Furthermore, the 
absolute yield of carbon monoxide is unaffected by 
the addition of nitric oxide. These runs reinforce the 
conclusion that the mechanism by which carbon monox- 
ide is produced is independent of the processes which 
produce oxygen or ozone. The atomic mechanism is 
consistent with such a conclusion. 

The effect of nitric oxide on the oxygen yield may be 
explained by adding the steps 


O0+NO+M—NO,+M (6) 
0+NO;—0,+NO (7) 


to the atomic mechanism. If the oxygen atoms involved 
are in the *P state, reactions (6) and (7) are ex- 
tremely fast. Since it appears that the atoms involved 
in the photolysis of carbon dioxide are not in the *P 
state (vide infra) and since reactions (6) and (7) may 
not be fast for electronically excited atoms, the possi- 
bility that the reaction sequence 


0+0,+M-—0;+M (3) 
O;+NO-NO,+0; (8) 


is responsible for the increased oxygen yield must not 


be ignored. However, if nitrogen dioxide is formed in 
this way, the oxygen yield should be no greater than 
the original amount of nitric oxide in the mixture or no 
greater than 33% of the carbon monoxide yield, which- 
ever is smaller. In runs 17 and 18 the oxygen yield is 
greater than 33% of the carbon monoxide yield, and 
in runs 15 and 16 the oxygen yield did exceed the orig- 
inal amount of nitric oxide in the mixture. The reactions 
of oxygen atoms therefore provide a more satisfactory 
explanation of the effect of nitric oxide addition. 

Since the photolysis of carbon dioxide is a convenient 
reaction for estimating the intensities of vacuum 
ultraviolet light sources it is desirable to know the 
absolute quantum yield of the reaction. To determine 
the output of the lamp we photolyzed mixtures of 
carbon monoxide and oxygen and determined the 
amount of carbon dioxide produced. The primary 
photochemical process in oxygen at these wavelengths 
is without question the formation of a *P and a 'D 
oxygen atom. Even though the rate of reaction of an 
oxygen atom with an oxygen molecule is approximately 
40 times greater’ than with a carbon monoxide mole- 
cule, exclusive formation of carbon dioxide will occur if 
the concentration of carbon monoxide is much greater 
than the concentration of oxygen. A difficulty in the 
design of the experiment arises because carbon monox- 
ide absorbs 1470 A light. The carbon monoxide spec- 
trum in this region consists of sharp bands, and possibly 
a weak underlying continuum. Watanabe and co- 
workers‘ state that this continuum may be due to an 
oxygen impurity in the carbon monoxide used in the 
spectral measurements. This is reasonable since the 
energy of a light quantum of 1470 A wavelength is 
insufficient to dissociate the carbon monoxide molecule, 
and a continuum is not to be expected. In any case, 
only a maximum possible value of the absorption coeffi- 
cient is known. In our experiments the pressure of 
carbon monoxide was 22 mm and that of oxygen was in 
the range 0.040 to 0.060 mm. To determine whether 
absorption of light by carbon monoxide was a com- 
plicating factor at these concentrations, pure carbon 
monoxide was photolyzed and the amount of carbon 
dioxide determined. These experiments showed that in 
the experiments with oxygen-carbon monoxide mix- 
tures, the contribution of reactions caused by photo- 
excited carbon monoxide to the carbon dioxide yield 
was negligible. By the comparison of four separate 
photolyses of the oxygen-carbon monoxide mixtures 
with four photolyses of pure carbon dioxide the quan- 
tum yield of carbon monoxide was found to be 1.10.1. 
This result is consistent with the findings of Groth. It 
should be emphasized that due to the possibility of 
ozone formation in the actinometer this value is an 
upper limit. Finally, it should be realized that a quan- 
tum yield near unity is consistent with the atomic 


5 W. Groth, Z. physik. Chem. (Leipzig) B37, 315 (1937). 
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mechanism, but not with the excited molecule mecha- 
nism, which would predict a value greater than 1.5. 

As a further test of the atomic mechanism, an 
attempt was made to detect the chemiluminescence of 
the reaction 


O0+NO-NO,+/, (9) 


which might occur during the photolysis of NO-CO, 
mixtures. For these experiments the ordinary reaction 
cell was replaced by a fluorescence cell consisting of 
two perpendicular Raman tubes. A photomultiplier 
and filter system permitted the detection of light 
emitted at right angles to the radiation from the lamp. 
Although the green chemiluminescence from reaction 
(9) could easily be detected in the photolysis of mix- 
tures of O2 and NO, NO and NO, and from the photol- 
ysis of pure NO, there was no indication of any emis- 
sion from NO-CO, mixtures. These facts strongly 


TABLE V. The photolysis of carbon dioxide at 1236 A. 





iy 
Time 


CO, pressure 
(sec) 


(mm) (micromoles) 


Oo 
(micromoles) 





60 
600 
1200 
. 300 
900 
20 
600 
300 
60 
20 
900 
300 
180 
60 


on 


0.028 
0.028 
0.018 
0.055 
0.020 
0.013 
0.005 
0.0057 
0.0071 
0.0034 
0.0045 
0.0037 
0.0070 
0.0066 
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suggest that *P oxygen atoms are in no way involved 
in the photolysis of carbon dioxide. Such a conclusion 
is consistent with the calculations which showed that 
molecular oxygen produced in the reaction did not 
undergo subsequent photolysis. The conclusion that *P 
oxygen atoms are not produced in the primary process 
is supported by the spectral assignments of Walsh® 
and Mulliken’ who identify the 1470 A absorption band 
in CO, as a transition to a 'A,—'B, state. Such an 
electronic state would correlate with the 'Z state of 
CO and the 'D state of the oxygen atom. The dis- 
sociation to the excited oxygen atom is energetically 
allowed at these wavelengths since only 7.4 electron 
volts are required, while the energy of a 1470 A quantum 
corresponds to 8.3 electron volts. A mechanism involv- 
ing 'D oxygen atoms would thus appear to be con- 
sistent with available spectroscopic information, as well 
as the kinetic data presented here. 


II. Experiments with 1236 A Light 


The data obtained by using 1236 A radiation are 


6 A. D. Walsh, J. Chem. Soc. 1953, 2260. 
7R. S. Mulliken, Can. J. Chem. 36, 10 (1958). 
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Fic. 3. The yield of carbon monoxide as a function of photolysis 
time at 1236 A. The pressure of carbon dioxide was 44 mm. 


displayed in Table V and Figs. 3 and 4. Although the 
results are similar to those obtained with 1470 A light, 
the dependence of carbon monoxide yield on irradia- 
tion time shows significant deviation from linearity. 
The fact that the oxygen yield reaches an approxi- 
mately constant value is now more clearly demon- 
strated because the greater intensity of the krypton 
lamp permitted higher percentage decomposition within 
a reasonable time. Ozone was also detected as a reaction 
product at this shorter wavelength. 

The nonlinear relation between carbon monoxide 
yield and time must either result from an inner filter 
effect or from a reaction between electronically excited 
carbon dioxide and oxygen molecules to form ozone. 
From the absorption coefficients in Table II and the 
oxygen yields one can calculate the fractional light 
absorption by the maximum amount of O, which is 
produced is 0.2% when the carbon dioxide pressure is 
10 mm and 0.7% in those runs made at 44 millimeters 
pressure. It therefore is very unlikely that photolysis 
of oxygen is responsible for ozone formation or the 
nonlinear relationship between carbon monoxide and 
time. Ozone is more likely to cause an inner filter effect. 
At decompositions where the oxygen yield has reached 
its maximum, the amount of ozone is somewhere 
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Fic. 4. The yield of oxygen as a function of photolysis time at 
1236 A. The pressure of carbon dioxide was 44 mm. 
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TaBLeE VI. Effect of added nitric oxide at 1236 A. 





Time 


CO; pressure NO pressure 
(sec) 


(mm) (mm) 


0:/CO 





600 10 
900 44 
150 Ay 


0.080 
0.080 
0.080 


0.43 
0.38 
0.40 





* R is defined as in Table III. 


between 0.1 and 1 micromole. The corresponding 
fractional light absorption by ozone in the runs made 
at 44 millimeters pressure is between 4% and 40%. 
This much absorption can easily account for the time 
dependent rate of production of carbon monoxide. 

To test this proposal, nitric oxide was introduced 
into the reaction mixture in an attempt to prevent 
ozone formation. The data in Table VI show that the 
ratio of oxygen to carbon monoxide increases upon 
addition of nitric oxide, which indicates that ozone 
formation is suppressed. Furthermore, it is clear that 
the addition of nitric oxide increases the carbon monox- 
ide yield in experiments in which the irradiation time 
is relatively long, but does not affect the yield in ex- 
periments with short irradiation times. It would 
appear that the only way in which the yield of carbon 
monoxide may be increased by addition of nitric oxide 
is through elimination of ozone as an inner filter. Thus, 
both the effect of added nitric oxide and the calcula- 
tions of the fractional light absorption of ozone present 
a consistent explanation of the decrease of the rate 
of carbon monoxide production with time. 

The importance of the inner filter effect precludes a 
choice between the two mechanisms based only on the 
data obtained from the photolysis of pure carbon 
dioxide. The fact that when nitric oxide is added the 
carbon monoxide yield increases even though the 
oxygen concentration goes up is, however, some indi- 
cation that reaction (5) is not important. Moreover, 
the calculated radiative lifetime of the electronic state 
of carbon dioxide excited by 1236 A light is slightly 





CURRENT (MICROAMPERES) 








ates | 
Pe 0.2 0.4 
PRESSURE (MILLIMETERS) 





_Fic. 5. The photoionization current at 1236 A as a function of 
nitric oxide pressure. The curvature is due to ion-electron recom- 
bination at the higher pressures. 


shorter than 10~* sec, and collisions between excited 
carbon dioxide and oxygen molecules occur at most 
every 5X10- sec. On this basis the excited molecule 
mechanism does seem to offer a less satisfactory 
explanation of the facts than does the atomic mecha- 
nism. 

In order to facilitate a choice between the two 
mechanisms, the quantum yield of carbon monoxide 
was determined. The photochemical reaction between 
oxygen and carbon monoxide can not be used as an 
actinometer at 1236 A. Most of the light incident on a 
mixture containing enough excess carbon monoxide to 
react with all oxygen atoms would be absorbed by the 
carbon monoxide itself. The fate of an electronically 
excited carbon monoxide molecule in such a mixture is 
not at all clear, and thus the amount of photolytically 
produced carbon dioxide cannot be used to measure 
light intensity. However, the photoionization current 
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Fic. 6. The photoionization current in nitric oxide as a func- 
tion of applied voltage. The nitric oxide pressure is 0.50 mm. 


generated in the photolysis of nitric oxide can be used 
to estimate the light intensity, since the photoioniza- 
tion cross section of nitric oxide is known. Electrodes 
were inserted in the reaction cell, an appropriate 
potential was applied and the photocurrent measured 
with a galvanometer having a sensitivity of 5.0X10~ 
amp/mm. Three different electrode geometries were 
used. In the first experiments a tungsten wire was 
located axially in the reaction cell and was surrounded 
by a cylindrical grid located at the wall. This arrange- 
ment had the advantage that the tungsten wire ex- 
posed a very small surface to the incident light, and 
therefore only very small photoelectric currents were 
produced even when the wire was biased at —100 v. 
However, because of the extremely high field at the 
central electrode sporadic electrical breakdown of the 
gas took place whenever more than 100 v were applied 
to the electrodes. The second and third electrode 
geometries consisted of two copper gauze electrodes 
located at opposite walls of the cell. In one case the 
electrodes extended the full length of the reaction cell, 
and in the other arrangement the electrodes were 2.0 
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cm long. The apparent efficiencies for electron-ion 
collection of the three systems varied slightly due to 
the fact that the light entering the reaction vessel was 
not collimated. To minimize errors due to this situation, 
the electrodes which were 2.0 cm long were used for 
the actinometry. 

Figure 5 shows the photoelectric current as a func- 
tion of nitric oxide pressure at a fixed electrode po- 
tential of 100 v. The curvature of the plot is more 
pronounced than would be expected from the equation 


ix Ieoe=Iol1— exp(—RIP)] 


when the value of the absorption coefficient & reported 
by Watanabe’ is used. Here i is the photocurrent, / 
is the length of the electrodes, and P is the pressure 
of nitric oxide in atmospheres. The exaggerated curva- 
ture indicates that a noticeable amount of ion-electron 
recombination occurs at pressures as low as 0.5 milli- 
meter. This interpretation is substantiated by the fact 
that the photocurrent actually started to decrease 
when the pressure of nitric oxide was increased beyond 
0.5 millimeter, 

The variation of photocurrent with applied voltage 
at a pressure of 0.5 mm of nitric oxide is shown in 
Fig. 6. As is to be expected at this pressure, a saturation 
current is approached only at the highest applied 
voltage. At pressures of 0.01 mm saturation currents 
. were obtained at approximately 45 v. 

In the experiments in which the quantum yield was 
to be measured the lamp was deliberately run at re- 
duced intensity in order to avoid high concentrations 
of ions and electrons which would favor recombination. 
A comparison of four runs in which carbon dioxide 
was photolyzed with four separate measurements of the 
photoionization current of nitric oxide resulted in a 
value of 1.2+0.1 for the quantum yield of carbon 
monoxide. The most obvious systematic error in this 
determination would be failure to collect all ion pairs 
generated photolytically, which would result in a 
quantum yield which would be too large. The value of 


8K. Watanabe, J. Chem. Phys. 22, 1564 (1954). 
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quantum yield is directly proportional to the photo- 
ionization cross section of nitric oxide and thus is 
subject to an additional uncertainty of +10%. Since 
the photolyses of carbon dioxide were carried out at 
pressures at which 80% of the incident light was 
absorbed, any small errors in the absorption coefficient 
of carbon dioxide are not important sources of error 
in the quantum yield determination. A value of the 
quantum yield of carbon monoxide which is near 
unity is consistent with the atomic mechanism, but 
not with the excited molecule mechanism. 

As had been the case at 1470 A, it proved impossible 
to detect *P oxygen atoms in the photolysis of carbon 
dioxide at 1236 A by means of their chemiluminescent 
reaction with nitric oxide. Since the chemiluminescence 
could easily be observed in the photolysis of oxygen, 
nitrous oxide, and nitric oxide we are again forced to 
conclude that any oxygen atoms involved in the photo- 
lysis of carbon dioxide must be electronically excited. 
From an energetic point of view the atoms produced 
may be 'S or ‘D. No definite identification of the excited 
electronic state of carbon dioxide which is involved 
here has been made, but Mulliken’ has suggested that 
it may be related to a 'Ag state of the linear molecule, 
which would imply dissociation to a 'D atom is most 
probable. The similarities in the photolytic behavior 
at both wavelengths makes this conclusion seem reason- 
able. 

In summary, it would appear that an atomic mecha- 
nism presents a consistent explanation of the quantum 
yield measurements and kinetic data obtained in this 
work. Since a photoexcited carbon dioxide molecule 
need not collide with another molecule in order to form 
carbon monoxide, the proposal of Bates* for the photo- 
lytic dissociation of carbon dioxide in the upper atmo- 
sphere seems reasonable. 
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The theory of charge-transfer catalysis, originally proposed by Wagner and Hauffe, is set up in quanti- 
tative form. The objects of the treatment are to write down quantitative expressions for the absolute reac- 
tion rate, to show what are the consequences of the Wagner-Hauffe mechanism insofar as they concern the 
adsorption properties of the individual reacting materials, and to outline an experimental program for 
determining, by means of experiments on the semiconductor, alone and in association with each of the re- 
acting substances in turn, the values prevailing in a practical case for the various parameters occurring in 


the theory. 





I. INTRODUCTION 


IHE existence of a qualitative connection between 

the electrical properties of a semiconductor catalyst 
and its catalytic activity has been recognized for a 
number of years. The fundamental idea of charge- 
transfer catalysis was first advanced by Wagner and 
Hauffe' in 1938, and subsequently pursued by Garner, 
Gray and Stone,? by Vol’kenshtein,? by Hauffe,* and 
by Hauffe and Schlosser.’ Experimental evidence 
indicative of the validity of the charge-transfer model 
is not lacking,** but most of it is quite qualitative in 
character, and there is lacking at the present time any 
precise, quantitative demonstration of the correctness 
of the model in any particular case. 

In another field of research, the development of 
a variety of precise experimental tools for the study of 
the surfaces of single crystals of semiconductors—con- 
spicuously germanium and silicon—has afforded the 
attainment of a good quantitative understanding of the 
electrical properties of a semiconductor surface. 

In this paper we shall look into the quantitative 
implications of the charge-transfer theory of catalysis, 
with the object of seeing how these newly developed 
tools for the study of surfaces might be brought to bear 


1 C, Wagner and K. Hauffe, Z. Elektrochem. 44, 172 (1938). 

2W. E. Garner, T. J. Gray, and F. S. Stone, Proc. Roy. Soc 
(London) A197, 294 (1949). 

3 F. F. Vol’kenshtein, Uspekhi. Fiz. Nauk 60, 249 (1956) and 
other references contained therein. See also Izvest. Akad. Nauk. 
S.S.S.R. Otdel Khim. Nauk 1957, p. 916 and 924. 

4K. Hauffe, Semiconductor Surface Physics, edited by R. H. 
Kingston (University of Pennsylvania Press, Philadelphia, 
Pennsylvania, 1956), p. 259. 

5K. Hauffe and E. G. Schlosser, Z. Elektrochem. 61, 506 
(1957). 

6 For a general review, see J. T. Law, in Semiconductors, edited 
by N. B. Hannay (Reinhold Publishing Corporation, New York, 
1959), p. 676. 

7G. M. Schwab and J. Block, Z. Elektrochem. 58, 756 (1954). 

8 A. Bielanski, J. Deren, and J. Haber, Nature 179, 668 (1957). 

*V.I. Lyashenko and I. I. Stepko, Izvest. Akad. Nauk S.S.S.R. 
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1 J. A. Myasnikov, Izvest. Akad. Nauk S.S.S.R., Ser. Fiz. 21, 
192 (1957). 

1 N. P. Keier, S. Z. Roginskii, and I. S. Sazanova, Izvest. 
Akad. Nauk S.S.S.R., Ser. Fiz. 21, 183 (1957). 

"2S, Z. Roginskii, Izvest. Akad. Nauk S.S.S.R., Ser. Fiz. 21, 
163 (1957). 

18S. Z. Roginskii, Doklady Akad. Nauk S.S.S.R. 130, 122 
(1960). 


on the problem. To do this it will be necessary to work 
out just what are the quantitative implications of the 
charge-transfer theory of catalysis, what physically 
meaningful parameters it involves, and how one would 
set about measuring the values for each one of these 
parameters in the laboratory. In presenting the theory 
we shall work out quantitative expressions for the 
absolute reaction rate, in terms of quantities that are 
familiar in semiconductor physics—capture cross sec- 
tions, thermal speeds, etc.—and that can be measured 
by standard semiconductor techniques. In addition we 
shall pay attention to the problem of “saturation” 
(pre-emption of available sites), which seems hitherto 
to have been neglected in the development of models 
for semiconductor catalysis. To illustrate the predic- 
tions of the theory, we shall calculate graphs showing 
contours of constant reaction rate in a pressure dia- 
gram, with values arbitrarily assigned to the various 
parameters. Finally we shall turn to the most important 
question—that of deciding what techniques are avail- 
able for the measurement of these parameters in a 
practical case. 

The idea of charge-transfer catalysis is this. It 
is presumed that, at some stage, electrons are trans- 
ferred to or from the semiconductor from or to some of 
the reacting materials. That is to say, some of the 
chemical substances appearing in the chemical equation 
behave as donors and some as acceptors. If some one of 
these materials were present by itself in contact with 
the semiconductor, we would have a case of “charge- 
transfer adsorption,” in which electronic equi- 
librium would prevail between the adsorbed material 
and the semiconductor, with some fraction of the 
adsorbed atoms or molecules ionized. Under these 
circumstances, the rates of flow of electrons to and 
from the conduction band of the semiconductor will be 
equal, and the rates of flow of electrons to and from 
the valence band will be equal also. Some fixed amount 
of charge will have been transferred to or from the 


. Engell, Z. Elektrochem. 56, 366 (1952). 
Pp, in and C. , Z. Elektrochem. 56, 363 (1952). 
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semiconductor during the initial adsorption, and a 
surface dipole will exist. If now all of the reacting 
substances are present simultaneously, each separate 
charge-transfer equilibrium will be to some extent 
upset; in the steady state, there will be a continual 
draining-off of the substances appearing on the left- 
hand side of the chemical equation, and a continual 
production of the substances on the right-hand side, 
such that the net flow of charge to or from the semi- 
conductor is zero. In addition, there will be steady-state 
fluxes of neutral atoms or molecules between the 
surface and the surrounding medium (a gas, let us say). 
In setting up analytical expressions for the rates 
of the various steps of the reaction, particular interest 
will attach to the processes of charge transfer to or from 
the semiconductor, since it is these, as Hauffe pointed 
out, that conspicuously depend on the electrical proper- 
ties of the semiconductor. We shall, however, consider 
the other steps as well, with the object of setting up 
criteria for deciding when charge-transfer will be the 
rate-limiting step. 


2. SURFACE DONORS AND ACCEPTORS. 
SURFACE STATES 


The theory of charge transfer adsorption is presented 
in its most advanced and elegant form by Krusemeyer 
and Thomas.” We shall assume that the reader is 
familiar with this paper. Since, however, the ideas that 
are at the foundation of this theory are also implicit in 
the theory of charge-transfer catalysis, it is important 
to examine one or two of them rather critically. 

It is assumed that, in the absence of adsorbed 
material, the surface of a crystal has associated with it 
“intrinsic” surface states, representing electron orbitals 
that are more or less precisely associated with the 
geometrical surface. Depending on the location of these 
states in an energy band diagram, the measurable 
surface electrical properties (volta potential, surface 
conductivity, etc.) may or may not be significantly 
affected by them. During the process of adsorption, 
these states disappear; fresh bulk electronic states are 
added to the crystal, and new electronic states, char- 
acteristic of the adsorbed material and again as- 
sociated more or less precisely with the geometrical 
surface, come into existence. In the case that one and 
only one of these impurity levels lies within the for- 
bidden gap of the semiconductor, one speaks of either 
a “donor level” or an “acceptor level,” depending 
on whether the two states of charge of the impurity 
are 0 and +1 or —1 and 0. It is particularly to be noted 
that the foregoing remarks are true regardless of whether 
the binding of the impurity atom to the surface is 
covalent or ionic, or some compromise between the two. 
So long as the concentration of atoms on the surface is 
sufficiently small for the wave functions not to overlap 
one another, the “donor level” or ‘“‘acceptor level” will 
be perfectly sharp and well defined, regardless of the 
type of binding. Only at high coverage, where over- 
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lapping inevitably occurs, will the system not be 
describable in this way; at high coverage, the im- 
purity levels will broaden into a band, analogous to the 
“impurity band” in the bulk of a semiconductor. 

For group III or V acceptors or donors in germanium 
or silicon, the position of the donor or acceptor level is 
given to a rough first approximation by the “hydrogen- 
like” model, and is independent of temperature. For 
surface donors and acceptors, it is clear that the 
“hydrogenlike” model is unlikely to be applicable. 
What is usually done instead is to start with the ad- 
sorbed atom at an infinite distance from the crystal, 
and ask how much work would be required to remove 
an electron from the atom and give it to the semi- 
conductor (or conversely). The answer is clearly the 
difference between the ionization potential or electron 
affinity of the atom and the work function of the semi- 
conductor, corrected by an amount corresponding to 
the energy difference between the Fermi level at the 
surface and the conduction or valence band edge. 
Unfortunately, these quantities often differ by several 
ev, so that one tends to come up with the answer that 
the donor or acceptor level lies well above the bottom of 
the conduction band or well below the top of the 
valence band. Now, of course, this may sometimes 
be the case; there is however a certain amount of 
experimental evidence that, more often than this 
argument would lead one to believe, the donor or 
acceptor level lies within the forbidden gap. The point 
must be this: the potential energy of the atom, in its 
neutral and in its ionized state, will be grossly affected 
by the proximity of the surface, so that the above 
calculation will not be very good. Evidence for this is 
offered, for example, by the Auger emission experi- 
ments of Hagstrum." It is to be hoped that eventually 
it will be possible to calculate the proximity effect from 
first principles; for the moment, however, the best we 
can do is to regard the positions of the donor and 
acceptor levels as parameters open to experimental 
measurement. 

The other point that it is necessary to discuss con- 
cerns the “intrinsic” surface states, which will be 
important (i) because their existence will affect the 
surface concentrations of carriers in the semicon- 
ductor; (ii) because they may affect the results of 
physical measurements on the surface. From the point 
of view of the semiconductor properties, the effect of 
such intrinsic states is to tend to clamp the surface 
potential at some particular value, independent of the 
existence or nonexistence of ionic charge; that is, to 
screen the space-charge region from the effect of such 
charge. In kinetic processes, of the sort which we shall 
discuss in the ensuing sections, the intrinsic states can 
also be important because of their ability to store 
electronic charge received from one atom on the surface, 
and return it to another. To take account of this in 
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D 4 The processes of adsorption, charge transfer, and 

SURFACE . . . ° . 

| reaction are shown schematically in Fig. 1. In this 

ear | picture we allow for the possibility that un-ionized as 

is | Ooanenc | well as ionized atoms can react, but we shall not take 

this possibility seriously in the present paper, since such 

——| ADguprace @— A%as -—«@ Course will not in general lead to a rate that is sensi- 

| tive to the electrical properties of the semiconductor. 

ep | In the reaction scheme that invokes ionization, there 

nh are seven distinct steps, any one of which might be 

a 7 | rate-limiting. We therefore concern ourselves in this 

SN ae ; : 

ese Ase section with making estimates of the rates at which the 

various steps can occur. For the sake of comparison, it 

Fic. 1. Reaction scheme. will be worthwhile to keep in mind the order of magni- 

tude of the rate at which a catalyzed reaction is actually 

general terms would lead to an enormous complication observed to proceed. The quantity we want has the 

of the analysis, and does not seem to be justified at the dimensions of molecules reacting per unit area per unit 

present time. We can however distinguish two extreme time, regardless of the “order of the reaction.” It ap- 

situations. If the intrinsic states are so few, or so remote Pears that, in practice, some simple inorganic reactions 

in energy from the Fermi level, that, in some process (such as the dissociation of molecular hydrogen on hot 

wherein the surface potential is changed, the change in tungsten) can proceed as fast as 10" cm™ sec or more, 

the charge density in intrinsic surface states is small in while at the other end of the scale, a catalyzed organic 

comparison with that in the space-charge region, the teaction may still be economic at a rate as low as 10” 
existence of the surface states may be neglected. In the m™*sec™. aie Vote 

contrary case, the intrinsic states will be of such Three of the steps shown in Fig. 1 involve exchange 

overwhelming importance that the existence of the of sewéal atoms with the gas. We shall treat this in a 

bulk semiconductor may be neglected. In this case, we Way consistent with the Krusemeyer-Thomas paper 

would have to regard the assembly of intrinsic states 00 charge-transfer adsorption”; that is, we shall assume 

as being itself a two-dimensional semiconductor, having that a molecule can evaporate only if it is un-ionized, 

its own one-electron energy surfaces in two-dimensional 4nd that the probability of its doing so is independent 

k space, and electrons distributed among the states that of whether neighboring sites are occupied or not. In 

compose those surfaces according to Fermi-Dirac equilibrium, the rates of exchange of some species of 

statistics. The theory to be developed in the ensuing neutral atom between the semiconductor and the gas 

sections could be taken over to such a system without re given by 2Nds, where N is the density of atoms 

requiring any substantial modification, except that in the gas phase, # their mean thermal speed and s the 

carrier (volume) densities will be replaced by surface sticking coefficient. At atmospheric pressure and room 

carrier densities and capture cross sections by capture temperature V~3X 10" cm- and 6~10° cm sec~!. For 

perimeters. 


3. BASIC PRINCIPLE. ORDERS OF MAGNITUDE CONDUCTION BAND 





catalysis, according to the notions outlined in Sec. 1. F 
We write the reaction catalyzed by the semicon- Sh) 
ductor surface in the following form: 


We shall now set up the theory of charge-transfer | 


c.nf 


A+D-—AD, (1) 





where D stands for a singly-ionizable donor, and A fora 
singly-ionizable acceptor. The product species AD is 
supposed to behave neither as a donor nor as an 
acceptor. Other forms for the reaction could have been 
chosen instead; for example, we could write an equation c. p(1-f) 
with the donor species on the left-hand side and the ihe 
acceptor on the right, or we could construct a more 
complicated equation with several donors and several 
acceptors on both sides. In the interest of brevity, we VALENCE BAND 

shall not consider these cases here: the modification 

required to fit the present analysis to other cases is ,, *16- 2+ Rates of transfer of electrons to and from the conduc- 


: : tion and valence bands, according to the Shockley-Read trappi 
quite straightforward. snedel. rding to ey Pping 

















CATALYSIS AT A SEMICONDUCTOR SURFACE 


s we shall choose 10-*, as being representative of 
physical adsorption of any atom other than an atom of 
a rare gas. This gives a rate of exchange of the order of 
10” cm sec. If now we consider the maximum rate at 
which atoms can stick to the surface, if, once stuck, 
they are immediately removed; or, if we consider the 
maximum rate at which they can evaporate, if they are 
immediately pumped away, we shall arrive at a figure of 
the preceding order of magnitude—provided, or course, 
that the partial pressures (either the actual pressures, 
or the pressures that would prevail if the substances 
were allowed to accumulate) are all of the order of 
atmospheric. It is thus unlikely that this will very often 
be the limiting consideration in the catalyzed reaction. 

Another of the steps shown in Fig. 1 is that in 
which the species A~ and D+, once formed, react to- 
gether on the surface to give AD. This rate is much 
more difficult to estimate @ priori. The maximum rate 
at which the reaction can occur is that at which it is 
diffusion-limited. Unfortunately the theory of diffu- 
sion-limited surface reactions appears not to have been 
worked out, and there are certain difficulties in trying 
to extend the theory of diffusion-limited bulk reactions. 
If the surface diffusion constant is made small without 
limit, the rate will be determined instead by the 
probability of finding, on the sites on which they are 
formed, an A~ and a D sufficiently close to one another 
for reaction to occur im situ. In practice, this will 
probably mean the probability of finding them on 
neighboring sites. This we shall discuss in the next 
section. 

We come now to the remaining steps shown in 
Fig. 1, all of which involve holes or electrons in the 
semiconductor. These are the things that will occupy 
us for most of the rest of the paper. As we shall show, 
the rates of charge transfer can generally be expressed 
as products of some sort of surface density, some sort of 
volume carrier concentration, a capture cross section, 
and a thermal speed of one of the carriers in the semi- 
conductor. In a typical case the orders of magnitude of 
these quantities might be 10% cm-*, 10" cm-, 10-” 
cm?, and 10* cm sec~. With these values, we shall have 
a rate of 10 cm sec~*, which is very much in the 
range of interest. The last process to be considered is 
that involving the supply or disposal of hole-electron 
pairs in the semiconductor, which will only be im- 
portant, as we shall see, under certain rather special 
circumstances. This quantity too can be of the order of 
10” cm? sec™, though it can be very much less. 

We proceed now to a quantitative formulation of the 
foregoing ideas. 


4. RATES OF CHARGE TRANSFER. 
DIFFUSION LIMITATIONS 


In the nonequilibrium state, we must consider the 
four electron transfer processes shown in Fig. 2. The 
rates are most neatly and most generally written down 
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by making use of the Hall-Shockley-Read” model for 
“trapping” in a semiconductor. This leads to a final 
result that is of the same form as that given by Hauffe, 
except that the unimolecular “reaction constants” are 
replaced by precisely defined physical quantities. 
(A “trap” is any center in a semiconductor crystal or on 
its surface, with the property that it can exist in two 
states of charge, differing by one electronic unit.) 

The rates of the four transfer processes are also 
indicated on Fig. 2. Here, m and stand for the electron 
and hole densities (in the present case, the values n, 
and p, that these quantities assume just below the 
surface) ; f is the fractional occupancy of the traps by 
electrons; m; and p; are the values that ” and p would 
have if the Fermi level were to coincide with the trap 
level. C, and C, are products of the trap densities, the 
capture cross sections for holes or for electrons, which- 
ever is indicated by the subscript, and the mean 
thermal speed for the respective carrier. The cross 
sections can, of course, be expressed in terms of the 
corresponding matrix elements, and could in principle 
be calculated @ priori if the band structure of the semi- 
conductor, and the wave functions of the impurity 
levels, were known. 

If the trap is in equilibrium with the semiconductor, 
which is itself in equilibrium with respect to the 
reaction between electrons and holes, the rates of 
electron flow to and from the conduction band are 
equal, and the rates to and from the valence band are 
also equal. This condition leads to the following ex- 
pressions for f: 


f=n,/ (nem) = pi/ (Pet pr) 


=1/{1+exp[(E—Ep)/kT]}}, (2) 


which of course are precisely those one gets by applying 
Fermi-Dirac statistics directly, without considering the 
kinetics of the situation at all. 

Let us now set 


Cyp= Nocpp= Nvcpn/ fo; 
Cap= No¢ap= Notnn/ fd; 
Cpa=Nacpa=Wacpa/(1—fa) ; 


Cna=NaCna=Natna/(1—fa), (3) 


where the suffix (D or A) indicates whether the symbol 
to which it is attached refers to the donor or the ac- 
ceptor species, the W’s are the /ofal surface densities 
(counting both ionized and un-ionized atoms) and 
the 9’s are densities of the un-ionized species. 

In the forward direction of the chemical reaction, 
there is a net rate of transfer of electrons fo the semi- 
conductor from the donor, and a net rate of transfer 
from the semiconductor to the acceptor, and these rates 


19 R. N. Hall, Phys. Rev. 83, 228 (1951). 
” W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 





970 


are equal. Thus the rate of the reaction is given by 


1— 1— ) 
cas{ mp Meng ==) + co P ore Pn) 


Qo m 7 


(4) 


and also by 








Q=Na nan — +E ma) +¢5a( Pu 4») ae 


1—f, 
Furthermore, if we assume that only ionized donors and 
acceptors can react, and if we further assume that the 
rate and the coverages are sufficiently low for bi- 
molecular kinetics to hold, we can write a third ex- 
pression for Q as follows: 


Q=K[(1—fo)/folL fa/(1—fa) Puu%, — (6) 


provided that the reaction product (the compound 
AD) is removes so fast that the back reaction can be 
neglected. 

It will be convenient to tackle at this point a subject 
that we omitted in the previous section—the estimate 
of the order of magnitude of the “surface-diffusion- 
limited” reaction rate for the case that surface diffusion 
does not occur. Let us suppose that there are Np sites 
per unit area, so that, at low coverage, the density of 
ionized donor-acceptor pairs—that is, the density of 
ionized donors having ionized acceptors on neighboring 
sites—will be of the order of 


NaN fa(1—fo)/No(1—fa) fo, 


apart from a numerical factor of the order of unity, 
dependent on the space group of the surface two- 
dimensional lattice. We now suppose that the proba- 
bility per unit time of a pair reacting is given by some 
frequency factor v, which will presumably be of the 
order of 10% sec~ if no “activated complex” is in- 
volved, and otherwise smaller than this by a Boltzmann 
factor. The rate of reaction is then given by Eq. (6), 
with a value of K of the order of vo/No. If No is of the 
order of 10% cm, K will be around 10 cm? sec™, 
provided that no activated complex is involved. We 
may therefore say the following: where surface diffusion 
does not occur, the quantity K cannot be larger than 
10-* cm? sec, and may in fact be considerably smaller; 
where surface diffusion can occur, the effect will be to 
allow K to be greater than the above argument would 
suggest. 

If m,, ps, Na, and Mp are given, and also the fixed 
quantities that characterize the properties of the 
donors and acceptors (the positions of the donor and 
acceptor levels, and the capture cross sections), and if 
finally K is known, f4 and fp may be eliminated from 
Eqs. (4), (5), and (6), and the rate Q is determined. 
But the quantities ,, p,, Na, and Np are not those 
which are generally at the disposal of the experimenter. 
The experimental independent variables are the pres- 
sures P,4 and Pp, the bulk doping of the semiconductor, 
and, sometimes, the fixed surface charge. It may also be 
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possible to upset the hole-electron equilibrium within 
the semiconductor. What we have to do, therefore, is 
first to consider how the reaction rate depends on the 
quantities m,, ~., la, and Mp, and then to see, by 
methods that will be nothing more than straightforward 
generalizations of those used in considering equilibrium 
charge-transfer adsorption, how these quantities may 
be calculated when the experimental variables are 
known. This will occupy us during the next three sec- 
tions. 


5. DEPENDENCE OF THE REACTION RATE 
ON n,, Py» Na, AND Jip 


Let us begin by supposing that the reaction is not 
diffusion-limited. To do this, we set K in Eq. (6) large 
without limit. Then, so long as 94 and Mp are non- 
vanishing, either (1—fp) or fa must be zero. The choice 
between these alternatives is made for us by the re- 
quirement that neither f4 nor fp can be less than zero 
or greater than unity. Inspection of Eqs. (4) and (5) 
shows that the boundary between the two kinds of 
solution occurs where the surface concentrations of 
holes and electrons satisfy the equation 


Np (Capmipt+cppps) /Na(CnaMet+Cpapia) =1. (7) 


If the left-hand side of this equation exceeds unity, 
the surface has ionized acceptors on it but no ionized 
donors; we shall call this state of affairs donor-limited. 
In the contrary case there are ionized donors on the 
surface but no ionized acceptors, and the reaction will 
be called acceptor-limited. From Eqs. (4) and (5), the 
rates and the occupancy factors are given as follows: 


Donor-limited Reaction [Np (cnpmp+cppp.) 
<(MaCnaMetCpapra) | 


Q=MNp(crpmpt+cppp.) (8) 
(1—fp)/fp=0 (9) 
Ma (Crate t+Cpapra) — Nv (Capmn+cppp.) 
Wa (CnaMs+Cpapra) 





fa/(1—fa) = 


(10) 
Acceptor-limited Reaction [Sp(cnapmp+CppPs) 
>Ma(Cratet+CpaPra) | 
Q=Na (Crate t+Cpapia) (11) 
fa/(1—fa) =0 (12) 
Np (Captip+Cppps) — Ma (CnaMs+Cpa pra) 
Np (Capt +Cpppiw) 


(1—fp)/fo= 





(13) 


We shall denote the values of m, and p, at which 
the reaction changes over from donor-limited to 
acceptor-limited by ,* and p,*. 

So far we have supposed that the ionized species, 
once formed, can react limitlessly fast. Let us now go to 
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the case that the reaction constant K appearing in area by No, Eqs. (16) and (17) become 


Eq. (6) is not infinite. From Eqs. (4)-(6) we get 
Q—O{ (m,/m14) Na (Cnatiatcpaps) 
+(ps/ Pw) Mn(Crpn.+cpppw) 
+ (Cramiat+CpaPs) (Cart. t+cpppw)/K} 


+NaMp(CramatCpaPs) (Cnpts+Cpppw) pate/ Pm 


=0. (14) 


In deriving this equation, we have ignored injection 
and extraction effects, and have therefore been entitled 
to use the relation n,p,=n?. Equation (14) has two 
roots, but it may be shown that only one is consistent 
with the requirement that both f4 and fp must lie 
between 0 and 1. If K is sufficiently small, we get the 
approximate solution 


Q=KIU4Ny/mpma. (15) 

Equation (15) gives a rate that depends on Na 
and Np, but not on n, or p, explicitly. Physically, this is 
because the rate is proportional both to the concentra- 
tion of ionized donors and to that of ionized acceptors, 
which, if the rate is so slow that the equilibrium 
occupancy factors hold, are proportional to (1/n,) and 
m,, respectively. 


6. INTRODUCTION OF THE PRESSURES. 
NUMBER OF AVAILABLE SITES 


Here we proceed exactly as in the charge-transfer 
adsorption theory of Krusemeyer and Thomas. On the 
assumption of noninteracting adsorbed particles, the 
surface density of un-ionized donors (Np) will be re- 
lated to the pressure Pp of the component D in the gas 
phase by the equation 


Np =AvPp, (16) 
so long as the pressure is so low that the surface is almost 
bare. The quantity Ap will be some function of the 
temperature, depending, among other things, on the 
heat of adsorption of the neutral donor atoms. Simi- 
larly, the density of un-ionized acceptors on the surface 
will be given (again at low pressure) by 


=NaPa. (17) 


When, however, the surface is extensively covered with 
ionized and un-ionized donors and acceptors, these 
expressions will no longer hold. We shall assume that 
the probability per unit time of an atom or molecule 
evaporating is still independent of whether neighboring 
sites are occupied, and that the probability of an 
impinging atom sticking is either some constant quan- 
tity s, if that site be empty, or zero, if it be filled. Then, 
denoting the total number of available sites per unit 


Ma =\Pal 1-74 az] 


; —)- a =) 


Solving these equations for 94 and Mp 


ai 1 A\pPp ‘| 
=)h,P 1 be 
‘ «/| : No \i—fa + No \fo 


ro=roPo / [4am ih 


Now what do we in fact mean by “available sites?” 
If all the lattice points on some crystal surface are 
equivalent, then No clearly means the density of such 
sites per unit area of exposed surface. There is often, 
however, the suspicion in catalysis that all sites are not 
equivalent, and we might wish to extend the validity 
of Eqs. (20) and (21) by allowing No to be equal, not 
to the number of lattice points per unit area, but to 
some smaller number corresponding to those lattice 
points which are in some sense “active.” There are 
difficulties in doing this, however, associated with the 
possibility that under these circumstances there will be 
a significant steady-state density of ions elsewhere than 
on “active sites.” If this is the case, the charge density 
associated with them will have to be included spe- 
cifically in the surface charge considerations of the next 
section. 


7. FACTORS DETERMINING n, AND p,. THE ROLE OF 
THE SURFACE SPACE-CHARGE REGION : 


Mp oP | 1- 


(20) 


(21) 


In this section we shall suppose that there is always 
hole-electron equilibrium within the semiconductor; 
the more general case is considered in Sec. 9. 

For given bulk doping and for a given ionic surface 
charge, m, and p, are determined (in the absence of an 
applied electric field) by the neutrality condition 


Section t+Oss =0, 


where @,, is the charge density associated with the space- 
charge region in the semiconductor, gion is that as- 
sociated with the adsorbed ions, and o,, is that as- 
sociated with the “intrinsic” surface states. As pointed 
out in Sec. 2, there is little advantage in taking explicit 
account of intrinsic surface states in the present theory, 
because, if they are sufficiently numerous to matter, 
they will displace the bulk semiconductor in its role as a 
source and sink of electrons. We shall therefore proceed 
on the supposition that the intrinsic states may be 
neglected. 

In the notation of the preceding sections, the ionic 
charge density gion is given by 


ion =| Np(1—fp) /fp—Na fa/(1—fa) J 


(22) 


(23) 
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It may be seen from Eqs. (9) and (12) that gion is 
in fact a continuous, monotonically decreasing func- 
tion of ,, changing sign when n,=n,*, p,=p,*. Now, 
from the standard solutions of the space-charge prob- 
lem, one knows that o,, is also a continuous, mono- 
tonically decreasing function of ,, changing sign at the 
point at which m,=m, the bulk electron concentration. 
Thus Eq. (22), for the case o,,=0, and for given 94 and 
Np, always has one solution and one only. Unfortu- 
nately, the exact expressions for o,,71 involve integrals 
which cannot be expressed in terms of simple functions, 
so we shall have to introduce certain restrictions and 
approximations at this point. Let us restrict the dis- 
cussion to the case that charge transfer occurs ex- 
clusively with the conduction band, which we can do by 
dropping terms in cpp and ¢ya from Eqs. (8) through 
(13). In this case m,* is given by 


n.* = (ApPpenp) Mp/(AaPalna) (24) 


an expression that holds whether there are saturation 
effects or not. Let us further restrict the problem by 
supposing that the semiconductor is extrinsic m type 
(as will generally be the case where charge transfer is 
entirely with the conduction band). It will be seen that 
the sign of the surface dipole now depends on whether 
n,* is greater or less than mo. If n,*< mo, the reaction will 
be donor-limited (or possibly diffusion-limited); the 
ionic charge will consist entirely (or at any rate mainly) 
of ionized acceptors, which carry a negative charge; 
and the compensating charge in the space-charge region 
will arise from the bulk donors that are exposed by the 
removal of electrons from the region close to the surface 
(a “depletion layer”). If ,*>mo, the contrary state- 
ments are true, and the space-charge is of the “accumu- 
lation layer” type. In both cases, m, must lie between ,* 
and mm. We now proceed to a quantitative examination 
of these two configurations. 

(i) ,*> mo: acceptor-limited reaction. If the pressures 
are so small that the adsorbed ionized donors are in- 
sufficiently numerous to induce any appreciable space- 
charge layer in the semiconductor, we may set m,=mo in 
Eq. (11) and use Eq. (17) for tu, so getting 


Q=)aP cna. (25) 


As we increase the pressures (doing so always in 
such a way as to preserve m,*> mo), we begin to develop 
an accumulation layer. We must then find m, from the 
neutrality condition. From Eqs.§(12), (13), and (24) 
we get 


ion =eIpmp[_(1/n,) — (1/n,*) ]. 


To write down the space-charge, we make use of 
the following approximation,” holding where m, is 


(26) 


2 C. G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 
~ (1955). 
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greater by a factor of e or more than : 
xc = — Leek Tn,/2re? }. 
From (26) and (27) we get for m, 
M.=Nplmplel(2x)*/(eeokT)4 
=Np'mp'/Lap!, (28) 


where £mp means the “Debye length for a concentra- 
tion mp.” Even after an accumulation layer has de- 
veloped, there will generally be an extensive region of 
pressure in which saturation effects may be neglected, 
so that we may write 4 =A4 Pa and Np =ApPp, and get 


Q=(AaPa) (AvPp) tmp'ena/Lmp!. (29) 


Eventually, however, at sufficiently high pressure, these 
approximations for 94 and Ip cease to be adequate, 
and we must say instead 


haPa , Pol OS. 
Bu =NaPa/| + aA? 1+m{=——,) |} (30) 
No No x Ng Ne 





- MPa, AvPof,, (1 1 
3p =hoPo/| 1+ No + No +mo( ~)|| (31) 


which is the form that Eqs. (20) and (21) take in the 
present case. The behavior is now dependent on the 
magnitude of (mp/m,), or, in effect of Lupmp/No. If 
this quantity is sufficiently large, the surface will be- 
come almost completely occupied by ionized donors, 
tending towards the exclusion of anything else. The 
reaction rate is then given by 


Q= (Aa Pa) CnaNo'/(ADPp) mp*Lmp'. (32) 


In a practical case (with say No=10" cm) the 
condition for this to hold is that the donor level lie some 
considerable distance above the edge of the conduction 
band. There is, of course, nothing at all to prevent this 
happening. Note, too, that if we were to use for Ny some 
much smaller number (see remarks on “active sites” 
in the previous section), the condition on the position 
of the donor level would be less stringent. 

If (mp/m,) is not in fact large in comparison with 1, 
the surface tends instead to become saturated with 
un-ionized donors and un-ionized acceptors. The rate is 
then given by 


Q=[ANaPa/(\aPatdnPod) No! *cnampt/Lmp'. (33) 


It will be noted that it is only in the region of low 
pressures, where the rate is given by Eq. (25), that the 
rate is affected by the bulk doping of the semiconductor 
at all. The upper limit to this region is given by equat- 
ing the right-hand sides of Eqs. (25) and (29), and is 
given by 


Pp=n'Lmp/Anmp'. (34) 


For a given pressure product PaPp, the rate is 
highest in the region in which (25) holds. Thus it is in 
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this region that diffusion limitations are most likely to 
come into effect. From Eq. (15) we get 


Q=K(mp/mua) (Aa Pa) (AvPp) (35) 


with the usual remark that the reaction will be diffu- 
sion-limited or transfer-limited according as to which 
rate is the slower. 

(ii) ,*< 1: donor-limited reaction. At low pressures, 
the rate is given, in accordance with Eqs. (8) and (16), 
by 


(36) 


independent of whether a substantial depletion layer 
exists or not. As we approach saturation, however, Np 
ceases to be given by ApPp, and again the question 
arises of whether the surface becomes saturated first 
with atoms or ions. To investigate this, we must find 
n,. The ionic charge, given by Eqs. (9), (10), and (23), 
is of the form 


Q=ApPotnpmp, 


(37) 


while the charge in the space-charge region is given, 
to a good enough approximation,” by 


Ose = enoLno[_ln (n,/no) 3, (38) 


where Ln =[eeokT/2me*n }', the “Debye length for a 
concentration m.”’ By solving these two equations for m,, 


n, = Expl — Ne /ne Lng? }. (39) 


To bring in the pressures, we may write 


ion = — EN (Ms—M,*) /Ma, 


- i el . 
= MaPa/| 4 ae on ln | (40) 
oL NA 





1 
No No hi N1A 





X P; r P. T peas Bag } 
Mo =hoPo/| + ~ = —* el: |} (41) 


so that the question of whether neutral atoms or ions 
predominate depends on the magnitude of 


(o/ma) expl— No?/ne? Lng? ). 


Here, however, we notice one departure from the 
acceptor-limited case. If No is taken to be a number of 
the order of 10 cm~, the requirement on mp is so severe 
that ions could only predominate if the semiconductor 
were highly degenerate—effectively, a metal. (Again, 
of course, the requirement ceases to be so strict if No is 
taken to be some much smaller number. This would be 
so if only a small number of the sites were “active,” 
and if the steady state concentrations of ionized atoms on 
other sites were negligible.) In view of the exponential 
dependence of m, on N¢?/m’Ln?, we may simply say 
that, as soon as m becomes equal to 2re*No?/eegkT, the 
surface will at once become entirely cluttered up with 
ionized acceptors, and the rate of the reaction will 
rapidly fall to zero. Otherwise, neutral. atoms will 


18 
=10' ;3 
No=10'* CM 


4 
LOG io Pp 


Fic. 3. Contours of constant reaction rate for the particular 
values for the parameters ified in the text. Each contour is 
labeled with the rate in molecules cm™ sec’. The pressures are 
in mm. Electron concentration 10'* cm. 


predominate, and the rate will be given by 
=[ApPp/ (Aa Pat AvP) Wocnpmp. (42) 


Note that neither this expression nor that given by 
Eq. (36) depends on the bulk doping at all. The bulk 
doping thus affects only: (a) the boundary between 
the donor-limited and acceptor-limited region; (b) the 
acceptor-limited rate, in the case that no substantial 
accumulation layer exists; (c) the condition that the 
surface becomes saturated with ionized donors or ac- 
ceptors before becoming saturated ‘with un-ionized 
donors or acceptors. 


8. NUMERICAL EXAMPLE 


Let us take the case that charge transfer is with 
the conduction band. To give a numerical example, it is 
necessary to assign values to the following quantities: 


Aa, AD, Mp, MA, CnD, CnaA, Lmp, Mo, No, K. 


Some of these quantities will not vary by more than a 
decade or two from system to system. For purposes of 
illustration, we make our choices as follows. The c’s 
will generally be of the order of 10-” cm® sec™, since 
capture cross sections are generally within an order of 
magnitude or two of 1 A®, and thermal speeds of carriers 
around room temperature in wide band-gap semi- 
conductors, where effective masses tend to be high, 
are of the order of 10° cm sec". We therefore assign 
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Fic. 4. The same as Fig. 3, but for an electron concentration 
of 10% cm. 


Cap = 10" cm* sec™, Crna =10-” cm* sec™, just to have 
them different. No we take as 10" cm, as representa- 
tive of the density of lattice sites on a typical surface. 
No particular restrictions attach to the choice of mp 
and m4, except that the former must be greater than the 
latter (otherwise the reaction will presumably tend to 
go backwards), and that the ratio must not be greater 
than exp(AG/kT), where AG is the (Gibbs) free energy 
of the reaction. We choose mp=10" cm“, m4=10" 
cm-*, and are thereby committed to a value for &mp in 
the vicinity of 10° cm. We choose \4=10° cm™ 
(mm Hg)~!, Ap = 10° cm (mm Hg)~, for no particular 
reason, except that the pressure ranges in which the 
interesting things happen turn out to be reasonable. 
The remaining parameter is K, the diffusion-limited 
rate constant. This we pick as 10-* cm? sec™, which 
probably is rather low; but, if we chose a much larger 
value, the diffusion-limited region would occur at 
pressures so low that we would have difficulty including 
it on the same diagram as the other regions. With these 
values, Figs. 3 and 4 have been constructed, with an 
electron concentration m=10"% cm“ in Fig. 3 and 
10" cm~ in Fig. 4. In these figures are plotted contours 
of constant reaction rate (expressed in molecules 
reacting per cm? per sec) ; the ordinate is the pressure of 
the acceptor gas, in mm Hg, and the abscissa the pres- 
sure of the donor gas, in the same units. The dashed 
lines show the boundaries between the different pres- 
sure ranges in which Eqs. (15), (25), (29), (33), (36), 
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and (42) hold; the reaction is donor-limited above and 
to the left of the 45° dashed line, acceptor-limited be- 
low and to the right of it. Where the contours have a 
slope of —1, the reaction is diffusion-limited (bottom 
left-hand corner); where the slope is 1, the surface is 
saturated with un-ionized donors or acceptors; where the 
contours are horizontal, the reaction is acceptor- 
limited, but there is no appreciable accumulation layer; 
where the slope is —%, the reaction is donor-limited 
and the accumulation layer is appreciable; where the 
contours are vertical, the reaction is donor-limited, 
and, in part of this region, there is an appreciable 
depletion layer. With these values for the parameters, 
saturation is always predominantly with the neutral 
atoms, so that the only effect of changing the electron 
concentration is in the low-pressure region and in 
changing the boundary between the donor- and ac- 
ceptor-limited reaction. If we had chosen No to have 
some considerably smaller value, in the vicinity of 
10" or 10" cm~*, the boundaries of the saturation re- 
gions would have depended on electron concentration 
as well. 


9. INJECTION, EXTRACTION, AND TRANSISTOR 
EFFECTS 


We turn next to the case that the hole-electron 
equilibrium at the surface is appreciably disturbed. 
Such a state of affairs can arise only if the carrier that 
in the bulk is the minority carrier is involved, either 
with one or with both of the reacting species. A quanti- 
tative analysis of the space-charge region in the presence 
of nonequilibrium effects has been given by Garrett 
and Brattain™ but such a treatment will be of dubious 
validity when applied to wide band-gap semicon- 
ductors, such as we usually encounter in catalysis. We 
shall therefore content ourselves with a few qualitative 
remarks. 

(i) Injection effects will occur when the donor species 
is in good contact with the conduction band and the 
acceptor species with the valence band; as the reaction 
proceeds, hole-electron pairs will be injected into the 
semiconductor, and must eventually be disposed of by 
recombination. In the opposite case—the donor species 
in good contact with the valence band and the ac- 
ceptor with the conduction band—hold-electron pairs 
will be extracted, and the deficiency must be made up 
by thermal generation. In either case, the effect will 
usually be to change m, or p, or both in such a sense as 
to slow down the reaction. The rate-determining step, 
in fact, is no longer charge transfer, but pair creation or 
disposal. For narrow band-gap semiconductors, it is 
usually good enough to assume that the minority 
carrier diffusion length is large in comparison with the 
Debye length, so that the creation or disposal problem 
may be relegated to the space-charge-free region of the 
semiconductor. Under these circumstances, the maxi- 
mum rate at which carrier pairs can be created or 
destroyed is of the order of (D/r), where 7 is the 
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minority carrier lifetime. The rate of the reaction can 
therefore be increased by decreasing 7, by introducing 
the right sort of chemical impurities or structural im- 
perfections to act as recombination centres. If 7 is 
reduced until the diffusion length is of the same order as 
the Debye length, we get, for germanium at room 
temperature, a maximum rate of the order of 10” 
cm~ sec, which would correspond, if we made such 
material one side of a p—m junction, to a saturation 
current of the order of 1 amp cm™. 

(ii) Where extraction effects occur, the rate of the 
reaction could clearly be increased by illuminating the 
surface with light whose wavelength falls within the 
fundamental absorption band. This would then con- 
stitute a case of “‘photocatalysis.” (Other reasons for 
photocatalysis are, however, imaginable.) 

(iii) So far, throughout this paper, we have assumed 
that the surface of the semiconductor is electrically 
homogeneous. If, however, we have a patchy surface, 
some parts of which are m type and some p type, we 
shall be able to secure most rapid ionization of donors on 
the p regions and of acceptors on the m regions. (Re- 
member, however, that a region must extend over a 
Debye length or so before we can safely say whether 
it is p type or type, so that what we are considering 
here is inhomogeneity on a scale much larger than 
atomic.) Two problems then arise. It is necessary to 
turn an extra hole into a missing electron before the re- 
action can be regarded as complete, so that we have still 
to consider the flow of current between the » regions 
and the p regions, which of course depends again on the 
presence of recombination centers. Furthermore, there 
will now exist on the surface of the catalyst strong 
local electric fields, which may retard the movement of 
the ionized donors and acceptors toward one another. 
Tentatively we may say that this sort of catalytic sur- 
face will be most advantageous when the rates of 
ionization of donors and acceptors are exceptionally 
slow, for example, because the cross sections are very 
small. Perhaps catalysts composed of an intimate 
mixture of a metal and a semiconductor fall into this 
class.” 

(iv) Injection and Extraction effects will probably 
be rather unimportant on wide band-gap semicon- 
ductors. There are no minority carriers to extract; and, 
as for injection, any reaction energetic enough to inject 
minority carriers will probably cause disruption of the 
semiconductor itself. For example, it is known for zinc 
oxide that, if holes are allowed to reach the surface, 
they discharge lattice oxygen. 

(v) The remaining case to consider is the one in 
which both substances indeed negotiate with the same 
band, but in which that band corresponds to the 


2Qne must, however, be careful to avoid supposing that a 
monolayer of oxide or nitride on the surface of a semiconductor 
is ipso facto a semiconductor. A three-dimensional semiconductive 
material must be at least a Debye length thick before it can be 
regarded as having the properties of bulk semiconductor. 
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minority carrier in the interior of the semiconductor. 
If the donor and acceptor atoms are close enough 
together on the surface, and if there are inversion 
layer conditions, the reaction can presumably go at the 
transfer- or diffusion-limited rate. If, however, either 
of these conditions is violated, some of the minority 
carriers that are “emitted” by the acceptor species 
will get lost at recombination centers in the bulk of the 
semiconductor before they can be “collected” by the 
donor. (We are still taking of n-type semiconductor; 
otherwise the words “donor” and “acceptor” would 
have to be interchanged in the above sentence.) Un- 
less, then, there is some multiplication process at the 
“collector” surface, the situation will be analogous to 
that of a junction transistor, having an alpha slightly 
less than unity, with a floating base; and the reaction 
rate will only exceed by some small factor the pair- 
generation rate. Multiplication processes may, however, 
exist. If, for example, we have a doubly instead of a 
singly ionizable donor participating in the reaction, it 
may be the case that the first ionization in effect de- 
mands the arrival of a hole, but that, once the first 
ionization has been accomplished, the second can pro- 
ceed rapidly with the emission of a conduction electron. 
A case of this sort is known in the electrochemistry of 
germanium.” 


10. RELATION TO EXPERIMENT 


A search of the literature shows that there are 
not lacking qualitative indications of a correlation be- 
tween semiconductor surface and bulk properties and 
catalytic activity. Unfortunately, the theory of charge- 
transfer catalysis, as presented by Hauffe, or as de- 
veloped by us in the present paper, is quite complicated, 
and contains quite a number of physical parameters. 
so that, if qualitative conclusions are all that are to be 
obtained, the theory will hardly recommend itself over 
earlier, purely descriptive models that purport to cover 
the same ground. If we had all the parameters re- 
quired, for some particular system, to construct dia- 
grams like Figs. 3 and 4, we would then be in a position 
to compare the predictions of the theory with actual 
measurements of the rate of the reaction, and to choose 
conditions for practical applications. But so long as we 
have no more information than is represented, for ex- 
ample, by a set of measurements of the reaction rate as 
a function of, let us say, the bulk doping of the semi- 
conductor, it is clear that the number of adjustable 
parameters in the theory is sufficiently large to prevent 
one from concluding that it is unambiguously and 
uniquely right. 

_ In view of these considerations, we shall consider 
each of the parameters in turn, and ask what experi- 
mental techniques are available for measuring it. In 
some cases, these techniques have indeed already been 
applied to systems of interest in catalysis, and, where 


%W. H. Brattain and C. G. B. Garrett, Bell System Tech. J. 
34, 129 (1955). 
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this is the case, we shall give a reference to the litera- 
ture. Unfortunately, however, there is no case in the 
literature in which a sufficient number of different 
techniques have been applied to the same system under 
the same conditions to permit a quantitative check on the 
predictions of the theory. 

Before we proceed to the parameters themselves, it 
is first necessary to make a few remarks on general bulk 
and surface electrical measurements on semiconductors. 
To make much progress, it is clearly necessary to deter- 
mine the effect of bulk impurities on the bulk con- 
ductivity and on the position of the Fermi level, since 
the ability to vary the position of the latter quantity is 
a valuable tool in the pursuit of equilibrium and non- 
equilibrium surface properties. The first point which 
has to be made is that, to this end, measurements on 
single crystals of controlled composition are greatly 
superior to measurements on powders. Measurements 
on powders, however, are only too common in the 
literature; sometimes the object is to determine the 
bulk conductivity, sometimes the effect of adsorbed 
gases on the surface conductivity. Unfortunately it is 
usually impossible to learn much about either quantity 
from such measurements. In one case for which a com- 
parison between single crystal and powder measure- 
ments has now become possible—zinc oxide—it has 
turned out to be completely impossible to understand 
any of the numerous results on polycrystalline samples 
in the light of the single crystal measurements. The 
trouble presumably lies in the existence of space-charge 
barriers between the particles. A powder has one thing 
to recommend it, from the point of view of systems of 
interest in catalysis: large area. Unfortunately, the 
price one pays for this inability to make precise, mean- 
ingful electrical measurements is so high that the more 
widespread use of single crystal techniques is greatly to 
be desired. 

A second point bearing on bulk properties must be 
mentioned at this point. The catalysis literature 
abounds with experiments in which various chemical 
impurities have been added to oxide semiconductor 
powders, in the hope of controlling thereby the position 
of the bulk Fermi level. Unfortunately, deviations from 
stoichiometry are also possible in these materials, so 
that, unless the pressure of oxygen at the time of 
incorporation of the impurity was carefully controlled, 
the concentrations of electrically active centers in the 
material remain quite unpredictable. A necessary 
preliminary, therefore, to a detailed study of the 
processes of catalysis at the surface of such a semi- 
conductor is a series of careful measurements on the 
bulk properties of single crystals. 

Turning from the bulk to the surface, it is worth 
considering briefly the question of the measurement 
of the surface carrier concentrations , and ,. These are 
not, of course, constants of the system, since they will in 
general be sensitive to any of the experimental variables 
(the pressures, temperature, etc.) However, it will 
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usually be convenient to measure them explicitly under 
each set of conditions, and a short discussion of how to 
do so will assist in the presentation of the proposed 
parameter-determining experiments. 

The product ,p, is equal (in equilibrium) to n?, 
which is known if the bulk properties are known: it 
therefore suffices to determine one or the other of the 
two. From standard space-charge theory it is known 
that , and p, are single-valued functions of the surface 
potential (the quantity usually called Vp in the German 
literature) so that any experiment that measures this 
quantity is sufficient to determine m, and p,. Of the 
various methods that have been used for determining 
the surface potential, the following are particularly 
noteworthy: 

(i) Determination of the Surface Conductivity. The 
surface potential is a two-valued function of the 
surface conductivity—depending on whether the sur- 
face is hole-rich or electron-rich—so that it is necessary 
to know which of these is the case. Otherwise, on a 
single crystal, the measurement of surface conductivity 
is straightforward. The conductance of a thin slice is 
measured, and compared with what-it would be if the 
surface potential were zero—a quantity calculable from 
the bulk conductivity and the dimensions of the slice. 
This technique has been extensively exploited in experi- 
ments on the surface properties of germanium and sili- 
con™ and has also been used for zinc oxide. 

One drawback of the surface conductivity method is 
that it requires a knowledge of the electron and/or hole 
mobilities, and of any changes in these quantities that 
may occur consequent on the imprisonment of the 
carriers in a narrow potential trough close to the surface. 
Measurements of the “surface Hall effect” can be used 
to explore this matter: in any case, the variation in 
mobility is likely to be less troublesome in oxide semi- 
conductors than in silicon or germanium, since the 
mean free paths in the bulk material are much smaller. 

(ii) Study of the Volta Potential, Unfortunately, this 
technique is limited both by the fact that the volta 
potential is indeterminate to the extent of an additive 
constant, and by the possibility of the appearance of 
further dipole layers on top of the dipole formed by 
the semiconductor space-charge region and the ad- 
sorbed atoms. Changes in volta potential can, however, 
be measured with some certainty, so that (once a 
value for m, or ~, has been found for some standard 
condition) the method can sometimes be of value.” It 
has, incidentally, the advantage that volta potential 
measurements on powders are free from the major ob- 
jections to conductivity measurements discussed above. 


* Several papers on this subject are to be found in Semicon- 
ductor Surface Physics, edited by R. H. ——, aad of 
Pennsylvania Press, Philadelphia, Pennsyl 

% H. J. Krusemeyer, Phys: Rev. 114, 655 (1959); 
W. Zemel and R. L. Petritz, Bull. Am. Phys. Soc. 2, 131 


(1934). 
7 W. H. Brattain and C. G. B. Garrett, Bell System Tech. J. 
35, 1019, 1941 (1956). 
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(iii) Measurement of the Surface Capacitance. This 
method has been used only on germanium,” but it is 
straightforward, and has the advantage that no knowl- 
edge of the mobility of the carriers in the surface region 
is required. 

We turn now to the determination of the system 
parameters. 


A. ny, and mp 


It will be seen from Eq. (2) that a single measure- 
ment of the fractional ionization of the adsorbed species, 
at equilibrium at some particular coverage, suffices, 
together with a knowledge of m, or p,, to determine 
ma OF mp. To determine the fractional ionization, we 
need to measure, for example, the total coverage (for 
which standard chemical techniques are available) and 
also the coverage by ions. 

In the absence of intrinsic surface states, the coverage 
by ions is directly calculable from a knowledge of the 
surface potential, techniques for measuring which have 
been given previously. For, the ionic charge will then 
equal the change in the space-charge region [Eq. (22) ], 
which is itself a known function of the charge in the 
space-charge region, given, in approximate form, by 
Eqs. (27) and (38). 

If intrinsic surface states are present, one must 
do a little more. In the absence of adsorbed material, 
the distribution in energy and the density of the 
intrinsic surface states may be found, for example, by 
use of the field-effect technique, wherein one measures 
the fraction of some induced electronic charge that 
appears in the space-charge region and the fraction 
that is trapped in the intrinsic surface states. In. the 
presence of adsorbed material, the result of repeating 
such a measurement will indicate the change, if any, 
that has occurred in the distribution and energy of the 
intrinsic states.” Thus a combination of these measure- 
ments will lead to a determination of the quantity o.. 
appearing in Eq. (22), and so, by subtraction, to a 
calculation of the ionic charge, whence ma or mp is 
found. 

It was remarked previously that a single measure- 
ment of the fractional ionization suffices to determine m4 
or mp. However, it will usually happen that, with 
arbitrarily chosen conditions, an experiment of the 
above type will lead to the conclusion that the atoms 
are, within the experimental accuracy, either completely 
ionized or not ionized at all. To get an accurate deter- 
mination of m4 and mp, therefore, it is necessary to 
choose the conditions (for example, the bulk doping 
and the pressure) in such a way that the fractional 


% W. H. Brown, W. H. Brattain, C. G. B. Garrett, and Mont- 
gomery, cited in footnote reference 24. 

9 There is a complication here arising from the possibility that, 
during the time of application of the field, the ionic charge ma 
be changed. However, by performing the measurements at a suf- 
ficiently high frequency this process can be eliminated. See re- 
marks on ¢n a, etc. which follow later. 


ionization is somewhere near one-half. 


To determine these quantities, one needs to measure 
some sort of equilibrium adsorption isotherm. If 
the quantities m4 and mp have already been measured 
as described above, and a technique for determining 
m, or p, under the conditions of the experiment is to 
hand, the experimenter will be in a position to choose 
from the following techniques: 

(i) Measure the total coverage as a function of the 
pressure, and make use of Eqs. (2), (3), (16), and 
(17). 

(ii) Measure the surface conductivity, the volta 
potential or the surface capacity as a function of the 
pressure, translate the result into a determination of 
the surface potential (whence the ionic charge) and 
proceed as in the foregoing. 

(iii) Perform the field effect experiment as a func- 
tion of pressure, using frequencies low enough for sub- 
stantial equilibrium to be reached within each cycle. 
The fraction of the charge that does not appear in the 
space charge region may then be used, together with a 
knowledge of m4 or mp, to find A, and Xp. 

Since several methods are available, a quantitative 
check on the internal consistency of the data now be- 
comes possible. 

Techniques (i) and (ii) have been used to some 
extent in systems of interests in catalysis, but never 
where enough information is available to enable one to 
deduce A4 and Ap. Measurements on powder “‘con- 
ductivities” on the admission of gas to the system have 
often been reported, but, for reasons given above, these 
are at most of qualitative value. Volta potential 
measurements, which are not open to these objections, 
have also been reported in one or two cases. Thus, 
Lyashenko and Stepko® have reported changes in the 
“work function” of MnO, CuO, and NiO in the 
presence of various gases, but have not determined the 
pressure-dependence, and do not attempt any sort of 
quantitative comparison with the theory. With regard 
to the question of the temperature-dependence, which 
has occasionally been studied, both for the conductivity 
and for the volta potential, we shall have more to say 
later. 
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These, being kinetic quantities, cannot be determined 
by equilibrium adsorption measurements, but are still 
accessible to experiment on one gas alone, without 
going to the full complexities of the catalyzed reaction. 
They can in fact be found by studying the kinetics of 
adsorption of each gas by itself, provided that the 
experiment is done under conditions in which m, or p, 
can be measured and the quantities discussed in the 
preceding paragraphs are known. 

The simplest experiment would be one in which, 
starting at a condition of equilibrium between one of the 
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gases and the surface, some variable of the system (let 
us say, for the moment, the pressure) is suddenly 
changed by a small amount, and the subsequent ap- 
proach to the new equilibrium is determined. By 
“small” one means that, after the sudden change, none 
of the chemical or electrochemical potentials of the 
system finds itself away from its final equilibrium value 
by an amount large in comparison with kT/e. Under 
these circumstances, it may easily be shown that the 
approach to equilibrium is always unimolecular, the 
relaxation times depending on some combination of the 
quantities ¢,4.... To illustrate this, let us consider the 
gas to be the donor substance, so that only ionized 
and un-ionized donors are present on the surface. The 
kinetic equation can now be derived from Eq. (4), by 
setting the right-hand side equal to (d/dt) N%p(1—fp) fo. 
If we suppose that, during the relaxation, the pressure 
is held constant, and that there is always rapid equi- 
librium of the neutral atoms between the surface and 
the gas, this expression may be written MpdA/d1, v-here 
A is the departure of the quantity (1—fp)fp from its 
equilibrium value. The right-hand side of Eq. (4) may 
then be written in terms of A, leading to an equation of 
the form dA/dt=—A/7. (It must be remembered that 
n, itself will be changing during the relaxation process.) 
If, for example, we have an accumulation layer and 
the sample is m type, the time constant may be shown 
to be 1/3c,pm., so that a kinetic experiment will suffice 
to determine ¢,p. To show the orders of magnitude 
involved, let us set Cap =10~ cm’ sec. Thus, with n, 
somewhere in the range of 10° cm to 10 cm, we 
shall expect time constants of the order of 1 to 10~ sec. 
In this case, an abrupt change of pressure would hardly 
seem the best way of doing the experiment; we could, 
however, upset the equilibrium by suddenly applying 
a field to the surface of the semiconductor, and watch- 
ing the relaxation electronically. 

Experiments of this sort have not been carried out on 
single crystal samples in systems of interest in catalysis. 
Some experiments on polycrystalline samples of ZnO 
have been reported by Myaskinkov,” but, again, no 
attempt is made to extract anything quantitative from 
the experiments. (This would in any case be of dubious 
value, in view of the use of polycrystalline samples.) 


D. Lup 


This quantity is calculable from mp, provided that 
the dielectric constant of the material is known. 


E. No 


This quantity can be determined by extending the 
adsorption isotherm measurements (see remarks under 
“A, and Ap” in the foregoing) to high pressures. 


F.K 


This, the last remaining quantity, cannot be deter- 
mined without studying the catalysis itself. As was 
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pointed out in a preceding section, it is expected that 
surface diffusion will not usually be the limiting factor, 
so that a knowledge of K will not usually be required. 
To put the matter another way: the determination of 
the parameters already enumerated suffice to enable 
one to predict the absolute reaction rate under all 
conditions except where, at extremely low pressures, 
the reaction rate is so low that the electronic factor in 
the catalysis has completely disappeared. 


The reader may have noticed that, up to this point, 
no mention has been made of the usefulness of studying 
the temperature-dependence of any of the directly 
determinable quantities, such as the surface con- 
ductivity. The point is this. Each one of the parameters 
discussed in this paper will be expected to be, in greater 
or smaller degree, temperature-dependent. In conse- 
quence, all of the directly determinable quantities will 
have a temperature-dependence that bears no simple 
relation to that of any one of the parameters. Once 
all of the parameters have been determined as a function 
of the temperature, it will of course be possible to calcu- 
late the temperature-dependence of, for example, the 
surface conductivity under specified conditions: the 
contrary procedure, however, would hardly seem to be 
possible, without having at one’s disposal all of the 
necessary information. Let us therefore conclude this 
section with the remark that it would be far better 
to concentrate on achieving an understanding of some 
catalysis system at one temperature in the first place. 
If we are to obtain a quantitative grasp of the process of 
catalysis at a semiconductor surface—to decide, for 
example, whether the charge-transfer model is, in some 
particular case, right or wrong—we must surely expose 
it to the discipline of a set of quantitative experiments 
sufficient to enable one to predict, without adjustable 
parameters, just what will be the absolute reaction 
rate under specified circumstances. 


11. SUMMARY 


In this paper we have attempted to set up the 
charge-transfer theory of catalysis at a semiconductor 
surface, as originally proposed by Wagner and Hauffe, 
in a quantitative manner, to the point at which nu- 
merical predictions of the absolute reaction rate are 
made, as a function of the variables that are at the 
disposal of the experimenter (the pressures, the bulk 
doping, and the surface charge) and parameters that 
are accessible to experiments carried out with each of 
the reacting substances by itself. Equations (8) and 
(11) give the rates, in terms of the densities of neutral 
atoms present on the surface, the positions in the 
energy band diagram of the donor and acceptor levels, 
the surface concentrations of carriers, and the capture 
cross sections. Equations (20) and (21) relate the 
densities of the neutral atoms present on the surface to 
the pressures, the density of available sites, and the 
electronic occupancy factors, which themselves are 
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given, where charge-transfer limitations are in force, by 
Eqs. (9), (10), (12), and (13), in terms of the posi- 
tions of the donor and acceptor levels, the densities of 
neutral atoms and the surface concentrations of carriers. 
Equations (28) and (39) give, for the special case 
that there are no intrinsic surface states, that charge 
transfer occurs exclusively with the conduction band, 
and that the semiconductor is m type, expressions for the 
concentration of electrons at the surface in terms of the 
bulk electron concentration and other quantities men- 
tioned in the foregoing, for the cases that the reaction 
is acceptor-limited and donor-limited, respectively. 
Other cases can be handled by the methods outlined in 
Sec. 7. Saturation effects are included in the theory, and 
diffusion-limited conditions are handled by means of a 
bimolecular reaction constant K, not related to any of 
the above quantities in any simple manner. Cases where 
injection, extraction or transistor effects may occur are 
discussed only qualitatively, but methods for their 
quantitative solution are indicated. 
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List of Symbols 


A A neutral acceptor atom or molecule. 

A~ An ionized acceptor atom or molecule. 

Cyp, Cav, Shockley-Read trapping coefficients 
Cpa, Cra (cm sec~). 

CpDy CnDy Defined in Eq. 3. (cm* sec). 


A neutral donor atom or molecule. 

An ionized donor atom or molecule. 

Energy of a donor or acceptor level (ev). 

Fermi level (ev). 

Electronic charge (coulombs). 

Electron occupancy factor. 

Value of f for acceptors and donors, re- 
spectively. 

Crystal momentum. 

Boltzmann’s constant. 

Surface reaction constant (mols! cm? 
sec). 
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MA, MD 
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Na, Np 


Ja, Tp 


Ps 
pia, Pip 


p.* 
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Vo 
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Debye length (for the carrier concentra- 
tion indicated by the suffix; see Eqs. 
27 and 28). 

Density of electrons (cm~*). 

Density of electrons (cm) in the bulk. 

Density of electrons (cm~) just below 
the surface. 

Value assumed by m, when the Fermi 
level coincides with the acceptor or 
donor level, respectively. 

Intrinsic carrier concentration (cm~*). 
Total superficial density (mols cm~) of 
acceptors and donors, respectively. 
Superficial density (mols cm~*) of un- 
ionized acceptors and donors, respec- 

tively. 

Surface density (cm~*) of available sites. 

Value of n, at which the reaction changes 
from donor-limited to acceptor-limited. 

Rate of the reaction (mols cm~ sec~). 

Density of holes (cm~*). 

Density of holes (cm) in the bulk. 

Density of holes (cm~*) just below the 
surface. 

Value assumed by p, when the Fermi level 
coincides with the acceptor or donor 
level respectively. 

Value of p, at which the reaction changes 
from donor-limited to acceptor-limited. 

Absolute temperature. 

Departure of (1—fp)/fp from its equi- 
librium value. 

Dielectric constant. 

Permittivity of free space (Far cm™). 

Langmuir coefficients for un-ionized 
species. (Equation 16) [cm-*, (mm 
Hg)~*]. 

Vibration frequency (sec™). 

Superficial charge density (coulombs 
cm™*) associated with, respectively, 
the space-charge region, the adsorbed 
ions, and the intrinsic surface states. 

Minority carrier lifetime. 

Adsorption relaxation time. 
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in Silicon 
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Interpretation of the spectra of silicon saturated with oxygen highly enriched with O confirms that 
oxygen is located in an interstitial site. The over-all features of the absorption indicate that the oxygen is 
in a nonlinear Si,O configuration. The fine structure in the asymmetric Si-O stretching vibration and its 
temperature dependence can be largely explained by motion of the oxygen in a potential barrier with six- 
fold symmetry. A symmetry analysis of this process predicts additional structure some of which has now 
been observed under higher resolution. The spectra of oxygen contaminated silicon containing 2% ger- 
manium corroborate our explanation of the fine structure. 

The potential barrier hindering rotation of the oxygen about the axis joining its two bonded silicons has 
been ascribed to the surrounding silicon lattice. Calculation of the potential shows that as the oxygen ro- 
tates it can also wobble. Since the fine structure indicates that the ground-state splitting due to rotation is 
near 2 cm™, the barrier hindering rotation is about 200 cal/mole. Calculation of this barrier then indicates 
that the maximum wobble angle is 0.2° and the Si-O-Si angle near 150°. 





INTRODUCTION 


payee amounts of oxygen produce large variations 
in the optical properties of silicon.’ The most 
pronounced change occurs in the 1100 cm™ region 
which exhibits a strong absorption band whose in- 
tensity increases linearly with oxygen concentration. 
This absorption, which has been identified as an Si-O 
stretching vibration, exhibits an unusual temperature 
dependent fine structure. Understanding of this struc- 
ture is complicated by conflicting evidence about the 
configuration of oxygen in silicon. A previous interpre- 
tation of the spectrum suggested that the oxygen is 
interstitial? while recent x-ray and density measure- 
ments favor a substitutional position.* To resolve this 
discrepancy, we have obtained the spectrum of the 
silicon-oxygen system highly enriched with O”%. The 
results are consistent with an interstitial site for oxygen. 
This configuration suggests that the fine structure 
results from tunneling of the oxygen atom through a 
barrier for restricted rotation. A group theoretical 
analysis of the problem confirms this in that it accounts 
for the main features of the fine structure. Observation 
of marked changes in the fine structure produced by 
altering the local environment gives further experi- 
mental verification of this interpretation. 

These results suggest that the barrier is caused by the 
network of neighboring silicon atoms arranged about 
the Si,O unit but not bonded to the oxygen atom. This 
network is highly ordered in the crystalline state and 
hence produces a barrier of high symmetry. The gross 
features of the spectrum show that the oxygen is in a 

* Present address: Atomics International, Canoga Park, 
California. 

} Permanent address: Radiation Laboratory, University of 
California, Livermore, California. 

1W. Kaiser, P. H. Peck, and C. F. Lange, Phys. Rev. 101, 
1264 (1956). 

(1987) J. Hrostowski and R. H. Kaiser, Phys. Rev. 107, 966 

3 A. Smakula and J. Kalnajs, J. Phys. Chem. Solids 6, 46 (1958). 


nonlinear Si,O configuration. Then the silicon atoms 
nearest but not bonded to the oxygen are in positions 
equivalent to those of the hydrogens in a staggered 
configuration of ethane. These silicons then give rise 
to a sixfold barrier as the oxygen rotates about the 
Si axis of Si,O. Since the separations of various further 
distant silicon atoms can also be calculated, their 
influence on the barrier can be evaluated and possibly 
more insight into the origin of such barriers can be 
gained. Since such barriers might occur whenever a 
small amount of impurity is introduced in a solid 
lattice, it was thought worthwhile to make a detailed 
calculation of the barrier based on a simple model of 
interaction between nonbonded silicon and oxygen 
atoms. These considerations show a novel feature, 
namely that the oxygen also wobbles as it rotates. The 
potential for this behavior is formulated; however, the 
Schrédinger equation for it has not as yet been solved. 

Another interesting aspect of such systems as this is 
that the temperature can be varied over a wide range. 
It is thus possible to go from the high-temperature 
limit of free rotation through restricted rotation to 
vibration in the potential minimum if the barrier is 
low. Observations can also be made at very low temper- 
atures where narrower linewidths result in higher 
resolution. On the other hand, molecules which undergo 
tunneling or restricted rotation in the gas phase very 
frequently are locked in a given position on solidifica- 
tion and hence exhibit no fine structure in the solid 
state. 

In the silicon-oxygen system it is possible to estimate 
the barrier restricting rotation from the temperature 
dependence of the intensities and the spacing of the 
fine structure. The position of the oxygen is then roughly 
fixed by the requirement that the calculated potential 
be consistent with the barrier deduced from experi- 
ment. Thus, the Si-O-Si angle and the extent of the 
wobble can be approximated. 
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INFRARED ABSORPTION OF OXYGEN 


EXPERIMENTAL 


A silicon rod with resistivity greater than 10* ohm cm 
was saturated with oxygen at the melting point of 
silicon (1.810% atoms/cm*) by the reduction of 
water vapor. The composition of the oxygen in the 
water was 55% O%, 43.5% O%, and 1.5% O”. Spectra 
of this sample and an unsaturated oxygen-contaminated 
silicon sample containing 2% germanium were obtained 
as described previously.2 Room temperature results 
for the 1100 cm region are shown in Fig. 1 which also 
gives the spectrum of oxygen-free silicon for compari- 
son. The Si,O* and Si,O" absorptions are clearly 
resolved. Figures 2 and 3 give the low-temperature 
spectra for both samples containing oxygen. Figure 
2 shows that even an Si,O” absorption is easily de- 
tected below 50°K. This figure illustrates the peculiar 
behavior which concerns us. At room temperature 
(see Fig. 1) only one broad absorption is observed for 
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Fic. 1. Room temperature spectra in the 1100 cm™ region. 


each isotope. Cooling shifts this to higher energy and 
separates it into at least three distinct absorptions. 
The highest energy peak continues to increase in 
intensity down to 4.2°K. However, the remaining 
peaks show first an intensity increase followed by a 
decrease in intensity at lower temperatures. At 4.2°K 
only the highest energy peak is observed in most 
samples. 

The wave numbers of the observed absorptions are 
listed in Table I. » and vs are, respectively, the sym- 
metric and asymmetric stretching motions of the Si,O 
“molecule.” No isotopic shift was observed for », 
the symmetric bending vibration. However, the in- 
tensity ratio »;/ve was identical with that obtained for 
samples with lower oxygen concentration. It is hence 
concluded that » is definitely an Si-O vibration, but 
its isotopic shift is less than 3 cm™ which is too small to 
observe with our equipment. This is reasonable since 
there is very little motion of the oxygen atom in this 
vibration. 

There is considerable evidence that oxygen may 
occur in different configurations in silicon. For in- 
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Fic. 2. Variation of »,; with temperature for silicon saturated 
with oxygen of composition 55% O08, 1.5% O", and 43.5% O%. 


stance, the major donor produced in oxygen-contami- 
nated silicon by heat treatment! is a (distorted) tetra- 
hedral SiO, complex. In order to rule out the possibility 
that some of the behavior of vs arises from absorption 
by SiO, this complex was purposely introduced. The 
silicon sample was heated at 450°C until a donor 
concentration, n, of 9X 10'*/cm# was obtained. Although 
free charge carrier absorption and photoionization 
increased background absorption considerably, the 
temperature dependence of ys was invariant within 
experimental error. The total intensity of the fine 
structure decreased by about 20% although » was only 
5% of the original oxygen concentration. This result is 
in agreement with the conclusion that the main donor 
formed by heating is an SiO, complex.’ No discrete 
vibrational absorptions of this complex were observed 
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Fic. 3. Temperature variation of »; for oxygen in silicon con- 
taining 2% germanium. 
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TABLE I. Oxygen absorptions in cm™. 








Si 








v2 
ow 
513.522 
517.340.5 


1203.3%0.5 1150.8+0.5 


1203+0.3 1150.8+0.3 517.340.5 


Vs 
ow ow oO 
1058+1 
1084.4+0.3 
1076.7+0.3 
1071+1 


1084.4+0.3 


11061 
1136+0.3 1109+0.3 
1127.8+0.3 1101+0.3 
1122+1 


1136+0.3 


1105+1 


1135.3%0.3 
1128.1+0.3 


1109+0.3 1135.5+0.3 
1129.5+0.3 


1120.5+0.5 








near 1100 cm although numerous electronic bands 
occur below 500 cm! 

In addition to the fine structure of »;, the important 
features of the new experimental results are: (1) 
observation of the 1150.8 cm~ band, the isotopic » 
absorption for Si,O which then identifies the 1203 
cm! band as an Si-O vibration. (2) Addition of 
only 2% Ge radically changes the temperature de- 
pendence and spacings of the fine structure of v3 as 
shown in Fig. 3. (3) Although it is within the limits of 
experimental error, there appears to be a decrease in the 
separation of the subbands of »; as the oxygen mass is 
increased, 


OXYGEN CONFIGURATION 


A substitution tetravalent oxygen would have to be 
in a site of tetrahedral symmetry. Only two funda- 
mental vibrations would be infrared active for this 
configuration.’ Observation of three absorptions in the 
region of the Si-O fundamental frequencies rules out 
this possibility and requires that the site symmetry 
be C2, or lower. The minimum strain energy is obtained 
for this symmetry when the oxygen atom is not at the 
center of an interstice but displaced toward the silicon 
atoms bonded to it.* An earlier analysis of the spectrum? 
using a valence force treatment and considering the 
system as an isolated C2, Si,O unit gave plausible values 
for 2a, the Si-O-Si angle; Ki, the Si-O stretching force 
constant; and K;,/r°, the bending force constant; 7 is 
the Si-O distance. However, the isotopic shift of 
was not observed resulting in an incomplete comparison 
of calculated and observed isotopic shifts. Our present 
values for these are summarized in Table IT. Deviations 


6H. J. Hrostowski and R. H. Kaiser, Phys. Rev. Letters 1, 199 
(1958). 
7G. Hertzberg, Infrared and Raman Spectra of Polyatomic 


Molecules (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1945), p. 252. 

§ Divalent substitutional oxygen, a much less stable con- 
figuration, also has Cz, symmetry. However, this model is eschewed 
since the electronic activity expected from the two silicon elec- 
trons not used in bonding has not been observed. Furthermore, 
more precise x-ray measurements by W. Bond and W. Kaiser (to 
be published in J. Phys. Chem. Solids) contradict the earlier 
results’ and favor an interstitial oxygen position. 





from the calculated values are less than 1% for 2a as 
small as 90°. However better agreement is obtained if 2a 
is quite a bit larger. These considerations indicate that 
this model, shown in Fig. 4(a), is a reasonable approxi- 
mation to the true oxygen configuration. Hence, this 
structure is accepted as a first approximation. » is 
taken as 1203 cm and » as 515 cm. The exact value 
of v3 is unknown because of the splitting arising from the 
tunnel effect (see the following). Choosing a value of 
1121 cm, we obtain K,=7.233X10° dynes/cm, 
K;/re=1.608X 10° dynes/cm, and 2a=93°50’. In spite 
of the fact that the entire effect of the remaining 
lattice has been absorbed in these quantities, they come 
out quite reasonably compared to gas-phase triatomic 
molecules when it is considered that the Si,O system is 
somewhat strained in the silicon lattice. However, it 
must be remembered that the values of 2a obtained 
from valence force treatments are very uncertain, even 
for gaseous molecules. 

When neighboring silicon atoms are considered, the 
equilibrium position of the oxygen atom is seen to be 
in the plane of four silicon atoms in a strained trans- 
cyclohexane configuration as illustrated in Fig. 4(b). 
Thus, the nature of the vibrational motions is more 
complicated than those obtained for Si,O although three 
oxygen motions are still infrared active. One important 
difference is that in at least one normal mode the oxygen 
atom will have some component of its motion perpendic- 
ular to the Si,O plane. It is the constraint on this motion 
which causes the tunneling of the oxygen atom. Since 
sufficient information to attempt the complicated 
vibrational analysis for the SigO structure is not avail- 
able, in what follows only the simple SiO model is 
considered. 


FINE STRUCTURE OF »; 


In order to understand the fine structure, we note 
that there are six equivalent equilibrium positions for 
the oxygen atom as indicated schematically in Fig. 
4(c). These are separated by potential barriers of 
height, Vo. When the oxygen atom is constrained to 
move only in the yz plane of Fig. 4, and only first non- 
bonded nearest neighbors are considered, the potential 
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energy V of the system can be approximated by 
V=(V0/2) (1— cos68), (1) 


where @ is the angle of rotation about x. The resultant 
wave equation’ is 


OY /dP+ (21/h?)[W—3V0(1— cos6@) ¥=0, (2) 


where J is the appropriate moment of inertia. For in- 
ternal energies W very much greater than V» the oxygen 
will rotate freely in the yz plane with energy levels 


Wn=m?h?/2I m=0, +1, +2, °°. (3) 


When W is very much less than Vo, the oxygen motion 
is an oscillation about a particular equilibrium position. 
In this case the oxygen atom may tunnel to an ad- 
jacent minimum through the barrier opposing rotation. 
The low temperature results can be interpreted by 
considering only the tunneling process. The tempera- 
ture then must be 


T<Vo/k. (4) 


Quantitative treatment of the fine structure requires 
information not yet available. However, the qualitative 
aspects can be determined by the methods of group 
theory without actual solution of the wave equation. 
For W much less than Vo the wave function for the 
motion of an oxygen atom in the mth minimum is 
approximately H,”. This is the eigenfunction for a 
linear harmonic oscillator with quantum number »v. The 
corresponding potential energy is shown by the dashed 
curves in Fig. 5. There is one such function centered at 
each minimum since each has an equal probability of 
being populated. The assumed V, shown by the solid 
curve in Fig. 5, has Cs, symmetry. The correct zeroth- 
order wave functions for this potential must form a 
basis for a representation of the point group Cs. The 
characters of the reducible representations, ',, formed 
by the H,”’s for even (+) and odd (—) »v are given in 


TABLE II. Isotopic shifts for SigO. 








Obs 
T(°K) 297 48 


Calc 
2a= 110° 2a=90° 


Species 
4.2 





1.045 1.047 1.047 1.042 1.038 


1.024 1.024 1.021 1.019 


1.046 1.045* 1.052 








® These quantities are independent of a. The value of 1.045 is for v2=v2"; 
that of 1.052 for ve=v2'+3 cm™. 


® This treatment was introduced by L. Pauling, Phys. Rev. 36, 
430 (1930) for the rotation of small molecules in molecular 
crystals. 


IN SILICON 


Fic. 4. Configuration of (a) Si,O and (b) an equilibrium posi- 
tion of oxygen in the lattice; (c) illustrates schematically the 
oxygen atom in one of the six equivalent equilibrium positions. 
The first nearest neighbors lie in the dotted planes, the second 
neighbors in the solid planes. 


Table III along with the characters of the irreducible 
representations of Cy.” Ty, decompose into 
y= A\+ B+ E\+ E, 


T= Aot+ Bot E+ EF. (5) 


Thus, each vibrational state consists of two singly 
and two doubly degenerate sublevels whose wave 
functions are approximately 


Wa, (v = 0) 
=64(H)+He+He+ Hs +H +H,') 
Wa, (v= 1) 


Wp, (v=0) 
=64(H,'—H?+H,'—Ht+H— H,*) 
Wz, (v= 1) 
Wz, (v=0, 1) 
= (12)4(2H,'+H,?— H,’—2H,'— H+ H,*) 


Vz, (v=0, 1) 
= (12)-4(2H,'— H,?— H,'+2H,'— H,5—H,*). (6) 


Only one function for each degenerate sublevel is 
listed since these are sufficient to determine the expected 
temperature dependence of the spectrum. Although 


# Footnote reference 7, p. 114. 
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Fic. 5. Variation of V with @. The solid curve is the schematic 
cosine potential. The dashed curve is the potential for the har- 
monic oscillator wave functions. The dotted curve indicates the 
potential if there were a small twelvefold contribution from the 
second nearest neighbors. 


wave functions for different values of » may have the 
same mathematical form, they belong to different 
irreducible representations of Cg since Ho" transforms 
differently from H," under the covering operations of 
the group. With these wave functions the approximate 
energy levels W ; for »=0, 1 are obtained from 


w= [vonvar, (7) 


where H is the Hamiltonian operator. If the more 
improbable processes of tunneling to nonadjacent 
minima are ignored, the resultant W; are 


v=0 
Ea=Wi+2W 1." 
Ez°=W,°+W, 
Ez°=W,—W;,° 
Ex,°=W,—2W;° 


v=1 
Ep,'= Wy'—2W,;! 
Exz,'=Wy'—W;,,!' 
Ez} =Wy'+W,! 
E,;'=Wy'+2W,', (8) 


Won? = J (H.") *H(H,")dr. (9) 


TABLE ITI. Character table for the point group Cs, and the 
representations I',. 





Group element 


Representation 2C, C2 3ey 


& 





1 
1 
—1 
-1 


2 


0 
0 


ana NNR Re 


1 
-1 
1 
-1 
0 
0 
2 
—2 








The energy levels are ordered by noting that the most 
symmetric function, or that with the smallest number of 
nodes, has the lowest energy. Thus, Eza,° lies lowest 
for »=0, Ep,! for v=1. Wi:° and Wy! are, respectively, 
negative and positive. Since in this approximation the 
E? differ only by the constant W,.° and the EZ} by a 
similar constant W,.', the energy level pattern is readily 
determined. The results are shown schematically in 
Fig. 6(a). 
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Fic. 6. Energy level patterns for v=0 and v=1 for (a) Ce» 
symmetry and (b) Sg symmetry. 


Transitions are allowed in the infrared when the 
direct product YW,’ contains an irreducible representa- 
tion which transforms like one of the components of 
the dipole moment, M. The representations to which 
M,, M,, and M, belong” are listed in Table III. Taking 
the direct products of the irreducible representations 
of T', and T_ it is found that 


A\X E,\= E\X Ar= E2X B.= BiX E2= Ey 
E\X En:= E2X E,\= E,4+-Bi+ Bz 
E\X E\= EX E,x= Ar+ Act Es. 





INFRARED ABSORPTION 


Since the components of M belong to A, and EZ, (see 
Table III), fourteen possible transitions are allowed 
between the various levels for »=0 and »=1. Three are 
transitions between sublevels of the ground vibrational 
state, three between the sublevels for »=1. The eight 
remaining transitions, between levels of »=0 and »=1, 
might be observed in the infrared region as fine struc- 
ture in those Si-O vibrations which most nearly ap- 
proximate the tunneling motion. All the transitions are 
shown schematically in Fig. 6(a) and the corresponding 
energies listed in Table IV, in which 


C= / (Hy") *H Hy") dr. 


In the preceding treatment it has been assumed that 
the oxygen is restricted to motion in the yz plane, but 
the six nearest nonbonded silicon atoms are arranged in 
a staggered configuration like the hydrogen atoms in an 
equilibrium position of ethane. As a result of this 
arrangement the oxygen will not stay in one plane but 
will wobble as it rotates. Wobbling means that the 
potential minimum of the oxygen will not always be in 
a plane perpendicular to the midpoint of the line 
joining the two bonded silicon atoms (the yz plane of 
Fig. 4). The angle between this perpendicular plane and 
the plane actually passing through the midpoint and the 
oxygen atom is designated by ¢. The wobble is due to 
the repulsion between the oxygen and the particular 
silicon atom it approaches during rotation. 

For very small values of ¢ the effective symmetry 
of the potential will not be changed. However, if ¢ is 
sufficiently large, the potential will have Ss symmetry. 
The relations between the Cs, wave functions and those 


TABLE IV. Energies of allowed transitions. 





Cw S 6 


Transition Energy Transition Energy 





A o> E,° 
EY E 
E-B,° 


_ WwW? 
—2W.2 
-_ Wi? 


Af-E,2 
Ao—B! 
E 1 Pd E2,° 
E»,~— Bo 


A ~- B, 
A Pea Ex 
Ey Pied Exg} 
E,eA a 
‘ o> B,! 
Fre Ex! 
BY E xg 
BY A Pa 


By Eg! 
BY A,! 
Ea} Ey 
Ei, A? 


—W 
—4W.° 
—2W° 
—-Wit 


C—2Wis'—2Wi2? 
C+Wi!—2W:° 
C—Wi:'— Wi? 
C+2Wi2'—Wi" 
C—2Wi!+-Wi." 
C+Wi!+W 2° 
C—Wi'+2W 2° 
C+2W12!+-2W1° 


Wi! 
4Wis! 
2Wi:! 
Wi! 


AYE} 
EY Es 
EYE} 
EY A?! 
Ep—B; 
Ef E:! 
EP E} 
BYE? 


BE; 


E}—E} 
E}— A?! 


C+Wi2'—2W 12° 
C—Wi:'—Wi° 
C+Wi:! — Wi" 
C+2Wi2'—Wi." 
C—2W,2'+Wi2 
C—Wi'+Wi2 
C+Wi!+W 2° 
C—Wi:'+2W 1° 


Wi! 
2Wi2! 
Wi! 
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for Ss are 
Cou Se 
Wa, roa, 
Vz,—--V¥a, 
Vz,-Vn,, 


Vz,—V«r,,. (1 1 ) 


The Ss wave functions belong to the same irreducible 
representations whether 2 is even or odd. Proceeding as 
above, the energy level diagram shown in Fig. 6(b) is 
obtained. The transition energies are given in Table IV. 
Ss symmetry allows four transitions between the 
sublevels of a vibrational state and again eight transi- 
tions between the levels of »=0 and »=1. 

The true symmetry of the potential or, in other 
words, whether the wobble is important, could be 
definitely established by observation of the low-energy 
transitions within a vibrational state. Lacking such 
information the symmetry might be established by 
noting that the S, potential allows more transitions 
when only the lowest level, A,°, is populated. 


COMPARISON WITH EXPERIMENT 


Until the spectrum and its temperature dependence 
have been investigated under higher resolution, only 
preliminary conclusions can be drawn from the avail- 
able data. However, one thing stands out clearly, 
namely, that W..° is of the order of RT at 4.2°K, where 
kis the Boltzmann constant, since only one high energy 
absorption has been resolved at this temperature 
(kT=2.9 cm). On heating, other higher sublevels of 
v=0 become populated and new absorptions appear. 
At higher temperatures thermal broadening merges 
these into one band. 

The qualitative temperature variation of the intensi- 
ties follows then from Boltzmann statistics. The 
intensity of the 1136 cm peak observed at 4.2°K de- 
creases steadily to some limiting value at high tempera- 
tures. The other absorptions at 1127.8 and 1122 cm“ 
appear when kT approaches their energy separations 
from the ground state. Their intensities show first an 
increase on heating and then a decrease again as higher 
states of »=0 become populated. At high temperatures 
these too should reach limiting intensity values. The © 
intensity maximum has been observed for the 1127.8 
cm~! peak. The 1122 cm~ peak is resolved near 50°K. 
Measurements of this peak at higher temperatures are 
made difficult by thermal broadening and by the 
shifting of the bands to lower energy. This shift may 
arise from thermal expansion of the lattice which be- 
comes appreciable near 120°K." 

Enough data are available to make a crude estimate 
of W,.° from the temperature variation of the intensity 
ratio of the 1136 and 1127.8 cm™ peaks. It must be 


"1D. F. Gibbons, Phys. Rev. 112, 136 (1958). 
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Fic. 7. Schematic variation of the energy levels and allowed 
transitions for Cs, symmetry. 


assumed that the transition probabilities of these two 
absorptions are the same. That, in fact, they do not 
differ greatly is indicated by the essential temperature 
independence of the total intensity of vs. This calcula- 
tion is also limited by the uncertainty in the assignment 
of these bands and by the inaccurate measurements of 
the intensities resulting from the limited resolution 
obtainable. Furthermore, the behavior of the 1127.8 
cm peak seems dependent on sample history.” The 
result of this calculation is that Wy" is about 5 cm™ 
which is of the right order of magnitude in spite of the 
uncertainties mentioned above.” 

It is not possible with the presently available data to 
decide which specific transitions correspond to the 
observed lines or whether the actual symmetry is 
Cw or Ss. This is particularly so since preliminary 
results using a prism instrument with higher resolving 
power indicate still more fine structure. There is some 
evidence for another weak band below 1122 cm near 
50°K. Also at 4.2°K there are two pronounced shoulders 
on the low energy side of the 1136 cm™ band. Previ- 
ously, these shoulders have been indicated only by a 
slight asymmetry of the 1136 cm absorption. However, 
in spite of these incomplete data, the fact that an 
energy of about 2 cm is connected with the absorption 
allows one to estimate the barrier height and to locate 
the oxygen in the silicon lattice in an approximate way. 


2 The 1127.8 cm™ absorption is sometimes observed at 4.2°K 
with intensity ranging up to 30% of the 1136 cm™ band. How- 
ever, this behavior varies considerably for different samples and 
appears to be dependent on the sample history as shown by 
H. J. Hrostowski and R. H. Kaiser, J. Phys. Chem. Solids 9, 
214 (1959). This behavior may result from symmetry effects 
caused by other nearby oxygen atoms which are not uniformly 
dispersed. : 

% The fact that the energy is so low obviates the possibility 
that the experimental results may be explained by interaction of 
the silicon lattice modes with SiO vibrations. B. N. Brockhouse, 
Phys. Rev. Letters 2, 256 (1959) has found that the lowest energy 
(transverse acoustical) silicon mode occurs at 140 cm™. This is 
more than an order of magnitude too high to account for the 
temperature dependence of the fine structure. 
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Of further help would be the temperatures at which 
the various peaks appear, although these temperatures 
have not been precisely established. 


THE FREE-ROTATION CASE 


The earlier value of W;:° seems very high for a system 
involving such heavy atoms unless the moment of 
inertia is rather low. For this reason we consider the 
free-rotation case (V»=0) which gives an upper limit 
to the splitting. The energy level scheme is obtained 
from Eq. (3) and is shown on the left side of Fig. 7. To 
calculate J it is first assumed that 2a is 90° as suggested 
by the valence force treatment and that the ‘‘normal” 
Si-O bond length, ro, is shortened somewhat by the 
constraints of the silicon lattice. Taking r= 1.76 A and 
assuming that only the oxygen atom rotates about the 
fixed Si axis of SixO, the value obtained for Wo is 
0.7 cm=, which is less than the estimate of W1:°. How- 
ever, the nonbonded Si-Si distance, m, is only 2.48 A. 
This is extremely close to the normal Si-Si bond dis- 
tance r=2.35 A. The expected repulsion between two 
nonbonded silicon atoms spaced so closely suggests that 
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Fic. 8. The se tion Wm of the lowest two rotational levels 
as a function of 2a. The dashed curve is for pure oxygen motion. 
The solid curve is for rotation of SiO about its center of mass in 
the oxygen direction. 





INFRARED ABSORPTION 


r, and 2a should be much larger. Furthermore, a larger 
value of 2a causes less strain in the tetrahedral bond 
angles of the two silicon atoms bonded to the oxygen. 
The dashed curve in Fig. 8 shows the dependence 
of Wa on 2a. Wo increases rapidly as 2a increases, 
reaching 2 cm~! for 2a=132°. If on the other hand it 
is assumed that the whole Si,O unit may rotate about its 
center of mass along 1 cosa, the solid curve of Fig. 8 
is obtained and Wa=2 cm for 2a=124°. Again Wn 
increases rapidly with 2a, but the motion of the silicon 
atoms helps to reduce the value of 2a for a given value 
of Wo. These approximations to free rotation are 
extremes since in the lattice the silicon atoms are 
neither rigidly restrained nor completely free. The true 
situation is a compromise. In any event Wm can be 


made larger than W),° by stretching the Si-O-Si angle - 


sufficiently. Since oxygen bond angles near 115° are not 
uncommon in simple molecules, it seems reasonable that 
a value near 130° could occur in the silicon lattice. For 
2a=130° and =1.76 A, 7, becomes 3.20 A and the 
repulsion between nonbonded silicon atoms is con- 
siderably reduced. The height / of the oxygen atom 
above the Si axis is then reduced to 0.83 A. It must be 
remembered that the actual value of 2a can be still 
larger since for restricted rotation the splitting would 
be less than 2 cm™ for the above parameters as shown 
in Fig. 7. 


THE POTENTIAL-RESTRICTING OXYGEN ROTATION 


A quantitative treatment of the problem requires 
knowledge of the potential-restricting rotation. If for 
the adopted model [Fig. 4(c)] it is assumed that the 
oxygen is strongly bonded to two silicon atoms and 
interacts only by van der Waals forces with the re- 
mainder of the lattice, the potential can be calculated 
once the oxygen position is known. The assumption of 
van der Waals forces could be quite poor inasmuch as 
the oxygen atom has two unshared pairs of electrons in 
orbitals whose spatial distributions are not certain. 
These could give quite a directional character to the 
interaction with the rest of the silicon network. Because 
this effect is difficult to take into account quantitatively, 
one is forced to assume spherically symmetric interac- 
tions between the nonbonded silicon and oxygen atoms. 

Because of the highly symmetric arrangement of the 
silicon lattice, the van der Waals interactions produce 
a symmetric potential V, opposing oxygen rotation 
about an axis joining the silicon atoms of Si,O. The 
barrier to internal rotation can be estimated once the 
constants in the van der Waals forces are assumed. The 
oxygen is presumed to perturb only the positions of the 
silicons to which it is bonded. Those two silicons will 
have their separation increased so that 79 and 2a are 
not too strained. Again it is assumed at first that 2a 
will be near 90° and that ro will be shortened relative 
to the normal distance by about half the increase in r, 
the normal Si—Si bond distance, as estimated from the 
force constants of the two bonds. Under these cir- 
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cumstances fo is decreased from 1.83 A to 1.76 A and r 
increased from 2.35 A to 2.48 A in the Si,O unit. 

The rotational potential, which in this approximation 
also causes the wobble, will be described by the Len- 
nard-Jones potential. That potential V between two 
unlike atoms i and j is of the form" 

V is(r) =4eL (0/15) — (08 /ri) J, (12) 
where 7;; is the distance between the atoms, ¢ the depth 
of the potential, and o the distance at which the po- 
tential is zero. o estimated from the van der Waals 
radii of oxygen (1.40 A) and silicon (1.90 A) is (1.40+ 
1.90) /2'®=2.95. The 2" is the factor which relates the 
distance to the potential minimum to the distance at 
which the potential is zero. This value is reasonable 
judging from the atomic weights of oxygen and silicon 
since o must be slightly greater than the neon-neon 
value (2.8 A) and somewhat smaller than argon-argon 
value (3.4 A). The value of ¢ must also lie between these 
two limits (24.5 and 84.0 cm™), and a value of 38.5 
cm~ was chosen. It remains to sum V;; over all the 
nonbonded silicon atoms to get the total potential of 
interaction. The distances to the neighboring silicons 
were determined from the known crystal structure of 
the silicon lattice and the estimated position of the 
oxygen. This summation was carried out on an IBM 
650 computer. 

Seventy-eight neighbors were included in the summa- 
tion. These comprise a spherical section of the lattice 
consisting of the first, second, and third neighbor atoms 
bonded to the Si,O unit. Actually the number reduces 
to fifty-four since there are twenty-four coincidences in 
this section. The more neighbors that are considered, 
the nearer the center of mass of the system lies on the 
midpoint between the two bonded silicon atoms. The 
first six neighbors as already pointed out give rise to a 
potential with a periodicity of 60° if there is no wobble. 
The wobble angle ¢, however, will only be the same 
every 120° since 60° apart it will have the same magni- 
tude but opposite sign. The 12 second nearest neighbors 
give rise to no wobble but again to a sixfold barrier to 
rotation which is displaced by 30° relative to the bar- 
rier from the first six neighbors. The remaining atoms, 
as will be shown, contribute to a good approximation 
only a constant to the potential. Neglecting the wobble, 
the contribution of the first six neighbors has the form 


V= A+B cos60. (13) 


Addition of the twelve next nearest neighbor contribu- 
tion merely changes the values of A and B leaving a 
pure sixfold barrier to rotation.“ The magnitude of the 


“4 J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
ios)” of we and Liquids, (John Wiley & Sons, Inc., New York, 

6 If the potential law were such that the second nearest neigh- 
bors introduced maxima in the minima resulting from interaction 
with the first neighbors as shown by the dotted curve in Fig. 5, 
each vibrational state would consist of two widely spaced sets of 
sublevels similar to those in Table V if the »=0 level lies below 
the small maxima. »3 would then show two separated sets of fine 
structure contradicting the observed results. 
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Fic. 9. The potential energy as a function of the angle of 
rotation. Curve A neglects oxygen wobble while B includes it. 


coefficients and the effect of further neighbors were 
estimated from the parameters listed above with ro= 
1.83 A and a=50°; these are approximately the param- 
eters derived from the valence force treatment for the 
Si,O “molecule” in which the oxygen atom is 1.18 A 
above the Si-Si midpoint. The first 6 neighbors con- 
tribute then a potential of 3500+616 cos6@ cm™ or a 
barrier, Vo, of 1232 cm. The second neighbors add an 
attractive potential—175—35 cos6@ cm™ or a barrier 
of —70 cm. The 36 further neighbors which have been 
summed contribute a potential independent of the 
angle @ of —157 cm“. This potential varies less than 
5 parts in 10‘ with angle and is again attractive. Hence, 
all 54 neighbors would combine to give 


V =3167+-581 cos6@ cm=! 


with Vo=1162 cm—. 

The order of magnitude of this Vo is in line with 
other known barriers for internal rotation; however, 
as has been seen, the chosen parameters do not lead to 
the proper splitting. For the chosen value of 2a the 
first 6 neighbors being closer than o to the oxygen 
atom bring about a large repulsive potential while all 
further neighbors are far enough away to produce a net 
attractive potential. The potential of the second nearest 
neighbors is only 1/20 of the magnitude of the first 
neighbor contribution so that the effect of still further 
neighbors is quite small. In fact, the more further 
neighbors we take into account, the more independent 
of @ their contribution becomes since on the average 
they are spherically symmetrically distributed. 


(14) 
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The wobble is opposed by a vibrational potential Vw 
since it involves the stretching of one Si—O bond and 
the shrinking of the other. Vw can be estimated from 
the SisO model. Since the tunneling is slow compared to 
the vibrations, the superposition of the symmetry 
coordinates" of the valence force treatment is justified. 
S; and S: are only affected to second order by the 
wobble while 5S; is affected to first order so that one can 
assume planar motion of the oxygen in the Si,O plane. 
Hence to the order of keeping only harmonic terms, 
valid for small ¢, the vibrational potential which re- 
sists wobbling is 


Vw=K,(1+2(Msi/Mo) sin2a P(AS;3)?. (15) 


The effect of the wobble will be to reduce the magnitude 
of the barrier since the wobble allows the oxygen an 
extra degree of freedom to find its potential minimum. 
This will be illustrated for the parameters that were 
originally proposed as being the most likely, namely 
e=38.5 cm=, o=2.95 A, ro=1.76 A, and a=45°, so 
that the oxygen is 1.24 A above the midpoint. If no 
wobble were allowed, the potential from the 54 neigh- 
bors would be 3783+-665 cos6@ cm= while with the 
wobble it becomes 


V =3657+528 cos60+231(¢— 1.08 cos30)? cm=!, (16) 


that is, the barrier has been lowered from 1330 cm to 
1057 cm~. This is a much larger effect than the con- 
tribution of the second nearest neighbors. The maxi- 
mum wobble angle for this configuration is 1.08° and 
hence quite small. The potential with and without 
wobble is plotted as a function of angle in Fig. 9. The 
potential including the wobble is plotted at the value of 
6 where the potential is a minimum. The variation of 
the value of ¢ with @ is given in Fig. 10. 
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Fic. 10. Dependence of the wobble angle on the angle of rota- 
tion for A= 1.24 A, 


16 Footnote reference 7, p. 149. 
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A comparison of the two potentials given so far 
without wobble shows that the barrier decreases with 
decreasing height / of the oxygen above the midpoint 
(1330 or 1162 cm for h equal to 1.24 A and 1.18 A, 
respectively.) Reducing h to 1.09 A decreases the bar- 
rier to 552 cm~. This is as expected since the repulsion 
decreases. Furthermore, the maximum angle of wobble 
is, as expected, also smaller when the repulsion is 
weaker. This was learned by varying ¢ and o in the 
potential over a range which is thought to include the 
extreme values they could assume in this general 
model. This study also shows that these extreme ranges 
of the parameters produce a change in the potential 
barrier and the maximum wobble angle of less than a 
factor of 2, which is surely comparable to the accuracy 
of the model. The formulas for V fit the results cal- 
culated from (12) to better than 70 cm™ which is 
sufficient accuracy considering the crude basis of the 
theory. 

Most of these results were obtained for structural 
parameters which maintained 2a near 90°. Information 
about the correct configuration can be obtained by 
assuming that the true reduced mass for the motion is 
the oxygen mass and by considering tunneling to an 
adjacent minimum. In this approximation the Denni- 
son-Uhlenbeck” formula can be used to calculate the 
splitting. For 2a=90° (that is, a barrier of 1057 cm~), 
the vibrational levels, calculated using a force con- 
stant determined from the slope of the cosine potential, 
are separated by 161 cm™. About six bound levels 
would be below the barrier. The separation of these is 
such that at 50°K (35 cm=) the first excited level is 
hardly populated, and the ground state splitting is 
negligible (2 X 10- cm~'). These results contradict 
the experimental evidence and are not unexpected from 
the analysis of the free-rotation case. Thus, 2a must be 
increased. It is possible to estimate the true value by 
calculating the barrier which permits a splitting of about 
2 cm~ in the »=0 levels. 

If it is assumed that 2a is 130° and 4=0.83 A as 
indicated from the free-rotation case, the calculated 
barrier is 220 cm. The separation of the harmonic 
oscillator levels is 110 cm. The ground-state splitting 
is about 10-* cm~ and still too small. If the barrier is 
56 cm (160 cal), then the »=0 splitting is 2.3 cm. 
The zero point energy puts the ground state at 46 cm, 
so that the first excited vibrational state is well out of 
the barrier." The height of the oxygen above the Si 
axis is about 0.5 A, and the maximum wobble angle 
would be about 0.15° and 2a about 150°. The lowest two 
free-rotor states for these parameters are separated by 
4.2 cm, 

The above estimates of the small barriers from the 


(1932) M. Dennison and G. E. Uhlenbeck, Phys. Rev. 41, 313 

18 Tf we use an Si-O distance common in solids (1.62 A) this 
conclusion is not changed. In fact, this value makes it easier to 
obtain a low barrier. 
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adopted model are quite uncertain. A small barrier 
means [see Eq. (12) ] that the repulsive and attractive 
forces nearly cancel, and hence the value of « must be 
known with more precision then it is possible to estimate 
it. Furthermore, the nonbonded Si-Si distance is in- 
creased by about 1 A in the Si,O unit. Hence, it is likely 
that the neighboring silicon network is also somewhat 
distorted. The energy is also small enough so that all 
sorts of spherically asymmetric forces could be of im- 
portance. 

The conclusion one is led to then is that this case 
represents an intermediate case between free rotation 
and tunneling. If the wobbling can be neglected, the 
energy levels could be obtained in terms of Mathieu 
functions. If not, the Schrédinger equation for the 
problem has to be solved. Converting to spherical 
polar coordinates the energy levels are obtained from 
the equation 


{ (sin@) (8/06) [sind (3/46) ]+- (sin*#)— (3°/d¢") 
+(21/h?)(W—V)}y=0 (17) 
where V is of the form given by (16) and J< Moh’. 
DISCUSSION 


From the preceding considerations it seems likely that 
the fine structure in the 1100 cm™ region arises from 
combination bands involving a normal mode of Si,O 
and the ground-state energy levels of the tunneling 
motion. Thus, the »>=0 to »=1 transitions shown in 
Figs. 6 and 7 have apparently not been observed. In 
any case, the observed fine structure is due to a sixfold 
potential in which only the lowest vibrational level lies 
below the barrier. If the barrier were larger, it would 
be impossible to get the observed splittings and temper- 
ature dependence of the intensities. The lack of struc- 
ture in » and » indicates that these vibrations have 
very little motion in the direction required to permit 
tunneling. The low barrier and the lack of structure in 
vy, and v2 indicate that the Si-O-Si angle is very large. 
Furthermore, an increase in 2a to 130 degrees also lowers 
K, from 7.23 to 5.35X10° dynes/cm giving much 
closer agreement with the value of 5.0X 10° dynes/cm 
estimated by other means.” Also, the isotopic ratio of 
the v3 frequency comes into better agreement with 
experiment for larger angles. The fact that the valence 
force treatment gives a poor value of the angle is not 
surprising from past experience. 

More striking confirmation comes from the variation 
of v3; on addition of 2% germanium. It is known that 
germanium substitutionally replaces silicon in the 
lattice; thus the environment of a large fraction of the 
oxygen atoms is altered. For random substitution about 
4% of the oxygen would exist in SiOGe units. These 
should absorb at lower energy (near 900 cm-') because 
of their higher reduced mass and the smaller value of 


ant Wright and M. J. Hunter, J. Am. Chem. Soc. 69, 803 
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the Ge-O stretching force constant. Although the 
expected intensity is sufficiently high (a@max*1 at 
4.2°K), no absorption attributable to this unit was 
detected. Furthermore, Kaiser and Thurmond,” in 
attempts to introduce oxygen into germanium rich 
germanium-silicon alloys, found that a two-phase 
system of SiO, and germanium resulted. They con- 
cluded that no Ge—O bonds are formed as long as 
silicon is present. Therefore, the absorption in Fig. 3 
results from Si,O units, and the environment of a large 
fraction of these is altered by the presence of germanium 
neighbors. For these oxygens the symmetry of the bar- 
rier is lowered, and also the magnitude of the barrier is 
changed. With the assumption of van der Waal’s 
interactions the barrier height would increase as a 
silicon is replaced by a larger germanium atom. Since 
the magnitude of the barrier, as has been seen, is 
primarily affected only by the nearest nonbonded 
atoms, the results for germanium-doped silicon shown 
in Fig. 3 might then be interpreted as a superposition of 
the spectra of two species. The single peak at 1135.5 
cm~' is probably due to oxygen entirely surrounded by 
silicons, the two additional peaks to oxygens which 
have a single nonbonded germanium neighbor. This 
interpretation would be consistent with a higher barrier 
since the observation of more resolved bands at 4.2°K 
for the germanium doped sample could imply that more 
v=0 levels are occupied at this temperature. That the 
barrier is higher and consequently the splitting of the 
energy levels smaller is confirmed from spectra of oxy- 


* W. Kaiser and C. D. Thurmond, unpublished results. 
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gen-contaminated pure germanium samples. In such 
samples no fine structure could be resolved in the 860 
cm! asymmetric Ge-O stretching vibration.! The 
most clear-cut evidence for the proposed model, how- 
ever, is still the fact that by changing the environment 
the fine structure has been changed markedly. 

Higher resolution spectra of both systems at more 
frequent temperatures will provide the confirming 
evidence needed for the proposed model. Numerical 
values of the masses and the potential barriers in- 
volved in the motion can then be obtained from com- 
parison of the experimental spacings; particularly help- 
ful would be the observation of transitions between 
different vibrational states of the actual tunneling 
motion. According to this treatment these should occur 
near 100 cm~. Furthermore, the true ground state 
separations can be deduced from the intensity varia- 
tion of the fine structure. Experiments in the very low 
energy region (2 cm~') would also give such values 
from direct observation of the transitions within a 
given vibrational state. 
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Films of cuprous halides were formed by evaporation and condensation in a vacuum onto substrates of 
alkali halide crystals at room temperature. They were annealed for 15 min periods at temperatures between 
60° and 150°C. Optical absorption spectra indicate that the annealing causes diffusion of CuCl and CuBr 
into KCl and KBr, but not into KI or NaCl, and of Cul into RbI, but not into KCl, KBr, KI, or NaCl. 
An interstitial mechanism for diffusion is consistent with the data but is not sufficient to account for the 


behavior of Cul. 





INTRODUCTION 


ONOVALENT copper in alkali halide crystals 

and in silver halide crystals is known to diffuse 
with unusual rapidity at temperatures above 200°. A 
qualitative investigation of diffusion in alkali halide 
crystals at lower temperatures was made by taking 
advantage of differences in the optical absorption of 
cuprous halide and of cuprous ion dispersed in alkali 
halide. The optical absorption spectra at liquid nitrogen 
temperature of cuprous halide films deposited upon 
quartz plates are characterized by sharp peaks near 
400 mp (CuCl, 376.1 and 384.4 my; CuBr, 396.7 and 
415.5 my; Cul, 335 and 405 my),? while those of 
cuprous ion dispersed in alkali halide single crystals 
consist of intense broad bands near 260 mu (KCI-Cu, 
263 mu; KBr-Cu, 265 my; KI-Cu, 268 mu; NaCl-Cu, 
255 my) with no absorption in the region near 400 mu.* 
When the cuprous halide film is deposited upon an alkali 
halide single crystal, transference of cuprous ion into 
the alkali halide substrate can be detected by appear- 
ance of the characteristic dispersed spectrum and 
reduction of the film absorption. 


EXPERIMENTAL PROCEDURES 


Apparatus and procedures used in the evaporation of 
thin films were those described by Delbecq and Yuster.* 
Heat for annealing was supplied by an element placed 
in the well of the Dewar; annealing temperatures were 
usually maintained for fifteen minutes with heating 
rates of 3° to 6° per minute. Optical spectra were taken 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1S. A. Arzybyschew and N. B. Borissaw, Phys. Z. Sowjetunion 
10, 44 (1936); S. A. Arzybyschew, Phys. Z. Sowjetunion 11, 639 
(1937) ; Tubandt, Reinhold, and Jost, Z. anorg. u. allgem. Chem. 
177, 268 (1928); C. Tubandt, Z. Elektrochem. 39, (1933). 

2 The observed maxima are in agreement with those reported 
by S. Nikitine and R. Reiss, Compt. rend. 242, 1003 (1956), 
except for the lower wavelength maximum of CuBr which they 
give as 4116 A. The 405 my absorption in Cul is frequently, but 
= invariably, resolved into a doublet with maxima at 404 and 


mu. 

3 A. Smakula, Z. Physik 45, 1 (1927); A. M. MacMahon, ibid. 
52, 336 (1928); M. Forro, ibid. 56, 235 (1929). Absorption be- 
tween 300 and 400 my appears after a time but, when the copper 
concentration is no more than 10~* mole fraction, can easily be 
removed by heating the crystal at temperatures above 300°C. 

4C. Delbecq and P. H. Yuster, J. Chem. Phys. 22, 921 (1954). 


at liquid nitrogen temperature with a Cary No. 11 
spectrophotometer. Alkali halide crystals were grown 
by the Kyropoulos method or obtained from Harshaw 
Chemical Company Copper halides were prepared ac- 
cording to directions in Inorganic Syntheses® using the 
drying technique of Tubandt, et al.® 


FILMS 


The absorption spectra of cuprous halide films de- 
posited upon alkali halide crystals at room temperature, 
before annealing, were the same as those of the films 
deposited upon quartz. 

After annealing CuCl or CuBr films upon KCl or 
KBr for 15 min at 150°C, the absorption characteristic 
of the cuprous halide was much reduced and that of 
cuprous ion dispersed in potassium halide appeared.’ 
At lower annealing temperatures this effect occurred 
most readily with CuCl on KCI (after 15 min at 60°) 
and least readily for CuBr on KBr (after 15 min. at 
125° but not at 100°). See Fig. 1. Annealing a film of 
Cul on KI, even at 200°, and of Cul upon KCl and KBr 
produced no such change in the absorption but only 
some increase in the height and resolution of the peaks 
near 400 my, as was the case for Cul film on quartz upon 
similar treatment.’ The spectrum of Cul on RbI also 
was essentially unchanged by annealing at 100° but 15 
min at 150° resulted in a marked decrease in the absorp- 
tion characteristic of Cul, while a high absorption band 
(presumed to arise from cuprous ion dispersed in RbI) 
appeared at 310 my. Annealing CuCl or CuBr films 
on KI produced absorption characteristic of Cul as 
well as of CuCl or CuBr, with no evidence of cuprous 
ion dispersed in KI. 

When the halide of film and crystal were unlike, new 
absorption bands appeared upon annealing: at 292 


5W.. C. Fernelius, Editor, Inorganic Syntheses (McGraw-Hill 
Book Company, Inc., New York, 1946), p. 1. 

6 Tubandt, Rindtorff, and Jost, Z. anorg. u. allgem. Chem. 165, 
195 (1927). In the case of Cul, iodine was driven off and con- 
densed in the cold trap; drying near the fusion temperature was 
continued until no further condensation could be seen. , 

7 A small peak on the short wavelength side of the characteristic 
absorption near 260 my appeared in these spectra but not in 
those of crystals prepared by the Kyropoulos method. ; 

§ The change in height and resolution is attributed to reduction 
of lattice defects; cf. F. Fisher, Z. Physik 139, 328 (1954). 
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Fic. 1. Optical spectra at liquid nitrogen temperature of CuBr 
film on KBr crystal: (a) 15 min at 100°; (b) 15 min at 125°; (c) 
10 min at 150°. Absorption of curve a is that of CuBr; absorp- 
tion between 250 and 300 my corresponds to that of KBr—Cu. 


mu (CuCl on KBr), 282 my (CuCl on KI), 275 mp 
(CuBr on KI). These disappeared when continued 
annealing removed the absorption characteristic of the 
original film; the absorption then was that of cuprous 
ion dispersed in the crystal lattice (e.g., CuCl on 
KBr—Cut in KBr) or that of the cuprous halide corre- 
sponding to the alkali halide (CuCl on KI—Cul on 
KI). This new absorption (see Fig. 2) was not seen if 
the crystal was maintained at dry ice or liquid nitrogen 


TABLE I. Atomic distances in cuprous and alkali halide crystals.* 








M-X 
distance 
Species (Observed) 


Cu-X distance with Cut 
in the interstitial position 
(Calculated) 


Interstitial 
distance 
(Calculated) 





NaX KX 

1.99A 2.22A 

2.11 2.33 
2.50 


RbX 
CuCl 
CuBr 
Cul 
NaCl 
KCl 
KBr 
KI 
RbI 


> 


2.59A 


Ww WW 
SUSVRBoeS 





® Copper halides from R. W. G. Wyckoff, Crystal Structures (Interscience 
Publishing Company, Inc., New York, 1948), Vol. I, Chap. III, p. 29. Alkali 
halides from Linus Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1948), p. 352. 

b X—X distance minus twice the halogen ion radius given by Pauling (see 
reference 9). 


temperature during the deposition of the film, but 
then would appear after warming to room temperature 
for about 5 min. It seems likely that this new absorption 
peaks arise from cuprous ion in a cuprous halide lattice 
with two kinds of halogen ions. The appearance of the 
275 my absorption in CuBr on KI and the 282 my ab- 
sorption in CuCl on KI supports this view, since Cul 
apparently does not diffuse into KI under the experi- 
mental conditions. The absence of such a peak for 
CuBr on KCI may be the result of more rapid diffusion 
of Cut into KCl. 
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Fic. 2. Optical spectra at liquid nitrogen temperature of CuCl 
film on KBr crystal: (a) before annealing; (b) 10 min at 90°. 
Curve a shows absorption of CuCl and the new absorption 
referred to in the text. 


Films of CuCl and CuBr were also deposited upon 
NaCl crystals. The spectra (see Fig. 3) of these, upon 
annealing, were modified only by the resolution into 
doublets of the larger of the peaks near 400 mu—the 376 
my band of CuCl on NaCl into 375 and 377.4 my and the 
416 my band of CuBr on NaCl into 415.3 and 417.5 mu. 
Repeated annealing at 150°C increased the resolution, 
but had no other effect. The resolution of these bands 
was never seen when the films were deposited upon 
quartz, potassium halides, or LiF, although the presence 
of two components was suggested by the flattening of 
the peaks (for CuCl or CuBr on KCl or KBr) after 
annealing had been continued until considerable diffu- 
sion into the crystal lattice occurred. 





CUPROUS HALIDE FILMS ON ALKALI HALIDE CRYSTALS 


DISCUSSION 


The different responses to annealing of CuCl films 
upon NaCl and upon KCI suggest that the dimensions 
of the und*rlying lattice are important in determining 
the diffusion from the film. The size of the cuprous ion 
is that of the sodium ion (0.95 A), while the ionic 
radius of potassium ion is 1.28 A®; thus one would 
anticipate that cuprous ion would readily substitute for 
Nat in the NaCl lattice but would produce considerable 
distortion in a positive ion position in the KC] lattice. 
Relatively high concentration of Cu* ion in NaCl-Cu 
crystals as compared with KCl-Cu crystals would then 
be predicted, and was observed experimentally upon 
preparation of these crystals by the Kyropoulos method. 

The larger dimensions of the KC! lattice, however, 
would favor an interstitial position for Cu* in that 
lattice. (The anionic portion of the cuprous halide 
lattice—zincblende structure—is identical in arrange- 
ment to that of the corresponding face-centered cubic 
alkali halide lattice. The positions of cuprous ion and 
alkali metal ions in the respective lattices are inter- 
stitial to each other.) The atomic distances listed 
in Table I suggest that interstitial diffusion of cuprous 
ion from the copper halide film into alkali halide crystal 
is sterically possible for the potassium halides but doubt- 
ful for the sodium halides. The results of the annealing 
of copper halide films on alkali halide crystals are in 
agreement with a hypothesis of interstitial diffusion 
ie., no diffusion of CuCl into NaCl, relatively ready 
diffusion of CuCl, CuBr, and Cul into KCl, KBr, 
and RbI, respectively.” 

The increasing difficulty of diffusion in the potassium 
halide series—KCl, KBr, KI— is correlated with de- 
creasing interstitial distance between halide ions (see 
Table I), but that alone is not enough to explain the 
behavior of Cul. If interstitial distance alone deter- 
mined diffusion of Cu*+ from the film into base lattice, 


*Linus Pauling, The Nature of the Chemical Bond (Cornell 
University Press, Ithaca, New York, 1948), p. 346. 

1 An interstitial mechanism cannot be the only one. Changes 
in ‘he optical spectra of NaCl-Cu crystals (when Cu* concen- 
tration is ter than 10~ mole fraction) occur at temperatures 
between 25° and 150°C. At 25° the initial change in the spectrum 
can be seen within an hour and, upon standing at room tempera- 
ture for some months, the 376 and 384 my absorption peaks 
characteristic of CuCl at liquid nitrogen temperature appear, 
while the 255 my absorption of Cu* dispersed in NaCl is reduced. 
Heating NaCl-Cu crystals at 140° for several hours produces the 
same effect; the reverse process, rapid dispersion of cuprous ion, 
occurs when the temperature is raised above 300°C. Potassium 
halides, including KI-Cu, show corresponding behavior. 
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Fic. 3. Optical spectra at liquid nitrogen temperature of CuCl 
and CuBr films on NaCl crystals. For CuCl: Dashed curve, be- 
fore annealing; solid, after two 15-min anneals at 100° and one 
15-min anneal at 150°. For CuBr: (a) before annealing; (b) 15 
min at 100°; (c) 15 min at 150°. 


Cul would diffuse into KCl as readily as does CuCl; 
but Cul does not diffuse into KCl even at 150°, while 
it does so into RbI at 150° but not at 100°. 

The resolution of the 376 my peak of CuCl film when 
on NaCl crystal and of the 416 my peak of CuBr when 
on NaCl suggest some interaction between cuprous 
ion and NaCl lattice even though no diffusion into the 
NaCl lattice seems to occur. Spectra of Cul film upon 
alkali halide crystals give no indication of interaction 
with the base lattice. 
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Dynamics of the Quasi-Linear Molecule 
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Calculations of energy levels, eigenfunctions, dipole transition moments, and other significant properties 
have been made for a phenomenological model of a two-dimensional harmonic oscillator with a superposed 
barrier at the minimum of the harmonic potential. A high-speed electronic digital computer was employed. 
The method of calculation does not involve perturbation theory and converges rapidly for all barrier heights. 
The problem concerns the behavior of the degenerate bending vibration of a linear triatomic molecule, for 
example, when a potential barrier is introduced at the linear configuration. In the limit of a high barrier, 
the motion is that of a “bent” molecule with rotational motion superposed on the bending vibration about 
the minimum of potential energy. Results for moderate to low barriers, and those for anharmonic vibration 
in a well with no barrier, show that the rigid classification of molecules as “linear” or “bent” is not possible 
in some cases and that the intermediate case of the “quasi-linear” molecule must be considered. The dynami- 
cal behavior of such anharmonic motion and its interaction with other vibrations have been investigated, 


and the primary identifying characteristics of the quasi-linear molecule delineated. 
The analytical method of solution used has also been applied successfully to the one-dimensional barrier 


problem. 





I. THE QUASI-LINEAR MOLECULE 


C YNSIDER a triatomic molecule AB, for con- 
venience of symmetry C2). The mass of a B atom is 
M, and that of an A atom is m. Let the deviation of the 
molecule from linearity be measured by the angle a, 
shown in Fig. 1, and let @ be the angle describing the 
azimuthal direction of the AB, plane. Let the equili- 
brium A-B distance be Ro. This problem concerns 
the effects of a nonharmonic potential for the angle a. 
In any case, the potential is independent of . Further 
assume that the potential for the bond-stretching 
motions is essentially harmonic and that their fre- 
quencies are significantly higher than the frequency of 
bending motion. (This last assumption is sufficiently 
valid for every case in which the analysis in terms of a 
quasi-linear model is of interest.) 

The generalized analysis of the dynamics of systems 
with some slowly varying coordinates has been made 
by Newton and Thomas.' They outline a method for 
writing the Hamiltonian in terms of “high-frequency” 
coordinates 6, and the slowly varying coordinates qq. 
(We already shall assume the center-of-mass transla- 
tion is separated out.) 


A. Dynamic Analysis 


Let X, Y, Z be right-handed Cartesian coordinates of 
the atoms in a nonrotating system with origin at the 
center of mass, and x, y, z the right-handed Cartesian 
coordinates in a system rotating with the molecular 
frame. Let 6, y be the Eulerian angles fixing the relation 
of the z axis to the external Z axis. The plane of the 
molecule defines the xz plane; when the molecule is 
strictly linear only the z axis, the axis of symmetry, is 
defined. 6, y are thus the variables for rotation of the 
entire molecule. The remaining Eulerian angle ¢ is the 


1R. R. Newton and L. H. Thomas, J. Chem. Phys. 16, 310 
(1948). 


angle measured counterclockwise from the line of 
nodes to the x axis and is the variable for rotation about 
the z axis. 

The B atoms are labeled 1 and 3 as shown, and the 
atom A is 2. Small high-frequency displacements of the 
bond distances Riz and R; from the equilibrium Ro 
occur, and we call them A,;. It is convenient to work 
with the symmetry coordinates s=1/V2(A12+As3) and 
a=1/V2(Ai2— Ass), hereafter called symmetrical and 
asymmetrical stretching coordinates, respectively. The 
coordinates a and ¢ we shall treat as the slowly varying 
coordinates of the Newton-Thomas treatment. We 
define the “zero coordinates” r,° in terms of a 

2;° = Ry cosa = — 24", 2°=0; 
x= (m/m+2M) Ro sina=x;3°, 
xo = — (2M /m+2M) Ro sina; 
y=0 i=1, 2,3. (1) 
We also define the instantaneous coordinates 


r;=r+)_ori*6,. (2) 


The vectors r;* satisfy the following conditions and 
definitions: 


Snr t= ; 
i 


dm{r?x r,;*]=0; 


>im,(dr!/da) ° r;*=0; 


Lom,(r* r>) =0, K+); 


=1/Vi, x=d. (3) 


The components of the vectors r;* are given in Table I. 
Furthermore, 


1/V,=M/(1+(2M/m) sin’«]; 


1/V.=n/2[1— (u/m)sin’a}, 
where yu is the reduced mass p= 2Mm/(m+2M). 


(4) 
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DYNAMICS OF THE QUASI-LINEAR MOLECULE 


The vibrations! and rotational kinetic energy, in 
terms of the angular velocity w of the rotating frame, 
and the time derivatives of the coordinates, is 


T= $dom [ox (r{+ar,'+sr/) P 


or,’ or?’ or; 2 
+4>°m, +a—-+s ae 
i da Oa 0a 


+4Qom{reé+ rs P+ dim [ox r;}-(0r,/da je 


+>om{oxr,]-[r2é+r7s] 
+ Dim{er,/da)-[reét+rysja. (5) 


The first term is the instantaneous kinetic energy of 
rotation, and the second and third terms are the simple 
vibrational kinetic energies. The fourth and fifth terms 
are vibration-rotation interactions, and the last term 
represents interactions between the rapid vibrations 
and the slow vibration in the coordinate a. For our 
purposes it is sufficient to use > m{oXr’F} for the 
first term, thus neglecting rotational distortion effects 
on the stretching motion. The third term is simplified 
to (1/V,)s+(1/V.)a@. Since r,°, r, r/ all have 
vanishing y components, it is easily seen that only the 
terms dependent on w, make any contribution to the 
rotation-vibration interactions in the fourth and fifth 
terms. These complicated expressions may have sig- 
nificant interactions for high velocities of rotation 
around the y axis, but we ignore them in this simpler 
treatment. In fact, only the rotation about the z axis 
is retained for consideration; the fine structure arising 
from the large moments J,, and J,, is not studied. The 
moment J,, is given by p Re sin’a. 

Remaining terms have contributions which may be 
expanded in powers of the parameters (s/Ro), (a/Ro) 
and their time derivatives. Keeping only the lower-order 
terms, we obtain (rotational kinetic energy about the x 
and y axes is not included) 


T= (3V,)#—2M?/m(s8/ Re?) (r*) + (4V 0) @? 
+u?/2m(ad/ Ro?) (17) 
+3 {ui?+[4M?/(m+2M) ](r/Ro)**} 
+3uRe sin’ad+-++, (6) 
where the variable r= Roa. At this point, the conjugate 
momenta are introduced 


p.=9T/08, pa=0T/04; p-=9dT/d7, bs =9T/04,(7) 


and the kinetic energy is rewritten in terms of the 
momenta. The terms in s/ Ro, ¢/ Ro may be shown to be 
small, since the relative amplitudes of the stretching 
vibrations are small. The remaining expression is then 























Fic. 1. Rotating coordinate system for dynamic analysis. The 
molecule lies in the «xz plane. 


as follows: 


T=3V.po+4V op2-+[1/(2uRe sin’a) ]pe? 
+1/2up?—1/2u{ (2M/m)o2/[1+(2M/m) 02} p?. (8) 


The last term has the effect of an additional anhar- 
monicity in the bending potential, and will make a 
significant contribution if the bending amplitude is 
large. Its effect will be considered in some detail later. 

When the expressions for V, and V, are written out, 
in powers of a?, the resultant expression for the kinetic 
energy is 


T= (1/2M) p?-+u p+ (1/2u) [p+ p¢?/r? J 
—1/p(u/m) a? p?+(2M/m)a?p?/2M 
— {(2M/m) o2/(1+ (2M/m) o}} (p7/2p) 


+ {1/2u[(1/Re? sin’) — (1/7?) }}p. (9) 
The method to be employed is the treatment of the 
first three terms in (9) as the zero-order kinetic energy, 
and of the last four terms as perturbations. These 
perturbation terms are significant in producing char- 
acteristic properties of the quasi-linear molecule, since 
they only make an important contribution when the 
amplitudes of motion are large. 





W. R. THORSON AND I. 


NAKAGAWA 


TABLE I. Displacement vector components. 








k=a 
Asymmetric stretch 


K=S 
Symmetric stretch 





ad th oats ] sina [1—(u/m) sin’a]~ 


—x,% 


—m cosa/V2(m+2M) [1—(u/m) sinta] 
—2M cosa/V2(m+2M) [1—(u/m) sin’a] 


2% 





sina/v2([1+-(2M/m) sin*a] 
—2M sina/V2m[(1+(2M/m) sina} 


cona/V2[1-+ (2M/m) sin’a] 


—_ 2° 





The potential energy is assumed to have the form 
V =Vo(r) +3k.a?+3h,8°+ aX qa*a* 
+k,X,s'a?++++. (10) 
The coupling terms in X, and X, are also to be treated 
as perturbations. The potential Vo(r) is nonharmonic 
Vo(r) =4h,?+Kp/(C+9’). (11) 
This potential possesses a minimum at 
ro=((2Kp/k,)t'—2 } 


and a maximum at r=0, provided (2Kz/k,)!—¢>0; 
otherwise, it has a minimum at r=0. By varying the 
choice of parameters, a potential well may be obtained 
with or without a barrier, of arbitrary height, and with 
a minimum at any desired angle. 

In the zero-order approximation, the Schrédinger 
equation is H°Y = EV, where the Hamiltonian H° is 


H=(1 /2M pP-+ thks? |+[ pe /utdkaa* | 
+1/2ulpP+pe?/r? J+ 3kr+Ke/(e+r). (12) 

The wave functions may be written in product form: 
W =xwe(S)xwa(a)(r, &). xva and xn, are wave functions 
of the one-dimensional harmonic oscillator, with 
natural frequencies (2k./u)* and (k,/M)}, respectively. 
¥(r, @) satisfies the Schrédinger equation 

[1/2u(p2+p62/r) +34 +Ke/ (+e) W=ep. (13) 
B. Solution of the Equations for the Bending Motion 

The variables in Eq. (13) are separated by the 
substitution y= F,:(r) exp(il¢), where =0, +1, +2, 
+3, +--+. Use of the dimensionless variable = (w/h)*r, 
where w= (k,/u)4, gives the following equation: 


(a2F /du®) +-(1/u) (dF /du) — (P/u?) F+NF—wF 
—[4G/(B+w*) ]F =0, 


where 
A=2e/hun; B=(par/h)c; 
Uy = (p/h) iro. 


The substitution of the form 


G=Kpp/2h’; 
(14) 


F,.(u) =exp(—u?/2) ul (B+?) SA(n, L; k) Lin! (u*), 
par) 


(15) 


where £14;'(u*) is the normalized associated Laguerre 
polynomial, 


Liga '(u*) =[11/(1-+-R) SPLA/ (FR) La! (u*), (16) 


leads to an equation in the polynomials £14,'. Multi- 
plying by exp(—w?/2)u'£Li4.', and then integrating 
over variables « and ¢, leads to a set of recursion re- 
lations for the coefficients A (m, 1; k) 


—A(n,1;k—-1)[k(R+1) } 
+A(n, l; k) [B+I1+2k+1—G/(n—k-1)] 
—A(n, 1; k+1)[(k+1) (R+/+1) }=0; 
k=0,1,2,°*+. (17) 


Here the variable » contains the eigenvalue \: 7= 
$[A\ni/2+/—1]. Equations (17) constitute a linear 
system in the coefficients A (mn, 1; k) ; a solution exists if 
and only if the following infinite determinant vanishes: 


cu(n) Cw 0 0 


— C23 0 0 


—Ci2  C22(m) 


0 — C23 €33() — Cx 0 O «e- 


0 0 


—C Caa(n) 


0 








Cur(n) =B+1+2k—1—G/(n—I—k+1) 
Ck kt = [k(k+1) }. 

The usefulness of the preceding analysis consists in the 

fact that roots of determinants of the form (18) may be 


rapidly calculated by finding the roots of continued 
fractions, f;(n) 


0=f;(n) =ci;(n) 


Cit” 
Cisra(n) — {Ci4rin2*/Ceipoi42(m) — (Ci2ins?/***) J} 





Cai 
~ ¢4-ai-a(n) — {64-25-22/Lej-2,5-2(m) — (+2 */+9*) J} 





(19) 
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All the fractions f;(7) have identical roots, regardless 
of the value of j. In general, for any given root, say, 7;, 
there is one particular value for j which affords the most 
convenient fraction for calculation. [The functions 
fi(n) have alternating roots and poles, and these tend 
to creep infinitesimally close together for most of the 
roots; only one or two roots are well separated from 
poles for each function]. The computer was pro- 
gramed to compute the functions f;(7) and find their 
roots 7;. In this way, the eigenvalues of determinants of 
minimum order 50 were rapidly computed. The 32 
lowest eigenvalues were calculated for each set of values 
of the parameters. Subprograms were also written to 
calculate the normalized eigenfunctions, expectation 
values of y? for each state, the-dipole transition mo- 
ments for fixed bond-dipole moment, (n'l’/ue‘*/nl) , 
and also the dipole matrix elements for a model in 
which the bond-dipole moment varies as a function of 
the angle. 


C. Details of the Calculations 


1. The eigenvalues are estimated to be accurate to 
five decimal places. The roots calculated were the 
following: n=0, 1=0, 1, -+-10; n=1, 1=0, 1, -++8; 
n=2, l=0, 1, -+-6; m=3, 1=0, 1, -++4. These eigen- 
values are the 32 lowest for molecules with near-linear 
structure. 

2. The expression for F,; generated by the recursion 
formulas is not a convergent series in the coefficients 
A(n, 1; k), but an asymptotic expansion. The expansion 
was truncated after the smallest A(m, 1; k), which 
always proved easily identifiable. 

3. As has been indicated, in addition to the calcula- 
tion of the dipole matrix elements for a fixed bond- 
dipole moment, another model was treated in which the 
magnitude of the A-B bond-dipole moment is a func- 
tion of the angle. For mathematical convenience, the 
functional dependence chosen took the following form: 


1/u | Mz | =(Dot+Dy*) /(B+u*). 


This function has the value D)/B as u tends to zero, 
and the value D2 as « tends to infinity. It is somewhat 
artificial in that it introduces a variation in the dipole 
moment that is closely correlated with the variation in 
potential energy, but such an assumed variation is not 
as unreasonable as it may at first appear. If, for ex- 
ample, the bent structure of B-A-B is the normally 
covalent one and the stable electronic structure when 
the molecule is linear is more ionic, then such a varia- 
tion, correlated with the increasing potential energy 
and therefore with the degree of ionic character, is 
entirely plausible. In the calculations made, D, was 
chosen to be approximately $D)/B. A moderate 
quantitative difference was found between the results 
for such a model and those for the constant bond-dipole 
model. Originally, such special behavior of the bond- 
dipole moment was invoked in order to explain the 
fact that the infrared absorption intensities of an 
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experimental example believed to be quasi-linear are 
typically those of a linear molecule; however, the major 
qualitative results of both models for the dipole matrix 
elements support such an observation. The conclusions 
concerning the spectra of the quasi-linear molecule are 
thus independent of such special though plausible 
assumptions. 


D. Results of Calculations 


This work was suggested by a particular example, 
disiloxane [(SiH3),0], about which there has been 
considerable discussion as to configuration.? For the 
sake of definiteness, therefore, some of the assumptions 
made in order to develop the analysis bear quanti- 
tative similarity to the values of parameters appro- 
priate to disiloxane. In particular, these special assump- 
tions fall into two categories: 

1. Size of the “unperturbed” vibrational spacing. 
For most triatomic molecules of interest, with bond 
angles between 135 and 160°, the size of the small 
moment of inertia associated with the angle ¢ is such 
that the fundamental spacing 2B falls between 6 cm™ 
and 16 cm, say, and one may expect a “rotation” 
spectrum in the far infrared, running up to perhaps 
150 cm~. It appeared to us that the most sustained and 
complicated interactions should occur for cases in 
which the vibrational frequency for the quadratic well 
is low enough to permit large amplitudes of oscillation. 
Characteristically, for most molecules this bending 
frequency occurs between (150) cm™ and 600 cm™ 
(except for hydrogen-bending cases). We elected to 
sample behavior for the lower frequencies with larger 
amplitudes, and our calculations were made for a model 
with the masses and bond lengths of disiloxane and 
values for the “unperturbed” spacing corresponding to 
200 cm and 400 cm. It should be mentioned that 
this special choice of masses, dimensions, and spacings 
is not at all atypical, and the results may be expected 
to possess entire generality for a large class of molecules; 
the use of smaller amplitudes would decrease rather 
than enhance any typical features. 

2. Equilibrium bond angle. When the barrier to 
vibration through a linear configuration is substantially 
high, the equilibrium bond angle has a primary sig- 
nificance; but when this barrier becomes comparable to 
one or two vibrational spacings, such a parameter loses 
its primary significance, and what is important in- 
creasingly is the over-all amplitude of vibration, or the 
mean square displacement from the linear configuration. 
For example, one may readily imagine a linear molecule 
with a bending frequency such that its mean square 
displacement corresponds to a bond angle of 150°, but 
this certainly does not mean that we consider the 
equilibrium to occur at 150°. Therefore, what is 
characterized as the “equilibrium angle” for the bent 


?R. C. Lord, 
Chem. Soc. 78, 1327 (1956). 
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Fic. 2. Qualitative correlation diagram, showing the energy- 
level patterns for the linear molecule bending-vibration and for 
the bent molecule vibration-rotation. 


molecule is best described as the “mean amplitude” 
for the linear and quasi-linear molecules. For this 
descriptive property we chose a value which approxi- 
mated 150°. More acute angles would tend to make 
unrealistic requirements for very flat potentials, while 
models with angles closer to 180° would tend to re- 
semble more closely typically linear features. A molecule 
with a 135° bond angle, such as NOx, is bent enough 
to be definite, but 150° is so close to 180° that quasi- 
linear behavior is prejudicially likely, since it is im- 
probable that large variation in potential energy from 
minimum 150° to maximum 180° would occur as a 
result of the types of electronic stabilization that deter- 
mine directed valence in such cases. The authors are of 
the opinion that any kind of calculation on the elec- 
tronic structures of such systems will support this 
notion. However, the initial reason for choosing 150° 
was that this value has been quoted in connection with 
disiloxane.*4 

It is important to point out that in addition to the 
masses of atoms and lengths of bonds three independent 
parameters must be specified in order to describe com- 
pletely the potential for bending in our model. One of 
these is the force constant for the “unperturbed” har- 
monic well, and it determines the “unperturbed” 
spacing, hw. We have sampled this parameter at two 
values, as previously indicated. The remaining two 
parameters describe the barrier, the constants B and G. 
Roughly speaking, these characterize the height and 
half-width of the barrier. The range of flexibility in 


5 J. R. Aronson, R. C. Lord and D. W. Robinson, J. Chem. 
Phys. 33, 1004 (1960). 
*R. F. Curland K. S. Pitzer, J. Am. Chem. Soc. 80, 2371 (1958). 
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their values provides variations in the location of the 
minimum, the “barrier height” AV (difference, in units 
ho, between maximum and minimum), and the mean 
square amplitude of vibration. Because there are two 
parameters instead of one, there is no unique quanti- 
tative “correlation curve” between the bent-molecule 
and the linear-molecule energy levels. In order to 
mitigate this situation, we elected to impose the 
following conditions. At high barriers, the equilibrium 
angle was fixed at 150°. As the barrier height decreases, 
however, keeping the minimum at 150° leads to extra- 
ordinarily flat potentials with impossibly large ampli- 
tudes of vibration, because of the mathematical re- 
strictions imposed by the Lorentzian shape of the 
barrier. Instead, therefore, the requirement was im- 
posed that the absolute value of the potential at 150° 
have a fixed value; the relationship between B and G is 
then fixed, and the result is that as B increases the 
barrier height decreases, the location of the minimum 
moves very slowly in to more nearly linear positions, 
and the mean square amplitude is always approxi- 
mately limited to 150° as an average bending displace- 
ment. This fixed value of the potential at 150° was 
chosen with the consideration in mind that a model with 
barrier height AV equal to 20 hw, and a minimum at 
150° is a good model of a “bent” molecule, and the 
value V(m) at 150° for this case was used. Results 
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Fic. 3. Energy level diagram for moderate to high barriers 
(AV from fw to 20 hwo). The value of hwo for this diagram is 
400 cm~!. (The behavior of the absolute energies below AV=1 
is not significant, as it depends on the curvature of the potential 
minimum.) 
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prove to be insensitive to substantial variation in this 
choice; it is merely a device for restricting vibration 
amplitudes. 

Figure 2 shows the qualitative correlation between 
the energy-level diagram for the degenerate bending 
vibration of the linear molecule, and that for the 
bending vibration of a bent molecule about a nonlinear 
equilibrium configuration, with superposed energy 
levels for different values of the angular momentum 
about the z axis. Here, / is the quantum number for this 
angular momentum; m is a quantum number for the 
energy for states of a given /; in the limit of the bent 
molecule it is the vibrational quantum number; 2 is the 
vibrational quantum number for the bending vibration 
of the linear molecule. Note that the states originating 
from a level of given v have lower energies for increasing 
angular momentum, since states of higher angular 
momentum are repelled from the center by the cen- 
trifugal potential, even for a flat-bottomed well, and 
consequently are less affected by changes in the po- 
tential near the center. 

The correlation diagrams in Figs. 3 and 4 show the 
energy levels on the scheme described above, as a func- 
tion of AV. Figure 3 shows the levels from 20 to 0, and 
Fig. 4 shows the expanded range from about 1.25 to 0. 
In Fig. 4, the diagram is not extended to the harmonic 
oscillator energy levels at AV =O, because the limit 
AV =0 occurs when the potential achieves zero curva- 
ture at a=0; further increase in B then carries the 
model into that for a linear molecule with a “flat- 
bottomed” potential. The curvature increases steadily 
as B increases, and in the limit as B—~ the potential 
approaches the simple harmonic form. (Incidentally, it 


Ground Vibrotional State (no) 
— Qe 


Energy (cm-') 


0.5 075 
Borrier Heignt, OV. (hwe) 


Fic. 4. Energy-level diagram for low barriers (AV from 0.05 
fay to hwo; hwp= 400 cm™). (Note that the energy levels do not 
approach those of the linear molecule when AV—0; the limit 
when AV=0 is a “flat-bottomed” well; in order to reach the 
harmonic oscillator potential one must pass through a range of 
anharmonic potentials with no barrier.) 























Fic. 5. Comparison of the potential employed in the comput- 
tation (dashed curve) with the potential most plausible for 
disiloxane. Note the decided asymmetry of the latter about its 
minimum. 


is extremely instructive to consider the energy levels 
for a particle in a two-dimensional cylindrical box with 
their Bessel function solutions.) 

Our model of the potential shows some shortcomings, 
which cannot be removed without a fourth parameter. 
The Lorentzian barrier produces potentials which are 
very nearly quadratically symmetric at their minima, 
but there is no reason that a realistic potential might 
not have quite different shape, asymmetric about its 
minimum, especially for low barriers. An example of 
this is illustrated in Fig. 5. Such differences are sec- 
ondary, however, appearing in the quantitative results 
but not primarily affecting the qualitative features of 
the dynamics. 

The most striking feature of Figs. 3 and 4 is that the 
energy levels, even for quite low barriers, resemble 
those of a bent molecule, with rotational levels super- 
imposed on the vibrational-energy spacings. The rota- 
tional-energy levels correspond fairly well to those for a 
bent molecule with a bond angle corresponding to the 
location of the potential minimum; large amplitudes 
have the effect of centrifugal distortion. In general, the 
“rotation spectrum” Al=+1, An=O0 for any barrier 
height might be described by the formula 


y=vy" +B" (21-+1) —2D"(21+1)8++++. (20) 


The only difference between such a spectrum and a 
rotation spectrum is the presence of the constant term, 
vo’. Instead of occurring at B’’, the first line would 
occur at vy’+B’’. This feature provides some indication 
of quasi-linearity: if a spectrum of the type described 
by formula (20) is found, with a lowest frequency 
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substantially greater than that predicted for a rigid 
rotor, evidence is provided that the molecule is quasi- 
linear and has a nonharmonic potential with little or no 
barrier at the linear configuration. Even if the spectrum 
is close to that for pure rotation of a bent structure, the 
barrier need not be very high. Unfortunately, since the 
frequencies of these rotational transitions are in the far 
infrared, and it is difficult to establish the absence of 
absorption to longer wavelengths of a given point, this 
criterion of quasi-linearity is not very useful at present. 


E. Effect of the Perturbation Terms 


This section concerns the influence of the terms in 
(9) which were neglected in the solution of the zero- 
order problem. These perturbations fall into two cate- 
gories: 

1. Those which depend only on the coordinates 
r and ¢ and their conjugate momenta. 

2. Those which couple the r coordinate with the 
stretching vibrations s and a. 

(a) We consider first the terms 


— {2Mo2/m/(1+(2M/m)o*}}p,?/2p 
+(1/2uRe?)[1/sin’a—1/a*]py’. (21) 


The contribution of the last term in (21) depends on 
the difference between a? and sin*a. Even for a as large 
as 30° corresponding to a bond angle of 120° the 
difference between a? and sin’a is only about 10%; 
we therefore ignore the contribution of this correction to 
the energy levels. The qualitative effect would be a 
slight shift of the rotational levels to a somewhat higher 
apparent moment of inertia. 

The first term in the expression above produces a 
much more important effect. It makes an important 
constribution to the effective mass of the bending vibra- 
tion, tending to lower the vibrational frequency. For 
strictly bent molecules, the angle does not deviate very 
much from the equilibrium value, ao. Consequently, the 
above term then has the effect of merely creating a larger 
reduced mass; instead of the term p,?/2y for the kinetic 
energy of bending, one must employ 


[1+ (2M/m) ac? }*(p-?/2u). 


For a bent molecule with a bond angle of 150°, ay? is 
approximately 0.07; for our model, the effective cor- 
rection factor is about 0.75. This implies a reduction 
in the vibrational energy quantum by a factor 0.87 
from that obtained using the simple reduced mass 
valid for the linear configuration. The rotational 
spacings are only slightly affected for a bent molecule. 
In the actual calculation we have not included any 
such corrections. 

The case in which this perturbation makes a sig- 
nificant alteration in the general features of the energy- 
level diagram is the case of the quasi-linear molecule 
when large amplitudes of oscillation and a low barrier 
at the linear configuration make it possible for different 
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states to have widely different expectation values tor 
a’, which we denote hereafter by (a*)n:. We shall em- 
ploy the perturbation theory to examine the conse- 
quences in such a case. In general, we may write 


(Pr?/2u) Wnt =Lenr— 3h? — Kp/(C+9") Wn, 
so that 


— {(2Ma?/m) /(1+(2Ma?/m) ]} (p-/2u) yur 
=— {(2Ma?/m) /[1+(2Mo?/m) J} 
X Len—dhr?*—Ka/(P+r*) War (22b) 


The first-order perturbation corrections may be calcu- 
lated by evaluation of the matrix elements 


— {nl|{(2M/m)/[1+ (2Mo2/m)}}[en— Vola) ]|nt}.. (23) 


It may also be desirable to examine the case of a mole- 
cule which is quasi-linear but approaches in its behavior 
the case of a bent molecule. Under such circumstances, 
a better starting point for a zero-order Hamiltonian 
would be to use {1/[1+(2Mag*/m) ]}(p,2/2u) for the 
bending vibrational kinetic energy in place of p,*/2y, 
where ay is, let us say, the equilibrium value of a. 
Then the residual perturbation is 


{ (2Mag?/m) [1 — (a*/au*) J/[1+ (2Ma2/m) J} 
X {1/2u[1+ (2Mac?/m) }}p7, (24) 


and its diagonal matrix elements would be computed 
instead of those of (22b), and the results added to the 
energies obtained from the solution of the zero-order 
problem with the Schrédinger equation 


—F?/2p[1/1+ (2M /m) ac] 
XC(Pni/dr*) + (1/1) (dpni/dr) J 
+RP/2urr nit Volr)Ynr=enthnr. (25) 


This equation can be solved to good approximation 
when the correction factor is close to unity: Let 


g=1/[1+(2Mc?/m) J, 


and make the variable substitution p=[g(uk,)*#/h_}*. 
The use of the form 


(22a) 


Vnt=e-?/2(p) #/24( B+o) 2 A(n, 1; k) Lye'(go')e! (26) 


and the same method of analysis as used in (B) leads 
to an approximate solution (valid to 2% accuracy if 
|g—1| <0.15), with a recursion formula which is the 
analog of Eq. (17) 
—A(n,1;k—1)[«(k+1) } 
+A(m, 1; k) {(Bg-+2k-+1-+1) 
—L(G¢-+g—q)/(qn—k—-) }} 
—A(n, 1; k+1)[(k+1) (k+/+1) }=0 
k=0,1,2,++* (27) 
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TaBLE II. The effect of perturbation on the rotation spectrum. 
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However, this formula differs from (17) only in that 
Bq, nq, and (Gq*-+-q’—q) replace B, n, G in the calcula- 
tion. Since nq =}Aq+}(/—g), the final result is €n1/hoo= 
2nq—2l+-q. The energy levels for given B, G, q, hwo, 
may then be calculated by the same program, except 
that the parameters used are Bg, (¢°(G+1.)—g) 
instead of B, G. 

The first-order energies for the remaining perturba- 
tion have not actually been computed. An approximate 
estimate of the effects of the perturbation can be 
obtained by the evaluation of the separate parts of 
the operator at some selected mean value of a. The 
value we have chosen as illustrative is the root-mean- 
square value of a, [ (a*)n:}, for each state, m, 1. The 
quantity [en—Vo(L(a*)a:#)] is multiplied by 
[(—2M /m) (a?)niJ/[1+(2M/m) (o? )ni], and the pro- 
duct taken as representative of the magnitude of the 
true perturbation matrix element. The result is a 
downward shift of all the levels, but the levels with 
increasing angular momentum are affected most, since 
the value of (a*)»: increases strikingly with angular 
momentum for most cases, particularly those cases in 
which there is either no barrier or an extremely low one. 
It is important to emphasize the effect of this perturba- 


tion, because although the simple zero-order calcula- 
tions predict that the pure rotation spectrum (An=0, 
Al=-+1) will converge eventually on the frequency 
corresponding to the unperturbed quantum of vibra- 
tional energy fw, this perturbation invalidates that 
conclusion; instead, the convergence frequency of the 
rotation spectrum may easily be substantially lower. 
Calculations made from some exemplary models 
indicate that the magnitude of the downward shifts may 
be as much as 40% of fw. Table II shows some levels 
for two typical barrier heights and their associated 
perturbation shifts computed in this way. 

(b) We now consider the perturbations coupling the 
bending and stretching motions. Two terms appear in 
(9) which couple the motion of the bending coordinate 
r with the asymmetric and symmetric stretching vibra- 
tions. Only the case of the asymmetric stretch is con- 
sidered here; the symmetric case is entirely analogous. 
The terms whose effect is to be treated by perturbation 
theory are then 


— (u/m) (1/Ro)*( pa?/u) + RaX aa*(r/ Ro)? 


The first-order perturbation energies will be computed. 


(28) 
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Fic. 6. Spectral interpretation of the side-band structure ex- 
pected in the asymmetric stretch absorption band of a quasi- 
linear molecule with AV ~hwp. ; 








Let the quantum number of the asymmetric stretching 
vibration be N,, and the quantum numbers of the 
bending be, as usual, », /. The diagonal matrix elements 
are then given by the expression 


C—(u/m) (Na | pa? | Na) 
+2X,(No | $koa? | Ng) ](nl | o2 | nl). (29) 


For the harmonic oscillator corresponding to the 
asymmetric stretch, 


(Na | pa?/p | N.) ” (Na | pkaa* | Na) =}(Nat}) hw. (30) 


Therefore the perturbation shifts for a state of given 
Ng, #, | are 


pa 3 (u/m+2X,) (Na+4) hig (a? pnts 


The expectation values of a were computed in the 
calculations. 

A difference in the observed frequency of the asym- 
metric stretch vibrational transitions V,=0, n, —-N.= 
1, n, 1, and N,=0, n’, l/>N,=1, n’, I’, arises out of a 
difference in the expectation values of a? in the different 
states, (a*)n: and (a?),~. This theory predicts large 
displacement effects of the various transitions if these 
expectation values are widely disparate, i.e., if there are 
large amplitudes of motion. (Such a situation can only 
arise if there is a low barrier or none at all.) A char- 
acteristic difference appears between (a) the case 
when the barrier height is negligible with respect to the 
vibrational quantum, and (b) the case when the 
barrier height is comparable to or slightly greater than 


(31) 


AND I. 


NAKAGAWA 


the vibrational quantum, and the potential minimum 
occurs at a substantial value of a. In the first case, 
steadily progressive change occurs in the values for 
(o?),; in a manner reminiscent of the harmonic oscil- 
lator as the energy increases, and there is to be ex- 
pected a series of bands somewhat closely spaced pro- 
gressing to longer or shorter wavelengths, depending 
on whether (—p/m+2X,) is negative or positive. 
The spacing is proportional to the magnitude of 
this coefficient. A value of the coefficient X, that is 
entirely comparable to values probable for normally 
harmonic oscillators may give rise to spacings from 10 
to 20 cm™, because of the large amplitude. 

A more peculiar situation arises in the case (b). If the 
barrier height is of a magnitude comparable to the 
vibrational quantum, the lowest vibrational level may 
have a fairly sharply localized probability distribution 
around the angle of minimum potential. Increases in 
the angular momentum on this level will result in mild, 
steady increase in the expectation values of a*, (a*)o:. 
However, the first excited vibrational level n=1, /=0 is 
above the barrier or just below it, and consequently 
may have an expectation value for a? which is dra- 
matically less than that for the lowest level. If Xq is 
negative (positive) and of the order of magnitude 
indicated earlier, there will result a shift of as much as 
100 cm to higher (lower) frequencies for the band 
with origin n= 1, 1=0, while the bands for »=0, / would 
be shifted to a much smaller extent to lower (higher) 
frequencies for increasing /. Calculations of the expecta- 
tion values (a*),; were made and in fact, as Table II 
indicates, the value of (a?),, can be significantly 
greater than (a*)io only when the barrier height is low 
and of the order of magnitude of the vibrational 
spacing. Unfortunately, it is at just this point that the 
potential we have used, with its symmetrical minimum, 
proves inadequate to demonstrate the full possible 
effect. If the form shown by the solid curve in Fig. 5, 
with its abrupt rise in energy for values of a greater 
than the value at the minimum, were employed, in- 
stead of the more gradually curved form prescribed 
by the Lorentzian barrier shape, the results would be 
almost certainly as follows: 

(a) The expectation values (a? )o; would undoubtedly 
increase only slightly with increasing / and would be 
essentially the value at the minimum, ag’. Under such 
circumstances, the transitions from states n=1, in- 
creasing J, would move to lower (higher) frequencies 
more rapidly, thus enhancing the apparent intensity 
of the band with n=0. The diagrammatic scheme for 
the asymmetric stretch spectrum is shown in Fig. 6. 

We have seen that the phenomenon of a side band or 
a series of side bands on the asymmetric stretch transi- 
tion is almost certain evidence of a low barrier and 
large amplitudes. The barrier may not be higher than 
perhaps two vibrational quanta. When two side bands 
are found, it may be taken as evidence that there is a 
barrier comparable to the vibrational quantum. 
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TABLE III. Typical frequencies and relative intensities of electric dipole transitions, bending motion of the quasi-linear molecule, 





Quantum numbers 


Final 


hwy = 400 cm 


Initial AV =1620 cm 


hwo= 400 cm= 
AV =706 cm™ 
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hw = 200 cm! 
AV=177 cm 





(cm~) 


2 
_ 
= 
~ 
~ 
> 


— 
ene: 
) 
Bx 
gs 
— 





17.1 
47.6 
72.9 
93.9 
112 
127 
140 
152 
163 
172 
373 
75.0 
100 
119 
134 
292 
282 
284 
290 
297 
304 


cocoocorrerRrRHocooooesooscoeo 
ho ee DAUnrae 


AW PWNHEKSWNHKOCMNAUP ONES 
See OOOCOCOCCoOSCSO 


OFrOwNRK OUR WHK OOCONAUMHE WHE 


387 


mem DW WWW mI 





oe CODMNwW 

— — 

ConasLlS#Faa 
ae RK NO 


ONTO HKDONIOAWOWO 


aoorn 


SSSSSSSOMENNSSOHNHUDE GR 
“100 


SOSSSOM RH NNNORENWUDAKOO 
SRSsRS4SSSSSoaTaSRSERE 
SOSSSSOH EH NNSSOSOHNYRUAN 
SSRESSESSESEKASSASEES 


193 176 








This side-band effect may also be predicted for the 
symmetric-stretch transition in the Raman spectrum. 
At this point it may also be worth remarking that the 
results of electron diffraction on a quasi-linear molecule 
with such a low barrier should give the bent configura- 
tion with evidence of large amplitudes of vibration. 


F. Intensities of Electric Dipole Transitions 


The characteristic features of the infrared spectrum 
of a quasi-linear molecule are intermediate between 
those of the linear and the bent molecules. Intensities 
tend to resemble those of the linear molecule. It is 
necessary to consider two categories in the problem of 
intensities, intensities of transitions in the bending 
mode alone, and, intensities of other transitions. 

1. The calculations made for the quasi-linear mole- 
cule show that the intensities of transitions resemble 
those for the linear molecule, although the frequencies 
begin to approach those of a bent molecule. It is im- 
portant to understand the character of the spectrum in 
order to make this interpretation. The selection rule 
Al=+1 for all electric dipole transitions involving the 
x-component is rigorous. In the linear molecule, allowed 
transitions in absorption are AJ=+1, AV=-+1. If 
we consider the series of transitions AJ=+1, AV=-+1, 
these become the strong “pure rotation spectrum” 
Al=+1, An=0 of the bent molecule. Their intensities 
are quite large, because essentially they involve the 
“permanent moment.” There are also the transitions 
Al=—1, AV=-+1 of the linear molecule, and these 
become the transitions Al=—1, An=-+1 of the bent 
molecule, the “P-branch” of the vibration-rotation 
spectrum. As may be seen from the calculations, 


(Table IIT), these transitions are always of substantially 
smaller intensity than those for the pure rotation. 
Furthermore, their frequencies occur in the same 
general range as those in the higher frequency end of 
the rotation spectrum. The transitions forming the 
“‘R-branch” of the vibration-rotation spectrum corre- 
spond to transitions Al=+1, AV=+3 of the linear 
molecule, and are only very weakly allowed. Their 
frequencies are typically about two or three times those 
of the higher frequency rotational lines. This com- 
bination of circumstances explains the absence of a 
noticeable bending vibration absorption band in a 
quasilinear molecule; the absorption is distributed over 
a wide range of frequencies, and its strongest lines 
occur in a spectra region overlapped by the stronger 
pure rotational spectrum. 

2. As an example of a transition other than those 
involving only the bending mode, we consider the 
symmetrical stretch. The symmetrical stretching transi- 
tion is strictly forbidden in the linear molecule. In 
fact, however, it is forbidden for all configurations; 
there must be a simultaneous change in the angular 
momentum about the z axis, Al=+1, i.e., some 
“rotational” structure, to make it allowed. This means 
that the transition corresponding to the symmetric 
stretch in a bent molecule becomes a combination band, 
¥etvq, in the linear molecule; the intensity is much 
lower because the major contribution to the dipole 
moment does not arise from coupling between the 
stretching and bending coordinates. Without additional 
information on such coupling it is not possible to 
calculate explicitly the intensity of these “combina- 
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tions,”’ since the critical quantity is the dipole deriva- 
tive, (Ou,/ds). In the quasi-linear molecule it is possibly 
very small, so that if the band appears at all it will be 
very weak. This appears to be the case for disiloxane. 

A further consideration which renders the band 
weaker yet is that the many different transitions from 
different origin states will be widely distributed in 
frequency, because of the wide variations in rotational- 
energy-level differences. Therefore, if the symmetrical 
stretching band is observed, it will be weak and very 
widely distributed in frequency; observation would 
provide extremely valuable information about the 
spacing of the rotational levels, provided proper con- 
sideration be given to the effect of the perturbations 
discussed in Sec. E2. 


Il. SOME OTHER ANALOGOUS PROBLEMS 


The analytical method used in this two-dimensional 
barrier problem may be extended to three dimensions 
or to one dimension. The latter problem is well known 
(the umbrella vibration in NH;). The method is 
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attractive in that it is exceedingly accurate (determi- 
nants of order 5050 may be solved in seconds), and 
converges for all barrier heights. For the case of one 
dimension one merely replaces the Laguerre functions 
by Hermite functions, and proceeds entirely ana- 
logously to the solution for two dimensions. We have 
obtained calculations in this way, for all barrier heights, 
in the one-dimensional case; should the three-dimen- 
sional problem become of interest, it is potentially 
possibly for it to be solved in this way as well. 
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Far Infrared Spectrum and Structure of Disiloxane 


J. R. Aronson,* R. C. Lorp, anp D. W. Rosinsont 
Spectroscopy Laboratory, Massachusetts Institute of Technology, Cambridge 39, Massachusetts 
(Received April 7, 1960) 


Study of the infrared absorption of gaseous disiloxane in the range 50-150 cm= shows that significant 
absorption is confined to the lower part of the range. A broad band with five rather flat maxima at about 
56.4, 69.2, 80.1, 90.5, and 100 cm™ is interpreted as the spectrum of the mixed vibrational and rotational 
transitions of a quasilinear triatomic molecule. The consequences of this model of disiloxane for the vibra- 
tional spectra of the molecule at higher frequencies are discussed and various unusual features of the spectra 


explained on the basis of the model. 





HE valence angle of the Si—O—Si bond in disilox- 

ane, H,;SiOSiHs3, is so large that the vibrational 
spectra of this molecule—infrared absorption of the 
vapor! and Raman spectrum of the liquid'*—obey the 
selection rules of a Dsq structure. This is in contrast to 
the spectra of dimethyl ether, disilyl sulfide? * and disilyl 
selenide,? which show clear-cut coincidences between 
strong Raman lines arising from skeletal vibrations 
and infrared frequencies in the vapor state. Our interest 


* Present address: Arthur D. Little, Inc., Acorn Park, Cam- 
bridge 40, Massachusetts. 

{ Present address: Department of Chemistry, The Johns Hop- 
kins University, Baltimore 18, Maryland. 

1R. C. Lord, D. W. Robinson, and W. C. Schumb, J. Am. Chem. 
Soc. 78, 1327 (1956). 

2 (a) D. C. McKean, R. Taylor, and L. A. Woodward, Proc. 
Chem. Soc. (London) 1959, 321. (b) E. A. V. Ebsworth, R. 
Taylor, and L. A. Woodward, Trans. Faraday Soc. 55, 211 (1959). 

*H. R. Linton and E. R. Nixon, J. Chem. Phys. 29, 921 (1958). 


in studying the far infrared absorption of disiloxane 
was based on the hope of observing the bending vibra- 
tion of the Si—O—Si skeleton, which our earlier work,! 4 
at frequencies above 180 cm=', had not revealed. The 
bending vibration is of especial importance because its 
frequency depends on the potential function for the 
displacement of the oxygen atom perpendicular to the 
Si—Si line. In view of the expected short distance 
(<0.5 A) of the potential minimum from this line, 
the potential function should be highly anharmonic 
unless the skeleton is strictly linear. In any event the 
frequency and structure of the infrared absorption due 
to the bending motion should be informative as to the 
nature of the potential function. This has indeed proved 
to be the case. 


‘D. W. Robinson, J. Am. Chem. Soc. 80, 5924 (1958). (See 
note added in proof.) 
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EXPERIMENTAL DETAILS AND RESULTS 


The absorption of gaseous disiloxane, prepared as 
described earlier,’ was investigated at a pressure of 
about 1 atm in a 10-cm cell with polyethylene windows. 
Gratings of 6.4 grooves/mm (blaze at 120 cm™) and 
8 grooves/mm (blaze at 90 cm) were used in a small 
spectrometer. All spectra were taken in the first order, 
the techniques for removal of higher orders being those 
described previously.>* 

No appreciable absorption was observed in the range 
120-150 cm™ at 1 atm pressure. Below 120 cm™, 
however, strong absorption was found, as shown in the 
top curve of Fig. 1. The absorption extended down to 
50 cm, the lower limit of the investigation. Upon 
reduction of the sample’s pressure, a series of rather 
broad maxima appeared, located at about 56.4, 69.2, 
80.1, 90.5, and ~100 cm™. The difficulty in locating 
the maxima of the rather broad peaks leads us to ascribe 
an error of about +1 cm™ to these values. The peak 
absorption coefficients implied by the curves of Fig. 1, 
which are not quantitatively reliable because of spec- 
tral impurity of the radiation and drift in background, 
are of the order of 2 10* cm?/mol. 


INTERPRETATION OF SPECTRA 


At first sight the structure, low frequency, and broad 
range of the absorption of Fig. 1 are surprising, as is the 
fact that absorption is not found at higher frequencies. 
Except for their breadth, the series of peaks is remini- 
scent of the series observed for pure rotation in nitrogen 
dioxide,” ozone,’ and sulfur dioxide.’ If in fact one 
assumes a bent form of the Si—O—Si skeleton and 
neglects rotational interaction between the skeleton 
and the SiH; groups, one can use the equation for the 
pure rotational transitions of a centrifugally distorted 
approximate symmetrical top to evaluate a rotational 
constant for the skeleton.® 

The rotational constant A—(B+C)/2 determined 
in this way is 6.5 cm™ and the centrifugal distortion 
constant D; is —4X10~ cm. The latter is about twice 
as large as the D, value in NOs, which is reasonable in 
view of the considerably larger Si—O—Si angle. 
Moreover the values of B and C are very small com- 
pared to A and may be estimated quite well as 0.1 
cm. Hence A is 6.6 cm™ and I, is 4.24 10- g-cm?. 
With the assumption that this refers only to the moment 
of inertia of the skeleton about the axis of least inertia, 
one can calculate the bond angle if the Si—O distance 
is known. It turns out to be 148° (Si—O taken as 
1.629 A), in good though perhaps somewhat fortuitous 
agreement with recent electron diffraction work on 


®R. C. Lord and T. K. McCubbin, Jr., J. Opt. Soc. Am. 47, 
689 (1957). 

6 A. Danti and R. C. Lord, J. Chem. Phys. 30, 1310 (1959). 

7G. R. Bird, A. Danti, and R. C. Lord, Spectrochim. Acta 12, 
247 (1958). 

8 Cf. Eq. 4 of footnote reference 7. 
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Fic. 1. Far infrared absorption of disiloxane. 


disiloxane.’ The resultant value of the distance of the 
oxygen atom from the Si—Si line is 0.45 A. 


INTERPRETATION OF THE SPECTRA ON THE 
QUASI-LINEAR BASIS 


The short distance by which the equilibrium position 
of the oxygen atom appears to be removed from the 
Si—Si line implies that the potential function must be 
strongly anharmonic, since it must possess a maximum 
in between two minima separated by less than 1 A. 
Therefore in addition to the unusually large spacing of 
the energy levels for rotation about the axis of least 
inertia, we expect the levels for the bending vibration 
to be unusually close together. The separation of 
rotational and vibrational degrees of freedom implicit 


‘in the treatment of the preceding paragraph is thus not 


possible and the skeletal motions must be treated with 
due consideration of the special shape of the potential 
surface on which the oxygen atom is moving. 

A treatment of the quasi-linear molecule has been 
given by Thorson and Nakagawa." We believe the 
results of their treatment lead to an understanding of 
the far infrared spectrum of disiloxane and of other 
unusual features of the rotation-vibration spectra of the 
molecule. An important finding of their study for present 
discussion is that the kind of far infrared absorption 
shown in Fig. 1 is to be expected for a quasilinear 
molecule even if the potential maximum separating the 
minima is very low, in fact even when it is comparable 
to the zero-point energy of the bending motion. The 
inaccuracy of the experimental peak frequencies, the 
limited range (v>50 cm“) of the data and the relative 
insensitivity of the spectrum to the precise barrier 
height’® make it impossible to give a reliable figure for 
this height at present. However, a barrier of the order 
of 400-500 cm™ and a curvature of the outer part of 


® Private communication from Professor O. Bastiansen gives 
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the potential corresponding to a bending frequency of 
200 cm! will reproduce the observed frequencies and 
intensities satisfactorily. 

With these values for the barrier height and the 
(hypothetical) bending frequency, the quasi-linear- 
treatment then leads to an explanation of the following 
puzzling features of the disiloxane spectra: 

‘a. Absence of a clear-cut bending frequency in the 
infrared absorption spectrum. This results from the 
fact that the low-lying energy levels of the quasi-linear 
molecule arise from a mixture of rotational and vibra- 
tional degrees of freedom. The allowed transitions 
between these levels produce a spectrum with more 
resemblance to pure rotational absorption than to that 
of vibration. The transitions which could produce 
absorption at higher frequencies, where a pure bending 
vibration frequency would be expected, are much 
weaker than those of a bent molecule since they are 
correlated with forbidden transitions in the linear oscil- 
lator. The intensity of the bending vibration in a strictly 
linear oscillator thus goes over into something like 
that of pure rotation in the quasi-linear oscillator. The 
amount of intensity remaining in those transitions which 
fall in the usual region of bending vibrations depends on 
the shape of the potential function and is smaller for a 
broad flat potential than for a steep one with the same 
angle of the minimum. 

One of the cases calculated by Thorson and Naka- 
gawa,'° using a barrier height and zero-order frequency 
of 473 and 200 cm“, respectively, gave weighted 
frequencies (relative intensities) in the range 50-100 
cm= of 54.6 (11.3), 70.0 (9.3), 82.0 (7.2), 91.8 (5.4), 
100 (3). These agree satisfactorily with the frequencies 
and qualitatively with the intensities of the peaks 
shown in Fig. 1. An interesting aspect of the calculated 
frequencies is that the next lower peak is predicted at 
about 35 cm“ on the quasi-linear model, and at about 
44 cm on the basis of the pure rotational picture. It 
is hoped to check these predictions experimentally in 
the near future. 

b. Complex infrared absorption associated with the 
antisymmetric Si—O—Si stretching vibration. The 
absorption bands for this vibration in disiloxane and 
disiloxane-ds show evidence of multiple components, 
the most prominent of which is a high-frequency 
satellite separated by about 100 cm™ from the main 
band. These components wash out the P—R parallel 
structure of the band, a structure which is clearly shown 
by the nearby bands due to the nondegenerate SiH; 
and SiD; deformation. The satellite and the other 
components of the antisymmetric stretching are inter- 
preted as upper-stage transitions which, in the case of 
the satellite particularly, have frequencies considerably 
shifted by a change in the mean Si—O—Si angle. This 
point has been treated in detail by Thorson and 
Nakagawa. 

Evidence in support of the interpretation of the 
satellite as an upper-stage band appears to be fur- 
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nished by its disappearance from the spectrum of 
disiloxane trapped in a rare-gas matrix at very low 
temperature." At 20°K one would expect all the 
disiloxane molecules to be in the ground vibrational 
state and thus the mean distance of the oxygen atom 
from the Si—Si line would approach the value of 0.45 
A. At higher temperatures the population of the higher 
levels increases, which produces a decrease in the mean 
distance of oxygen atom from the Si—Si line for one 
or two of the low-lying levels. In these states the skele- 
ton would be more nearly linear on the average. This 
gives a reasonable basis for the appearance of the 
satellite at 1200 cm, whose high frequency is a 
natural consequence of the larger effective Si—O—Si 
angle in certain excited states.!° This satellite, inci- 
dentally, is not a unique feature of disiloxane, but 
appears in the spectra of various siloxane derivatives. 

c. Adherence of the infrared spectrum of the vapor 
and the Raman spectrum of the liquid to vibrational 
selection rules for a linear skeleton. As was stated 
above, the vibrational spectra of disiloxane appear to 
obey Daya (i-e., linear skeleton) selection rules. The 
antisymmetrical stretching vibration does not appear 
in the Raman effect and the symmetrical stretching is 
absent from the infrared, in contrast to dimethy] ether,'? 
disilyl sulfide** and disilyl selenide,‘ in all of which the 
skeletal bond angle is reported to be much smaller than 
in disiloxane. The contrast with dimethyl ether is 
particularly marked in that the symmetrical stretching 
vibration of this molecule, which is strong and polarized 
at 918 cm™ in the Raman effect of the liquid, also 
appears strongly in the infrared of the vapor (type-B 
band centered at about 932 cm). 

If the amplitude of the bending vibration in the 
quasi-linear molecule is sufficiently large, the nuclear 
motions are essentially the same as they would be in an 
excited state of the analogous vibration of a strictly 
linear skeleton. The spectrum of such a vibrating 
molecule should thus be that of a linear structure. The 
far infrared spectrum, taken together with the theory 
of Thorson and Nakagawa, indicates that the energy 
levels corresponding to an excited bending vibration 
are low. Hence at room temperature a large fraction of 
the molecules should be expected to obey the selection 
rules of a linear skeleton, with the additional complica- 
tion of satellites of the antisymmetric stretching band 
as discussed above. Only at very low temperatures 
would one expect departure from the Dzq selection 
rules. An analogous explanation has been given of the 
behavior of a certain band at 750 cm™ in the vapor 
spectrum of cyclobutane.” The intensity of this band 
is said to be less at high temperatures than at low 
because excitation of the low-frequency ring-bending 
vibration carries the molecule from a low symmetry 

uR. F. Curl, Jr., and K. S. Pitzer, J. Am. Chem. Soc. 80, 
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12 A. Hadni, Compt. rend. 239, 349-51, (1954). 
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(Dea), in which the band is allowed, to a high sym- 
metry (Da), in which it is forbidden. 

In a strictly linear skeleton, the symmetrical stretch- 
ing vibration should be forbidden in the infrared (as 
is apparently the case) and sharp and polarized in the 
Raman effect. The Raman line reportedly has a half- 
width of 9 cm in liquid disiloxane. Though such a 
half-width is not unusual, even for a polarized line, 
some of it may arise from the same kind of influence as 
that described above for the antisymmetric vibration. 
Since most of the kinetic energy of the latter resides 
in the oxygen atom, while in the former the oxygen 
moves very little, the symmetric stretching vibration 
should be much less susceptible to such influence. 
However, there should be some influence, which should 
also make itself felt on replacement of O"* by O'8. 

The observed extra broadening of the Raman line in 
an equimolar mixture of disiloxane and disiloxane-O"* 
is not given explicitly? but must be about 2 cm”, 
since the increase is interpreted to mean a downward 
shift in the O'* frequency of 3-4 cm. This amount of 
broadening might well arise from the effect of the 
decreased amplitude of the O'* bending vibration on the 
symmetric stretching frequency. It should be pointed 
out especially that it is the anharmonicity of the bend- 
ing vibration which is important for this effect in the 
quasi-linear molecule rather than the anharmonicity of 
the symmetric stretching. It also appears that calcula- 
tions of the Si—O—Si bond angle based on harmonic 
force field treatments?* should be regarded with 
reservation in view of the anharmonic nature of the 
potential function. 

Finally we would like to comment on the concept of a 
“quasi-linear” molecule. There is surely no question 


4 PD. C. McKean, Spectrochim. Acta 13 38 (1958). 


1007 


that a molecule is strictly linear if its potential function 
shows a clear minimum in the linear configuration with 
no nearby maxima. On the other hand, as the foregoing 
discussion shows, if the potential function has minima 
at angles approaching 180° (which can mean quite a 
number of degrees—30° or more—away from 180° if 
the potential maximum at the linear configuration is 
low enough), the vibrational spectroscopic and possibly 
other properties of the molecule will be difficult if not 
impossible to distinguish from those of a strictly linear 
molecule. In fact, some of the spectroscopic properties 
of molecules usually regarded as strictly linear— 
disilylacetylene, cyanogen, carbon suboxide—may re- 
semble those of quasi-linear molecules in certain re- 
spects, if the potential function for transverse displace- 
ments is sufficiently flat-bottomed. In the linear mole- 
cule disilyl acetylene,” the parallel band of SiH; de- 
formation shows a clear-cut P—R doublet, while the 
band due to the antisymmetric Si—C stretching 
vibration (analogous to, the Si—O—Si motion) also 
has numerous components. These are probably due to 
the effect of excitation of the bending vibrations on the 
antisymmetric stretching frequency, and they produce 
a band contour which is strikingly similar to that of the 
Si—O—Si antisymmetric stretching band. No satellite 
is present, however, which is consistent with a strictly 
linear skeleton for disilyl acetylene. 
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Photolysis of hydrazoic acid in solid nitrogen at 20°K with oxygen present yields both cis- and trans- 
nitrous acid. The identification is based on infrared detection of features of the isotopically substituted 
species HONO, DONO, and HO"NO". The nitrous acid probably results from the reaction of imidogen 


NH+0,= HONO. 


Isomerization of nitrous acid occurs in the matrix at 20°K under the influence of irradiation. Ultraviolet 
radiation causes the frans- to cis- reaction, probably by electronic excitation to give a random mixture of 
the two forms. Near-infrared radiation reverses the reaction but the role of the radiation is not known. Bulk 
heating of the sample is not involved and a broad range of near-infrared frequencies is effective. No isomeri- 
zation of DONO could be detected and HO“NO" seemed to isomerize more slowly than did HONO. Only 
speculative interpretations of this phenomenon can be made at this time. 


with oxygen 





HE formation of nitrous acid during photolysis of 
hydrazoic acid in a nitrogen matrix containing some 
oxygen was proposed by Pimentel.! Two infrared 
features were observed which correspond reasonably 
well to the O—N stretching modes of the cis- and trans- 
isomers of HONO(856 and 794 cm). Most surprising 
was the gradual disappearance of the band at 868 cm™ 
and the growth of the band at 818 cm™ during the 
spectroscopic study of the solid nitrogen sample. This 
behavior at 20°K furnished a basis of interest for further 
study and, as well, a basis for doubt concerning the 
identification of nitrous acid. The kinetic behavior, as 
interpreted by Pimentel, led to a low activation en- 
thalpy for cis-trans isomerization (1.5 kcal) which is 
inconsistent with the best estimate of this barrier in 
gaseous nitrous acid, 12 kcal. We report here studies 
directed toward the positive identification of the species 
causing the two absorptions and toward the elucidation 
of the process responsible for the kinetic behavior. 
The spectroscopic studies of Jones, Badger, and 
Moore? and of D’Or and Tarte’ furnish reliable data 
concerning gaseous nitrous acid. The érans- form is 
more stable t the cis- form by 506+250 calories? 
and the frequencies assigned to the torsional modes 
permit the estimate of the 12-kcal barrier to isomeriza- 
tion. The interpretations of the rotational structure 
furnish estimates of the molecular dimensions.? Palm‘ 
has made a normal coordinate analysis for nitrous acid, 
aiding the frequency assignment and the estimate of 
the isomerization barrier. 
The electronic spectrum of nitrous acid in the spectral 
region 3000 to 4000 A was examined by D’Or and Tarte® 
*Present address: Chemistry Department, Harvard Uni- 
versity, Cambridge, Massachusetts. 
1G. C. Pimentel, J. Am. Chem. Soc. 80, 62-64 (1958). 
2 L. H. Jones, R. M. Badger, and G. E. Moore, J. Chem. Phys. 
19, 1599-1604 (1951). 
a hres and P. Tarte, Bull. Soc. Roy. Sci. Liége 20, 478-496 
a A. Palm, J. Chem. Phys. 26, 855-859 (1957). 


51. D’Or and P. Tarte, Bull. Soc. Roy. Sci. Liége 20, 685-692 
(1951). 


and by Porter.® There is a system of diffuse bands 
extending from 3175 to 3835 A with a spacing of about 
1100 cm which is common to the spectra of HONO 
and of DONO. 

The photolysis of hydrazoic acid in the gas phase has 
been reviewed briefly by Thrush.’ At this time there 
seems to be no reason to doubt that the primary event 
in the photolysis is the reaction proposed by Beckman 
and Dickinson*: 


Becker and co-workers assume this reaction occurs 
when HN; is photolyzed in solid matrices at 20°K and 
it furnishes the basis for the interpretation of their 
experiments. 

We have found no literature reference to the mecha- 
nism of reaction between NH and O:. 


EXPERIMENTAL 


The apparatus and technique for the matrix isolation 
study of nitrous acid have been described earlier.*! 
A gaseous mixture of hydrazoic acid, oxygen, and 
nitrogen was deposited on a CsBr window held at 20°K, 
16°K, or 4°K. The rate of sample deposition was a few 
cc (STP) per minute, i.e., 100-200 micromoles per 
minute. The base section ofthe cold cell permitted 
irradiation of the sample (after deposition) through a 
LiF window. The photolysis source was a medium 
pressure mercury arc (AH-4) focused onto the sample 
with a fused quartz lens. The radiation was filtered in 
some experiments with one of the filters listed in Table 
I. These filters are “‘cutoff’’ filters roughly characterized 
by the cutoff frequencies (or wavelengths) shown in 


6 G. Porter, J. Chem. Phys. 19, 1278-1281 (1951). 

7B. A. Thrush, Proc. Roy. Soc. (London) A235, 143 (1956). 

8 A. O. Beckman and R. G. Dickinson, J. Am. Chem. Soc. 50, 
1870 (1928). 

®E. D. Becker, G. C. Pimentel, and M. Van Thiel, J. Chem. 
Phys. 26, 145-150 (1957). 

10, D. Becker and G. C. Pimentel, J. Chem. Phys. 25, 224- 
228 (1956). 
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properties of the filters 
shown in Table I. 

















the last two columns of Table I. The detailed trans- 
mission properties of these filters are shown in Fig. 1. 

Spectra were recorded in the region 4000-650 cm™ 
with a Perkin-Elmer model 21 Spectrophotometer 
(NaCl optics), in the region 700-400 cm™ with a 
Perkin-Elmer model 12C Spectrometer (KBr optics), 
and in the near infrared and visible spectral regions 
(to 6000 A) with a Cary model 14 Spectrophotometer 
(quartz optics). Frequency accuracy is +2 cm™ in the 
region 400-1000 cm™, +5 cm™ to 2000 cm“, and about 
+10 cm“ from 2000 to 4000 cm™. 

Hydrazoic acid, HN;, and DN; were prepared by 
the methods described by Van Thiel and Pimentel." 
The desired amount of hydrazoic acid was mixed with 
oxygen (Stuart) at mole ratios O,/HN; in the range 
between 1 and 7. To this mixture the matrix gas, 
nitrogen (Stuart), was added at a mole ratio N2/HN; 
in the range between 250 and 500. Isotopically substi- 


Taste I. Filters and spectral region excluded. 





uv-visible 
cutoff: 
d below 


Infrared 
cutoff: 


Filter v below 





No filter KBr (0.5 cm) 


LiF (0.5 cm)+ 
KBr (0.5 cm) 


2000 A 
2000 A 


400 cm 
1600 cm=! 


Slide glass 
Corning 2460 RG5 


3000 A 
6650 A 
12 SOOA 


2200 cm! 
2300 cm=! 


Comping 2460 RGS + 3150 cm= 
Co 


ng 27426 BG7 


Corning 2460 RG5 + 


17 SOOA 
Corning 22571 BGS 


3650 cm=! 





(1980) Van Thiel and G. C. Pimentel, J. Chem. Phys. 32, 133-140 


3000 
v (em7') 


tuted oxygen was prepared by electrolysis of enriched 
H,O'* (Weizmann Institute, Israel) using platinum 
electrodes. The isotopic composition of the water was 
81% O08, 2% O", 17% O*, and the H/D ratio was about 
unity. A few crystals of anhydrous sodium sulfate were 
added to the electrolysis cell to provide an electrolyte. 


RESULTS 


Over 30 separate experiments were conducted. 
Only seven of these experiments will be described in 
detail but almost every conclusion presented has been 
corroborated in two or more experiments. The condi- 


tions of these seven experiments are presented in Table 
Il. 


Experiment 1. HN;+0; in N, 


The sample, containing about 41 micromoles of HNs;, 
was deposited onto a CsBr window held at 16°K. The 
spectrum after deposition was similar to that reported 
by Becker e¢ al. and it showed that most of the hydra- 
zoic acid was present as monomer. 

The sample was photolyzed for 60 minutes (photoly- 
sis No. 1) and the infrared spectrum was reexamined. 


TABLE II. Experimental conditions. 





Temp. 

during 

Deposition spectral 

temp. study 

.No. Sample N2/HN; Oo/HN; (°K) (°K) 





410 ‘ 16 16, 20 
410 4 20 
410 . 20 
455 . 4 
340 ‘ 20 
294 ? 20 
294 20 


NAUE One 
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Tas_e III. Expt. 1. Bands produced pe ida of HN;: 
O,'* present. 4000-650 c 





Intensity (logI/Z) 


v(cm™) After hv After hvy+wait Identification 





3551 
3410 
2238 
1874 
1718 
1682 
1629 
1613 
1583 
1564 
1464 
1402 
1323 
1304 
1296 
1287 
1134 

864 

814 

662 


trans 
cis 
N:0 
NO 


nn 


trans 
cis 
NO2? 


HNO? 


E 
cis? 
N,0O, trans? 


D 
NH.OH 
cis 
trans 
cis 


ososssososesssossoossss 
SEBSSSSESSSRSRBSsRasBS&SSSE 


sossosssessooosssS 
So 
BSRRSSSSSESLSRRESE 








The intensity of the HN; absorption at 1273 cm™ 
showed that about 50% of the HN; had been decom- 
posed. Many new infrared absorptions were present. 
The sample was then exposed continuously for 104 
minutes to the focused radiation of the Nernst glower 


source of the spectrometer with a glower current of 0.5 
ampere. No measurable temperature rise was caused 
by this irradiation. During this period the intensities 
of some of the new bands were recorded repetitiously. 
Still at 16°K, the sample was photolyzed for an addi- 
tional 60 minutes (photolysis No. 2). Again the spectral 
region 900-800 cm was examined repetitiously over a 
period of 98 minutes but with the glower current re- 
duced to 0.4 ampere. After photolysis No. 3 (30 min- 
utes) the sample was studied in this limited region for 
62 minutes with the glower current reduced to 0.34 
ampere. The temperature of the sample was then raised 
to 20°K for the remainder of the experiment. The sample 
was photolyzed again (photolysis No. 4, 30 minutes) 
and the 900-800 cm™ region was examined over a period 
of 69 minutes during which the sample was exposed to 
the glower radiation (0.5 ampere) for as short a period 
as possible (9 minutes). For most of this period the 
sample was left in the dark. For the following 67 min- 
utes this procedure was repeated, 11 minutes exposed 
to the full radiation of the Nernst glower (0.5 ampere) 
and 56 minutes exposed to the portion of this radiation 
transmitted by a 5-mm lithium fluoride plate (filter A). 
The sample was photolyzed again (photolysis No. 5, 
45 minutes) and the spectrum was recorded repeti- 
tiously for a period of 115 minutes with continuous 
glower irradiation (0.5 ampere). The last photolysis 
(photolysis No. 6, 32 minutes) was followed by spectral 
study during continuous glower irradiation (0.34 
ampere). 
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In the first two columns of Table III are listed the 
frequencies and intensities (log Io/I) of the bands 
observed after photolysis No. 5 but not present prior to 
photolysis No. 1. (The frequencies 864 and 814 cm! 
correspond to the bands reported at 868 and 818 cm™ 
in the earlier work. The new frequencies are more 
accurate.) In the third column are listed the intensities 
of these same bands after a period of irradiation by the 
Nernst glower (the irradiation period is between 50 
and 100 minutes but it is not the same for each band). 
A number of the bands have changed in intensity dur- 
ing the irradiation. The intensity behaviors of the bands 
at 864 and 814 cm“, which were examined with special 
care, are plotted as a function of time in Fig. 2. During 
each photolysis, the intensity of the feature at 864 cm 
increased and during the intervening periods the inten- 
sity decreased. The rate of decrease depends upon the 
illumination of the sample with the focused radiation 
from the Nernst glower, decreasing as glower current is 
reduced. The intensity behavior of 814 cm was oppo- 
site that of 864 except during photolysis No. 2. The data 
are completely consistent with the interpretation that 
after photolysis No. 2 the intensity changes are due to 
conversion during glower irradiation of the compound 
causing the 864 cm~ band into the compound causing 
the 814 cm™ and the reverse conversion during photo- 
lysis. The behavior is different during photolysis No. 2 
because decomposition of HN; is still an important pro- 
cess but thereafter the amount of HN; remaining is not 
sufficient to add noticeably to the products. The data 
indicate that the absorption coefficient at 864 cm~ is 
larger than that at 814 cm™ by a factor near 2.0. This is 
corroborated by the constancy (after photolysis No. 2) 
of the sum of the intensity of the band at 814 cm™ plus 
one half that of the band at 864 cm~, as shown by the 
dashed line in Fig. 2. 
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Fic. 2. Expt. 1. Intensities of bands at 864 and 814 cm™. 
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Experiment 2. HN;+ 0; in N:2, KBr Region 


This sample, containing about 28 micromoles of HN;, 
was subjected to a series of photolyses and spectral 
studies with results consistent with those obtained in 
Expt. 1. Before and after one of the photolyses (photoly- 
sis No. 4) the spectrum was studied in the region 
700-400 cm. The frequencies and intensities recorded 
are shown in Table IV. The behaviors of the bands at 
864 and 814 cm™ were measured also, as shown. 


Experiment 3. HN;+ 0; in N;, Filters 


This sample, containing about 33 micromoles of HN;, 
was subjected to a series of three photolyses with spec- 
tral studies between. The purpose of the experiment 
was to determine the rate of loss of the feature at 864 
cm™ during exposure of the sample to the focused 
radiation of the Nernst glower with various filters. 

The results were analyzed by plotting the natural 
logarithm of optical density against time, i.e., in terms 
of first-order kinetics. The data are reasonably con- 


Tae IV. Expt. 2. Bands produced during photolysis of HN3: 
O,'* present. 700-400 cm™. 





Intensity (log! o/T) 


Before After After /w 


v(cm™) hy hy + wait Identification 





864 
814 


662 
627 
585 


0.09 .04 cis 
0.14 1 trans 


0.05 : cis 
0.11 : cis, trans? 
0.11 cis, trans? 





sistent with this assumption though they are of insuffi- 
cient accuracy to verify positively the order. 

Table V lists the first-order rate constants, k, to- 
gether with rate constants determined in Expt. 1. The 
results cannot be compared directly because the filters 
transmit only partially even in their most transparent 
spectral regions. Accordingly the experimental values, 
k, have been increased by dividing by the fraction of 
the light transmitted in the most transparent region. 
These derived values, k’, are given in the last column 
of Table V. They show that the rate of the process 
causing the loss of the band at 864 cm™ is reduced 
rather smoothly as the spectral region transmitted is 
narrowed. Furthermore, a significant rate of loss is 
caused by the focused radiation of the Nernst glower 
in the near-infrared region. 


Experiment 4. HN;+0, in N., Temperature 


This sample, containing about 24 micromoles of HN;, 
was deposited at 20°K and then the sample temperature 
was lowered to 4°K. The intensity of the band at 864 
cm was measured over a period of 43 minutes with 
constant illumination by the Nernst glower (current, 
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TABLE V. First-order rate ee for loss of the band at 864 
cm", T= i 





Source 
kX10** 


Filter (sec) 
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0.5 ampere). The intensity decreased with an apparent 
first-order rate constant of 2.4-+-0.5-10~* sec". 


Experiment 5. DN;+0; in N., Deuteration 


Some monomeric water was present in this sample, 
as shown by sharp bands at 1179 cm™ (DO) and 1404 
cm (HDO). This impurity gives probably the most 
reliable estimate of the percent deuteration (assuming 
exchange equilibrium between hydrazoic acid and 
water), 89%+5%. 

This sample was exposed to three photolyses totaling 
120 minutes, more sample was deposited and then a 
fourth photolysis of 45 minutes was conducted. Only 
the infrared spectra following the last photolysis need 
be reported here. Furthermore the results are consistent 
with those of two other experiments containing some- 
what lower deuterium contents. Table VI shows the 
bands observed after but not prior to photolysis. The 
bands at 864 and 814 cm™ were barely detectable and 
only two distinct new bands appeared in the spectral 
region 900-650 cm. These bands, at 829 and 769 cm“, 


Tasie VI. Expt. 5. Bands produced during photolysis of DN; 
(89%) . 4000-400 cm™. 





Intensity (log/o/J) 


v(cm=) After hy Identification 





2725 
2682 
2585 
2242 
1673 
1614 


DONO trans? 
N:O 


DONO trans 
DONO cis? 


NO 
D 


DONO trans 
aie cis? 


sesesee 


ND,OD 
HONO cis 
DONO cis 
HONO trans 
DONO trans 
DONO? 
DONO? 
DONO? 


ooosssessossssossssss©S 
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TABLE a Expts. 6 and 7. Bands produced — — 
HN;: O:'8 or O2'8-+Oz"* present. 4000-650 c 





Intensity (log/o/Z) 


v(cm=) Expt.6  Expt.7 Identification 





0.02 HO®NO! trans 
0.005? HO®¥®NO® cis? 
0.025 N:0 


0.02 
0.02 HO"*NO" trans 
HO#NO" trans 


0.02 
0.01 
HO#NO® trans 
HO¥NO® cis 
HO®8NO® cis? 


E 
HO"NO* trans, N20" 


D 
HO®NO® trans 
N,O'8 

HO*NO®, HO®NO* cis 
HO®NO® cis 

HO"NO" trans 

HO*NO#®, HO¥8NO® trans 
HO®NO® trans 


3536 
3404 
2238 
1689 
1682 
1678 
1663 wee 
1641 0.06 

1627 hi 0.01 
1589 0.04 (sh)* 0.02? 
1322 0.01 0.01 


1296 0.03 
1287 0.06 (sh) 0.04 (sh) 
0.11 


1283 

1256 0.03 
859 
850 
814 
810 
804 
783 


0.04 
0.005? 
0.05 
0.025 


0.02 


0.04 
0.03 
0.07 


ooooosso: 
nN > <=) 7 9 





® (sh) =shoulder. 


are undoubtedly the counterparts of 864 and 814 cm™. 
It is true that 829 cm™ is in coincidence with absorption 
by the species NHDs, a product of photolysis in absence 
of oxygen." The presence of oxygen, however, virtually 
eliminates ammonia, as seen in Expts. 1 through 4 and 
as verified in this experiment by the presence of at most 
a trace of absorption at 758 cm™, the most intense 
absorption of ND; in solid nitrogen." 

The next most prominent features were found at 917, 
947, and 1031 cm™. The first two of these are produced 
in absence of Oz, and are assigned as species D and 
deuterated hydroxylamine, consistent with Van Thiel 
and Pimentel." Assignments in the spectral region 
650-400 cm are not definite; the data are of lower 
reliability. 

The spectral region 1100-700 cm™ was examined 
repetitiously for 125 minutes with continuous irradia- 
tion by the Nernst glower (0.5 amp). None of the bands 
in this region changed intensity by more than the un- 
certainty in photometry, +0.01, though the weak 
absorption at 864 cm seemed to disappear. 


Experiments 6 and 7. HN;+0," 
Isotopic Substitution 


in N:, Oxygen 


These samples were deposited at 20°K. In Expt. 6 the 
oxygen had the isotopic composition of the isotopically 
substituted H,O (81% 0"). In Expt. 7, O2 of this 
isotopic composition was mixed with an equal pressure 
of O,'*. The bands produced during photolysis in each 
of these experiments are listed in Table VII. 

In Expt. 6 the spectral region 925-650 cm™ was 
examined repetitiously over a period of 180 min- 
utes. The spectral feature at 850 cm™ decreased in 
intensity during this time. The intensity of the feature 
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was too low (0.04) to permit a quantitative specification 
of the apparent first-order rate constant. Qualitatively 
the disappearance of the band at 850 cm™ seemed to be 
slower than that of the band at 864 cm™ under compa- 
rable irradiation (see Expt. 1), possibly by as much as 
a factor of two or three. 


DISCUSSION 


Identification of HONO 


In Expt. 1 there are a number of bands which can be 
assigned to the two forms of nitrous acid. These bands 
are in good agreement with the gas phase assignments,?.* 
as shown in Table VIII. The most distinct corroboration 
is, no doubt, provided by the bands at 1682 and 1629 
cm, undoubtedly the v2 modes, and the bands at 3551 
and 3410 cm™, undoubtedly the »; modes. The »3 modes 
could not be identified positively but there are indica- 
tions that these vibrations absorb near 1300 cm™, in 
near-coincidence with bands due to other species such 
as D (at 1288 cm™), E (at 1325 cm), N,O (at 1296 
cm), and HN; (at 1273 cm™). The spectra do not 
permit distinction between the absorptions assignable 
to vs and ys but absorptions are found in the appropriate 
spectral region. Surely the spectral features produced 
during the photolysis in Expt. 1 are consistent with the 
postulate that photolysis of HN; in the presence of 
oxygen in solid nitrogen gives nitrous acid in both cis- 
and ¢trans- forms. 

The data of Expts. 5, 6, and 7 provide corroboration 
of the identification. Reasonable isotopic shifts are 
observed for the bands assigned to », and », shifts 
appropriate to modes which are predominantly N=O 
and N—O stretching motions. Though the assignments 
of bands to the other modes are less complete and less 
certain, no serious discrepancy is present. 

There remains no doubt that the photolysis of hydrazoic 
acid in solid nitrogen in the presence of oxygen produces 
cis- and trans-nitrous acid. 


Reaction of Formation of Nitrous Acid 


If the primary photolytic process is the formation of 
NH by reaction (1), then nitrous acid is either formed 
through reaction (2) or reactions (3) and (4): 


NH+0,=HONO (2) 


(3) 
(4) 


The reactions (3) and (4) cannot be ignored since 
the photolytic excitation occurs under matrix condi- 
tions. As discussed by Pimentel,' the exact nature of the 
cage effect in matrix photolysis is not yet clear. It is 
conceivable that the constraints of the matrix cage alter 
the potential function for bond rupture in a fashion 
which permits reaction without the preliminary forma- 


HN;+/y= HN;* 
HN,;*+0.= HONO-+N:z. 
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TasLe VIII. Vibrational frequencies of nitrous acid. mx=nitrogen matrix, 20°K. 





HO"*NO" (gas) 
D’O, T* J, B, M? 


HO*NO" (mz) 
Expt. 1 


DO*NO"* (mx) 
Expt. 5 





trans 


v, O—H str.* 

ve N=O str. 

vs N—O—H bend 
vu N—O str. 

vs O—N—O bend 


3551 

1682 

1296 (?) 
814 


627, 585 


2585 
1673 
1031 

769 


617, 585, 467(?) 


1614 (?) 


3404 

1589 (?) 

1023 (?) 
829 


850 





® str.=stretch; tors.=torsion. 


tion of NH (e.g., see the hypothetical curve c in Fig. 1 
of footnote reference 1). 

If reaction (2) is responsible, as seems more likely, 
this is probably the first direct evidence of this process. 
Wolfhard and Parker ® have studied{the ammonia- 
oxygen‘diffusion'flame, andJhave shown that NH is an 
important reactant. Other spectral studies® of this 
flame have followed, including infrared methods.'+% 
Nitrous acid was detected in none of these experiments. 
However, the imidogen species, NH, is formed in a flame 
zone at a temperature above 2000°C and in the presence 
of hydroxyl radicals and oxygen atoms, so that other 
reactions are likely.” 

Conditions more comparable to the matrix experi- 
ment would be the photolysis of gaseous HN; in the 
presence of oxygen. If the reaction occurs in the gas 
phase, recognition of reaction (2) would be difficult. 
Secondary reactions, including the disproportionation 
of HONO, would prevent accumulation of much nitrous 
acid. The interruption of such secondary reactions is a 
unique capability of the matrix method. 


Isomerization of Nitrous Acid 


The behaviors of the », bands of cis- and trans- HONO 
in Expt. 1 verify the occurrence of the isomerization 


12H. G. Wolfhard and W. G. Parker, Proc. Phys. Soc. (Lon- 
don) 62, 722 (1949); 65, 2 (1952). 

( 954), Farber and A. J. Darnell, J. Chem. Phys. 22, 1261-1263 
1954). 

4D. A. Dows, E. Whittle, and G. C. Pimentel, J. Chem. Phys. 
23, 499-502 (1955). 

16 R. C. Lord and C. H. Sederholm, Spectrochim. Acta 1959, 
605-626. 

16 A remote piece of evidence is provided by the experiments of 
McKinley. On the basis of convincing chemical evidence, Mc- 
Kinley has proposed nitrous acid is present in the aqueous solu- 
tion formed by dissolving the flame product of an He—O, 
flame containing small amounts of N2[J. D. McKinley, Jr., 
J. Chem. Phys. 22, 1258 (1954) ]. 


reaction under matrix conditions, as proposed by 
Pimentel.! Figure 2 shows that the intensities of these 
two features behave in a complementary way, one 
increasing when the other decreases. The constancy of 
the sum of log Ip/I at 814 cm™ and half that at 864 
cm™ indicates that the isomerization reaction is re- 
sponsible and that the absorption coefficient of cis- 
HONO at 864 cm™ is about double the absorption 
coefficient of trans-HONO at 814 cm“. 

Two features of this isomerization process which were 
not recognized by Pimentel! are revealed in Fig. 2. 
First, the irradiation of the matrix sample containing 
nitrous acid with an AH-4 mercury lamp causes the 
formation of cis-HONO by the isomerization of trans- 
HONO. These photolysis periods always restore the 
ratio of the intensity at 814 cm™ to that at 864 cm™ to 
approximately 1.5. Using the absorption coefficients 
deduced above, this implies a mole ratio trans-/cis- 
near 3. The second feature is concerned with the inten- 
sity changes which occur between the photolysis periods. 
In Expt. 1, the rate of loss of the band at 864 cm™ 
decreased as the Nernst glower current was lowered 
and practically no isomerization occurred during the 
wait period following photolysis No. 4 when the sample 
was not irradiated at all. The data prove that the dis- 
appearance of cis-HONO and growth of trans-HONO 
depend upon the irradiation of the sample by the light 
from the Nernst glower of the infrared spectrometer. 


Ultraviolet-Induced Isomerization 


The first of these light-induced reactions is undoubt- 
edly caused by the absorption of ultraviolet light by 
nitrous acid. In the excited electronic state the loss of 
the inhibition of internal rotation would not be surpris- 
ing. Presumably the ultraviolet light-induced reaction 
merely randomizes the cis- and trans- forms, the final 
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steady-state concentrations depending upon the relative 
absorption coefficients and the relative stabilities of 
the two species. 


Infrared-Induced Isomerization 


The second of these light-induced reactions is more 
unique and it has been studied in detail. The reaction 
seems to be approximately first-order insofar as our 
photometry accuracy permits a decision. Consequently 
the rates of isomerization are conveniently discussed in 
terms of the apparent first-order rate constants. 

The first variable of interest is the frequency range 
which is effective. Filter A, lithium fluoride, has negli- 
gible transmission in the far infrared. Since the isomer- 
ization rate constant is affected very little by filter A, 
this isomerization is surely not caused by excitation of 
the vs torsional mode in the spectral region in which 
the vs fundamental mode absorbs. In fact the retention 
of a substantial rate of isomerization with filter E (see 
Table V) guarantees that the isomerization cannot be 
attributed to specific absorption in any of the funda- 
mental vibrational modes of nitrous acid. Though filter 
E transmits less than 3% of the infrared radiation 
beyond 3500 cm~, the rate constant is still greater than 
20% of its value with no filter. 

These same filters eliminate the possibility that the 
isomerization should be attributed to a specific absorp- 
tion in the visible or photographic infrared region. 
Filter E has negligible transmission at wavelengths 
below 17 500 A (frequencies above 5700 cm™). There 
remains the possibility that there is a specific absorption 
in the near-infrared region transmitted by filter E, 
5700-3650 cm=. This is also inconsistent with the data, 
however. First, the near-infrared spectrum of the sample 
shows no distinct absorption bands. Second, the rate 
constants given in Table V are not in accord with this 
interpretation. In the last column are shown the rate 
constants, k’, adjusted in accordance with the partial 
transmissions of the filters in this infrared region. If only 
frequencies in the range 5700-3650 cm™ are effective, 
the adjusted k’s should be constant. The trend shows 
that some of the isomerization process must be attri- 
buted to the spectral regions which have been excluded 
by the filters. The data of Table V show that the isomeriza- 
tion process is induced by near-infrared light but over an 
extremely broad range of frequencies. 

This absence of frequency specificity leads to the 
obvious suggestion that the isomerization is caused by 
a bulk temperature rise in the sample. The absence of a 
measurable temperature rise in the salt window support 
could be blamed on poor thermal contact with the solid 
nitrogen film. This explanation can be ruled out as well. 
First, there is the difficulty that near-infrared light is 
apparently not absorbed by the sample. More compel- 
ling is the spectral evidence provided by the presence of 
small amounts of HO and NO in the sample of Expt. 1 
(the former as an impurity, the latter as a photolysis 
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product). These molecules provide monitors on the 
diffusion process. Water is known to diffuse rapidly in 
solid nitrogen at temperatures above 30-35°K"” and 
nitric oxide at temperatures above 30°K.'* The spectral 
features of these two molecules show conclusively that 
no diffusion occurs during the isomerization process. 
Hence any temperature rise caused by the Nernst 
glower irradiation must be less than 10°. This implies 
that cooling the sample to 4°K would be enough to keep 
the sample temperature below 20°K even during irradia- 
tion. If a bulk temperature rise caused the isomerization, 
then cooling to 4°K should stop the process completely. 
On the contrary, the result of Expt. 4 shows that the 
rate of isomerization is unaffected by cooling the sample 
to 4°K (within the experimental uncertainty). The 
isomerization process cannot be attributed to a bulk-heating 
of the nitrogen matrix film. 

One other facet of the infrared-induced isomerization 
is revealed by Expts. 5, 6, and 7. Isotopic substitution 
causes a pronounced effect on the rate of isomerization. 
No isomerization of deuterated nitrous acid could be 
detected in Expt. 5, the time of study implying that the 
rate constant is lower than that for HONO by more 
than an order of magnitude. Even the oxygen eighteen 
substitution seemed to have a large effect on the rate 
(in Expt. 6), though this substitution causes an ex- 
tremely small change in the reduced moment of inertia 
for the internal rotation associated with isomerization. 
This extreme mass-sensitivity of the isomerization rate 
is not compatible with an explanation based on the zero- 
point energy change of the effective activation energy. 
Rather it is reminiscent of the large mass effects ex- 
pected for tunnelling processes. 

In summary, the most obvious interpretations of the 
isomerization process seem to be ruled out. The simple 
kinetic picture offered earlier by Pimentel! must be 
discarded, since it predicts a very different isotopic 
substitution effect. The role of the infrared irradiation 
cannot be simply bulk-heating nor excitation of funda- 
mental vibrations by absorption. We can offer only 
speculative proposals at this time. The absence of bulk- 
heating does not necessarily imply that there is no local 
heating. Perhaps the nitrous acid molecules are locally 
heated by some process such as absorption in the over- 
tone region (the near infrared) or by Raman-like 
scattering processes. In either case, large amounts of 
vibrational energy could be placed in the nitrous acid, 
either to cause isomerization directly or indirectly 
through degradation of the energy into lattice heat in 
the immediate neighborhood of the nitrous acid. It is 
also possible that the phenomenon is somehow con- 
nected with the imperfect lattice arrangement of the 
matrix at an impurity site. Perhaps irradiation induces 


17M. Van Thiel, E. D. Becker, and G, C. Pimentel, J. Chem. 
Phys. 27, 486-490 (1957). 

18 J. D. Baldeschwieler, Ph.D. thesis, University of California, 
Berkeley, 1959, 





ISOMERIZATION OF NITROUS ACID 


a local annealing which could facilitate the isomeriza- 
tion. With any one of these possible roles of the irradia- 
tion, the isomerization could involve a barrier penetra- 
tion mechanism. This feature is suggested by the mass- 
sensitivity of the rate. A more definite explanation will 
require more data. It does seem, however, that the 
infrared-induced isomerization is an unusual process, 
possibly of a type not observed before.’ 


CONCLUSIONS 


The distinct identification of nitrous acid displays 
once again the unique potentialities of the matrix 
method for the study of interrupted chemical pro- 
cesses.” The direct study of the photolytic formation of 
nitrous acid from hydrazoic acid plus oxygen would be 
difficult and direct study of the light-induced isomeriza- 


1” Though the process seems to be unusual, it cannot be called 
unique, for we have observed another infrared-induced matrix 
process which is also considered to involve rotational isomeriza- 
tion. The significance is less clear, however, since the spectral 
features under study are assigned to an isomeric form of N2O,, a 
species whose structure remains in some doubt. These results are 
described in footnote 18 and will be the subject of a separate 
publication. It is perhaps pertinent to add that the cis-irans 
isomerization of methyl nitrite suspended in solid nitrogen at 
20°K could not be induced with infrared radiation. Mr. Yanis 
Abolinsch prepared such a sample in our laboratory. He found 
no measurable change in the spectral features of either cis- or 
trans-methy] nitrite after exposure of the sample to the focused 
radiation of the Nernst glower for a period of four hours. 

20 G. C. Pimentel, Spectrochim. Acta 12, 94-96 (1958). 
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tion of the cis- and trans- forms would be impossible 
with normal, gas phase conditions. 

With respect to the kinetics of isomerization, the 
dilemma raised by Pimentel’s simple rate interpreta- 
tion' (i.e., the extremely low activation energy) was 
spurious but it has been replaced by another. It is now 
clear that under matrix conditions the isomerization 
reaction is induced by light. The “randomization” of 
the two forms under ultraviolet irradiation through 
electronic absorption is a reasonable explanation of the 
trans—cis change. However, the role of light in the 
cis—trans change, as brought on by near infrared 
irradiation, is not at all understood. The process respon- 
sible is characterized by an apparent absence of fre- 
quency sensitivity and a large isotopic effect. 

Perhaps an unusual phenomenon has been de- 
tected—an infrared Raman scattering or a local 
annealing around a lattice impurity site are two possi- 
bilities. 
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Study of Molecular Integrals. I. Two-Center Exchange Integrals* 
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The evaluation of the two-center two-electron exchange integrals using prolate spheroidal coordinates 
and spherical coordinates is discussed. Estimates for the convergence rates of the infinite series which arise 
when both coordinate systems are used to evaluate the integrals are obtained. 





INTRODUCTION 


N the theoretical determination of the electronic 
structure of molecules, several kinds of integrals 
arise which must be evaluated. The calculation of 
these integrals has been studied by several authors.’ 


* The research reported in this paper was supported by the 
National Aeronautic and Space Administration. 
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(The reader may consult these references for other 
literature on molecular integrals.) The hardest of these 
are the two-center two-electron integrals, the three- 
center one- and two-electron integrals, and the four- 
center two-electron integrals, as they give rise in 
general to infinite series. If these integrals are to be 
computed numerically, it becomes necessary to obtain 
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estimates of the convergence rates of these series so 
that appropriate cutoff criteria may be developed. 
The authors have carried out a systematic study of all 
the integrals involving 1s, 2s, and 2p functions. This 
paper will report the work on the two-center two- 
electron exchange integrals. Subsequent papers will 
report the work on the three- and four-center integrals. 


1. TWO-CENTER TWO-ELECTRON EXCHANGE 
INTEGRALS 
These integrals may be represented by: 
[fs A)x0 nsx (2)x09(2)dV dV (1) 


ry is the distance from electron one to electron two. 
dV;, 6=1, 2 are volume elements and the regions of 
integration are all of three-dimensional space. A, B 
represent the location of two nuclei in space. P= AB 
(see Fig. 1). The functions x, (8), i=1, 2, 3, 4; 





u=A, B; 6=1, 2 are among the five Slater functions 
given by 


C(n, L, mM; k) rye” te gP yl (cosO,s) Bn ( us) ? 


where k is a positive real number; n, |, m are integers 
satisfying 

O</<n<2, 0<|m| <I; 
(214-1) (/— | m |) Ys 
2a (1+ | m |) 1(2n) 1)’ 


and n(¢)=cosm@ for m>0, &o(d)=1/v2, and 
On(p) =sin | m | @ for m<0. 





C(n, 1, mk) = (28) 


2. METHODS FOR EVALUATING THE INTEGRALS 


Two methods have been commonly considered for 
the evaluation of these integrals: one using prolate 
spheroidal coordinates and the other using spherical 
coordinates. In this paper we shall apply both of these 
methods to the evaluation of integrals (1.1) to deter- 
mine the relative advantages and disadvantages of the 
methods. In particular, when infinite series are ob- 
tained, we shall derive estimates for the convergence 
rates of those series. 


3. THE METHOD USING PROLATE SPHEROIDAL 
COORDINATES 


In this coordinate system the integrals (1.1) take the 
form’ 


eo | co fo fl pl sae ree 
KOC YS Cm fff [Peat f ents (G21) (1) Joma 
1 1 —l4 —140 0 


l=0 m=0 


X (&-+m)"-4 (&:—m) *- exp(—anki) exp(—Bim) Qi"(&>) Pr™(E<) 


X Pi™(m) Pr (m2) (1+ Eome Jes! 1 — Exe Jem (£2? — 
Xexp(—aske) exp(—Bemr) Pm, (G1) Pmy (Gi) Cosm (gi— G2) Ping (G2) Png (2) dgidgoadmdnadésdés. 


1) (1g) Jomal#1D (Eb ms) "24 (Ey— a) 8H 
(3.1) 


Here Cw=2(2/+1), Cim=4(—1)"(21+1)[(J—m) !/(1-+-m) FP, m¥0, a= (4) (Rithke), a= (4) (Rstha), B= 
(4) (ki— ke), Bo= (4) (Rs—ha), Ri, Ci, are the quantities associated with the Slater functions xi=1, 2, 3, 4 re- 
spectively, K=4(p/2)":+™2+"stu+1, and p is the internuclear distance. 

Beginning with the variables gi, ¢2 we expand ®,»,®,,. and Dmg Ping as linear combinations of sines and cosines. 
The integral (3.1) will vanish unless the same functions occur in both the expansions for Pm, Pm, and Pu, Pm,. If 
this is the case, the integrations over ¢1, ¢2 are immediate and the integral (3.1) may be written as a finite linear 


combination of integrals of the form 


l=M 


> Cu / e / *(E®—1)™/,"1 exp(—anrks) Or (E>) Pi (Ee) (bs? —1) Ear exp(—oab)diis| 


1 1 
| [ann exp(—Bm) Pend A—ne) "ne exp(—Bam) Pm) ama], (3.2) 


Here the 7’s are small, fixed integers and M=0, 1, 2 only. 


We now note that if either 6,=0 or 82=0, the series (3.2) will have only a finite number of terms different from 
zero. This will be the case in nearly three-quarters of the two-center exchange integrals involving Slater functions 
with major quantum numbers one or two. Hence, insofar as the convergence rate of the series is concerned, we 


need only consider the case where 6;--0 and #,=+0. 
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We further note that by the standard interchange of order of integration arguments, and the definitions of &&, & 
the series (3.2) may be written as a sum of two series of the form 


co te 
Ecuu f i (€:2— 1) M/2g,71 exp(— ait) Py” (&:) Or” (E2) (Ee? — 1) @ Ears exp(—at)atae| 
lmM 1 “1 


| [ (1—?) ¥9m7* exp(—Bim) Pr“ (m) im] (1—n2)™ exp(—Bame)mP/ (m) in| (3.3) 


We now expand (&?—1)™&r PAM (E) ; (EP —1)* "90 (Ea) 5 (1m?) m9P HM (m) 5 (1— mt)? m" Pm) as 
linear combinations of functions P1,,,(£1), Qtyrs(2), Preer(m), Prses(m2) with coefficients, Gi,,a1),; Girsmiey GireMig} 
Ginaiy Tespectively, using the expansions given in Appendix A. Here >= —-M—1+2)1, t= —M—t3+2)2, m= 
—M—12+2)js, T3= —M—t4+2ju If we define 


A tisininie= Gira iy Goram inGorem Gori (I—M) !/(14+-M) !P (3.4) 
then it can easily be shown from the properties of the G’s that for all allowable values of the j’s, the 7’s and M, 


lim A thinisic 9, +o. (3.5) 
a) 


The number of different A 1;,;.i,;,’8 is bounded by some positive integer which is independent of /. Hence the con- 
vergence rate of the series (3.3) will be identical to that of a series of the form 


1 


exp(—8ym) Pirr:(m) in| 
l=M 1 


> a+] [°" exp(—anki) Piyrs(&) exp(—eob) Qtr () db] 


x{ / exp(—Bzn2) Pusn(mn)dn (3.6) 


We shall now derive an estimate for the convergence rate of series (3.6). 
Starting with the last factor of a term in series (3.6) we write that factor as an infinite series 


[ _exp(—Bm) Pienlm)dm= SU(—6) 41 [ -m’Pien(m) dr (3.7) 


The integrals on the right-hand side of Eq. (3.7) were evaluated by M.P. Barnett and C. A. Coulson’ and their 
values are as follows: 





fm Peabo eee Lert /2I 
2 n2°L 147g (2 ”* [G—l—15) /2 G+ DD! 


if i—/—rg>0 and is even; otherwise, the integral (3.8) is equal to zero. Thus, we can readily deduce: 


1S (— fe) L(l-+reti) /21! 
[., exp(—B.m) Pana(ma)dm= 280 ae [1-1/2 +1440) 


(3.8) 





B2i(1+7s+7) ! 
j\(2j+-21+-278+1)) 
(l+rs) ! 


Pe ee hci Pe ve 
ae ee liane) (saat } 





=2(—26,) >> 
= 





Thus, for large /: 


1 (l+rs)! 

a fai DE on BN rete — 
i, Sk fen eee A I Ra ety 
Similarly 


1 (l+-7;)! 
[,ex0(—Bm) Payn(nddnr~2(—28) 4 EO 
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To estimate the asymptotic behavior for large / of the double integral factors in the terms of series (3.6), we 
first use the recurrence relation 


Puys(§) =((21+-1)/(+1) KP) —0/ 0+) JPHfé) (3.12) 


to lower the index of P:,,,(€) so that the double integral can be written as a linear combination of integrals of the 
form 


‘co 3) 
| £7 exp(—autt) Pryno(Es) exp(—cxafs) Oryee( Ee) dErdts, (3.13) 


where /+-r¢>/+-710+1. Now we can readily deduce the following inequalities, using the relations given in Appen- 
dices A and B: 


co rhe co rte 
] £1" exp(—outs) Pryno(£:) exp(—aats) Oraee( Es) dfsdke< (ro/on)" exp(—r»—ae) | Prinro( £1) Orre( 2) dtd 


= (79/a1)  exp(—t9—a2) (1/(21+2r10+1) ) [Curette CPisrota(&) — Pryryo1(&2) db 


= (79/a1) 7 exp(—t9— a2) (27+ 2719 +1) { E(r6— 10-1) (2+ 6+ 710 +1) J —[(r6— 710 +1) (2+ 76+7107) J}. 
(3.14) 


Thus, the double integral factors in the terms of series (3.6) approach zero as / approaches infinity at least as 
rapidly as C/P? (C=constant). 


Finally, we may conclude that the absolute convergence rate of the series (3.6) will be at least as rapid as that 
of a series of the form 
> (281) 477282) '**8(1-+-77) (+78)! 
i=m = L(214-2r7+1) 1(214-2rg+1)! 





(3.15) 


4. THE METHOD USING SPHERICAL COORDINATES 
In this coordinate system the integrals (1.1) take the form 


Jf xa A) xe (1) rea (2) x09 (2) dV dV 
271 


@ l co ‘co Qe Qe 
= C0:C:xC.>, Pw | | [ff i ra™* exp(— kira) rai"? 
i=0 m=0 0 40 40 Jo Jo Jo 


Xexp(— herp) (ra<'/ra>) rao" exp(—kyra2) 152"! exp(— kar ze) Pr'™! (cosOar) 
X P;,'"*! (cosOe;) Pi (cosBa1) Pi" (cosBa2) P1,'"5! (cosBa2) Pi,'"! (cosps) 


X sinO4: SinO42Pm, (G1) Pmy (hi) Cosm(di— he) Ping (2) Ping (2) dhidodOardOaodrardrar, (4.1) 


where Dio=1; Dim=2[(1+m) !/(1+-m) !] m+0. 
The analysis of the variables ¢1, ¢2 is identical to that given in the previous section. The integrations of these? 
variables transform (4.1) into a linear combination of at most two series of the form 


>Dw | / i / ray exp(—Airai) rai"? exp(— herp) (ra<'/ra>') 
l=M 0 0 0 “0 


X raz"! exp(—kyra2) rex" exp(— katnz) Pr.'™! (cosBar) Pi,'™*! (cosOpi) Pr” (cos8a1) 


X Pi (cos8a2) Pi,'"*! (cos42) Pi,!™! (cosOg2) sinOa: sinOad@aidOaedraidrar. (4.2) 
Again, M=0, 1, 2 only. 
Next, we expand rg;'?P;,'"2!(cos@gi) and rxe'*P;,'!™!(cosOge) in terms of ra1, p, P1,'™!(cosBa1) and rao, p, Pi,!™*! 





STUDY OF MOLECULAR INTEGRALS. I 1019 


(cos@42) , respectively, by the formulas given in footnote reference 3. Here 0< | ms| <Js<1 and O< | me| </s<1. 
Then, we expand rg,"*~!?"!e-#2"81 and rpg"—4—1e-4«" 82 in terms of rai, p, Ps,(cos0a1) and raz, p, Pi,(cos@a2), respec- 
tively, also by the formulas given in footnote reference 3. These expansions transform the series (4.2) into a linear 
combination of at most four series of the form 


> > > Diy (2i:+1) ity) [PP Pram exp(—Rirar) fi, (he, 741, p) (ra'</ra>'*) 
i=M iy—0 i=0 0 Jo Jo Jo 


Xrao"™ exp( — ker az)f ig( Ra, 142, 0) Pi, (cosBar) Pi,'™"! (cosOa1) 
X Pi,!"5! (cosBa1) Pr” (cos8a1) Pr” (cosBa2) P1,'"*! (cos@a2) 
X P1,'™6! (cosOa2) P i,(cosPaz) sinBas SinO42d04:d042draidra2. (4.3) 


Here the r’s are small fixed integers and f;= p, or g; defined in footnote reference 3. 

By analyzing each of the three cases M~=0, 1, 2 separately, we find that we can expand P;“(cos@4:) P:,!™! 
(cosOa1) P1,'™8!(cos@a1) and P;“(cos042) P:,'"*! (cos042) P:,!"*!(cos@42) each as a linear combination of Legendre 
polynomials with the G’s as coefficients by the expansions given in Appendix A. Then the integrations over the 


variables 041, 842 can be performed using the orthogonality relations among the Legendre polynomials. The general 
result in all three cases M=0, 1, 2 is 


Dun dirt) (2x1) | [Pi costa) Pr!™" (costar) Pi! (cosba 
0 “0 


X Pi™ (cos8a1) P i,(cos0a2) P1,'™! (cosBa2) P1,'™6! (cosBa2) Pr (cos@a2) 
Xsinba $in8 4240 41d042= > DA tries (4.4) 
i he 


where A1;,;. is a rational function of /, the degree of the numerator equaling the degree of the denominator. The 
summations over the indices j;, j2 arise from expanding P;“(cos@41) P1,'™!(cos@41) P1,!*!(cos0a1) and P;“ (cos@42) 
P,,'"s! (cos@42) P1,'"*!(cos@a2) as linear combinations of Legendre polynomials, respectively. The number of differ- 
ent values for the ji, 72 is bounded by an integer independent of /. Because of the orthogonality properties of the 
Legendre polynomials, the i;, iz are no longer independent but become linear functions of /. Thus, we have the 
general result: 


lim A tj j.9, +o, (4.5) 
yo 


Hence, the convergence rate of the series (4.2) will be identical to that of the series 


> [ i ras exp(—Rirar) figry (he, ar, p) (tat</ra>'*) rag" exp(—Rara2) fpr, (Ra, 142, 0) drardrac. (4.6) 
0 Jo 


l=M 


Now the fi,,’s in (4.6) must equal either p:,, or g14, as defined in footnote reference 3. Since 
qi= —kp.+[higher order terms in /] (4.7) 


we need consider only the case f1,,= p14, insofar as the convergence rate of (4.6) is concerned. We now write 
the p:4,’s in (4.6) in terms of the 7:,,’s defined in footnote reference 3 and note that the series (4.6) becomes a linear 
combination of at most four series of the form 


> [(2+2r3s+1) (242re1) Pf" [rare exp(— Rirar) Yi¢15 (he, TAl, p) 
l=M 0 +0 


X (rah</ra>') raat exp(— her az) Viere( ha 142, 0) Eraidra, (4.8) 
where 75= 731, 7,=74-41. 
Using the definitions of r4< and r4> and the standard interchange of order of integration argument, we may 
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write the series (4.8) as a sum of two series of the form 
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SC (2b 2re tt) (Ire) PSr= Do C(t) (2+-2eet) PH i < i ‘ 
l= Mf l=M 0 #0 


where x=f42, Y=Ta1. 


Xytt4 exp(—kiy) Vier (he, ¥, 0) a t244 exp(— kay) Virre( ha, %, p)dydx (4.9) 


We shall now estimate the convergence rate of the series (4.9). First, we note that the integrands of S; are 
nonnegative over the region of integration. Then we split up the integrals S; into a sum of three integrals 


Si= Si+S?2+S? 


(4.10) 


by splitting up the region of integration into three regions 


a Bes fas es 8 


(4.11) 


We may'use the inequalities of Appendix B to derive the following inequalities for the S;/, 7=1, 2, 3, and thereby 


determine, their asymptotic behavior for large /. 


puter 


(Rit 2ko+-hs+2ks) p] 





= (214-215+1) (2/+-2r6+1) aan (A+-n+ntr+T6+5) 


(4.12) 


ptt exp (| ki— ha | + | e— hi |) 0) 





- (21+-2754+1) (214-2r6+-1) (2l+-71-+-75+3) (2l+-71+1e+15+76+5) 
Se< prt exp[_(| ky—ks| + | ko— ky lp] 


(4.13) 





~ (20-2751) (2-27 6+1) (2l+-71+-75+3) (2l+-12+76— 1) 


(4.14) 


pitt exp[_(| ki— kz | + | ka— ky |e] 





S (214+-2r5+1) (21+-2re+1) (2l+te+76— 1) (W+-ri—tretretret+3) 


From these inequalities we may infer that S; behaves 
as K/l* for large‘. Hence the series (4.9) converges at 
the same rate as does the series: 


~ ae 
K>> (1/1*), K const. 


l=M 


(4.16) 


5. CONCLUSIONS 


The results of this study show that the method using 
prolate. spheroidal coordinates is preferable for the 
evaluation of the two-center exchange integrals to the 
method using spherical coordinates for two reasons. 
(1) Nearly three-quarters of the number of exchange 
integrals involving Slater functions with major quantum 
numbers one and two will give rise to finite series when 
the former method is used. The other method gives rise 
to infinite series in all cases. (2) The convergence rate of 
the infinite series in the former case have been shown 
to be much more rapid than that of the series obtained 
in the latter case. 
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APPENDIX A 
EXPANSION FORMULA FOR THE LEGENDRE 
FUNCTIONS 


We wish to give expansion formulas for cos”@ sin”@ 
P,'(cos@) and for &¥(#—1)*R,¥(€) in terms of linear 
combinations of simpler functions where NV, M, m are 
nonnegative integers, 1<&<-+- and RV (é) = Py (é) 
or Qn" (€), the standard Legendre functions. The ex- 
pansion formulas can easily be derived from the 
recurrence relations for Legendre functions and their 
differential equations.’ 

The expansion formulas are 


cos™@ sin%@P,% (cos@) = Gaui Po-n-ase( cost 
(A.1) 
M. 
EM (2—1) PRN (E) = (—1)¥ Te mull, 
i=0 


(A.2) 
where the Gauw; (written G for short) are rational 


functions of . In these formulas we take Pas—w—as+2i, 
Ra-n-m42i=0 whenever n»n—N—M-—2i<0. The first 


7See E. W. Hobson, Spherical and Ellipsoidal Harmonics 
(Cambridge University Press, Cambridge, 1951). 
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thirteen G’s are given below: 
Gasoo= [n/(2n-+1) ]; 
Gain =([(n-+1)/(2n-+1) } 
Gaow= [n(m-+1) /(2n-+1) J; 
Gaon = —[n(n-+1) /(2n+1) ] 
(n—1)n 
(2n—1) (2n-+1)’ 
_ _ 2nt+2n—-1 
~ (2n—1) (2n+3)’ 
ei (n+1) (n+2) 
(2n-+-1) (2n+3) 
_ (n—1)n(n-+1) | 
~ (2n—1) (2n+1)’ 
_ — n(n-+1) 
~ (2n—1) (2n+3) 
_ —n(n-+1) (n+2) 
(2n-+1) (2n+-3) 
rae (n—1)n(m+-1) (m+-2) 
eS) Geri)’ 
_ _9(n—1)n(n+1) (n+2) | 
“(2n—1)(2n+3) ’ 
is (n—1)n(n+1) (n+2) 
ee O(a¥1) (2843) 
In addition, we shall use the following formulas.® 
sin? P,."+'(cos@)-++-2N coséP,% (cos@) 
+(n—N+1) (n+N) sin@P,*—'(cos#)=0 (A.8) 
cos0 Px (cos@) = GnicoP x1" (c0S8) +Gnin Par” (cosd) 
—WN sin@P,*—(cosé) (A.9) 


Pe P.(8)Qu(€)d¢=[1/C(u—0) (u-++o-+1) J], 
Re(u) > Re(v) >0. 





Gr20= 





Grom 





Gaooe 





Gauo 


Gain 





Gaur 











(A.7) 





(A.10) 


APPENDIX B 


SOME INEQUALITIES FOR THE BESSEL FUNCTIONS. 
p Ae AND Kasi 
The following inequalities for In,43(x), Kn44(x) may 
be readily derived, using the integral representations® 
for In4, and Kn43, and integration by parts: 


(2x) "He-=n! (2x) *He*n! 
Va (Qn) at) ST opt) | 


/(2n) le-* V/1(2n)! 
(2x)"*4n! (2x) "4!" 


(B.1) 


SKay(x) S (B.2) 


From the definition of yn(k, x, p), (see footnote refer- 
ence 3), p>0, x>0 we can easily derive the following: 


[(e*@t) /(2n-+-1) }(x/0)"4<70(k, 2, p) 
S[e*/(2n+1)](x/p)"*4* for O<x<p 

[(e*et) /(2m-+1) ](0/x)"4< yak, 2, p) 
S[e**/(2n+1) ](p/x)"4 for x>p. 


In addition, we will make use of the following in- 
equalities: 


ebay 


(B.3) 


(B.4) 


n+1 </ e*vydy<[ (a) /(n+1)] (B.S) 


[x4/(n+1)]< [ eepaysC (oe) /(n+1)] (B.6) 


[Peryraysle*/(n-D 2), wt (BD) 


xe *t< (n/k)"e™. (B.8) 


Here n is a positive integer, and k, x are positive real 
numbers. 


8See Bateman Project, Higher Transcendental Functions 
(McGraw-Hill Book Company, Inc., New York, 1953). 

*See G. N. Watson, Bessel Functions (Cambridge University 
Press, Cambridge, 1944). 
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Study of Molecular Integrals. II. Three-Center One-Electron and Two-Electron Integrals* 
C. D. LaBuppEt AND R. C. SAHNI 
Institute for Mathematical Sciences, New York University, New York, New York 


(Received September 4, 1959) 


The evaluation of the three-center one-electron and two-electron integrals using spherical coordinates is 
discussed. Estimates for the convergence rates of the infinite series which arise in all cases are derived. 





1, INTRODUCTION In this paper we consider the problem of evaluating the 

N paper I of this series, the authors discussed the three-center one- and two-electron integrals which 

evaluation of the two-center two-electron exchange arise in the theoretical determination of the electronic 

integrals by two different methods and the convergence _ structure of triatomic molecules. These integrals are of 
rates of the infinite series which arise in both cases. _ the following three forms: 





fx A) reixn® (1) (three-center potential energy integrals) (1.1) 
1 


Jf xed xn™ (1) rea (2) xe" (2) dds (three-center hybrid exchange integrals) (1.2) 
2¢1 


Jf x0 A) xo (1) ri*xa® (2)xe'® (2) dndes (three-center Coulomb exchange integrals) . (1.3) 
21 


The x’s are among the Slater functions with major quantum number one or two. dV; 6=1, 2 are volume elements 
and the integrations are over all of three-dimensional space. ry is the distance from electron one to electron two. 
A, B, C, represent the locations of the three nucleii in space. pp= AB, pp= AC, and <CAB=a. A, B, C are 
assumed to be noncolinear (see Fig. 1). 


Fic. 1. Cartesian coordinates for a tri-atomic molecule. 





2. METHOD FOR EVALUATING THE INTEGRALS 


We shall employ the method using spherical coordinates to evaluate the integrals (1.1)-(1.3). The general 
procedure is identical to one used by the authors to evaluate the two-center exchange integrals.' The variables 
6, @ are integrated explicitly. The results of these integrations are that integral (1.1) becomes an infinite series of 
one-dimensional integrals and integrals (1.2), (1.3) become infinite series of two-dimensional integrals. We then 
use the inequalities given in an earlier paper to derive estimates for the convergence rates of these series. 


* The research reported in this paper was jointly supported by the National Advisory and Space Administration and the Geo- 
physical Research Directorate of the Air Force Cambridge Research Center, Air Research and Development. 

} Present address: Department of Mathematics, Wayne State University, Detroit 2, Michigan. 

1 See R. C. Sahni and C. D. LaBudde, J. Chem. Phys. 32, 1015 (1960), preceding article. 
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3. POTENTIAL ENERGY INTEGRALS 
These integrals take the form 


i co fe rir 
fa A) rein (1) n= CCD Da! P$(cosa) [ lf Pay" tefiral 
1 iO jd 0 Jo Jo 
X rp"? te*B) ( pec't/pey +) P;,/(cosOa1) P,,'™! (cos641) P,,'™! (cos@g1) sin@,) 
XP, (G41) Ping(Par) COSP4rdbardBardrar, (3.1) 


where E’ »=1; E’;;=2(k—j) !/(i+7) ! £0: and pe<=min(pe, ra) :pe=max(pe, 7a). 

The integrations of the variables , 6 may be analyzed and performed in the same manner in which the inte- 
grations were analyzed and performed by the authors in the case of the two-center exchange integrals.' As a result 
of these integrations the series of integrals (3.1) is transformed into a finite linear combination of series of the 
form 


2 Pi+n(cosa)[1/ (2i+273+1) JSi= 2 Pen (cosa) [1/ (2i-+2rs+1) J f atte hie (he, *, ps) (pc*</pe>*") dx, 


(3.2) 


where x=r,), and the r’s are small, fixed integers and M=0, 1, 2 only. The convergence rate of the series (3.2) is 
equivalent to that of the series (3.1). 

We shall now proceed to investigate the absolute convergence rate of the series (3.2). We first note that the 
integrands of S; are nonnegative. We then split up S; into a sum of three integrals 


Si= SI+S2+S3 (3.3) 


by splitting up the region of integration into three parts 


een 


where p<= min(pz, pc), p>= max(pp, pc). 
We must now consider three cases: pe<ps, pc> ps, and po= pp. In each of the three cases separately we may use 
the inequalities given by the authors in an earlier paper! to derive inequalities for the S,/; 7=1, 2, 3. 
Case 1. pc<pz 


Here we can derive the following inequalities for the S,/; j=1, 2, 3. 


si2— : bay 
(2i-+72-+74+3) (2i+2r4+1) \pp 





; ’ Miicceihhdenest .. de stn’ | a) 





5 12 eltekilecp prety 2tratre (®) 
* > (Qi-re+-14+3) (2i+2r4+1) \pn 


—k2pB yp .-t 4-4 i ee 

€ 

§35>—— =) / xtrtretle—(eitkdady 
Pc 


"= (25+2ra+1)\pp 


—r4a-4 i 
S2< aa") / oe pratretighs—hed 
(2i+2re+1)\op/ Joe 


elkr—kilpBp ,t2t3/2 (22) 


Sés-— ‘ 
(2i-++T4—72—1) (24+ 274-+1) \pp 
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If we take into account the coefficient of S;, we can readily deduce that the over-all absolute convergence rate 
of the series (3.2) is the same as that of a series of the form 


K><(1/i") (pc/ps)' k=const. (3.10) 
iM 


Case 2. pc> pp 


Here we can deduce the following inequalities: 





e-(hit2h2) pBy.—rat6/2 
PB ee ee) (3.11) 


S3> 

= (25+ 2ret1) (2i-+re+12+3) \pe 
see el*e—kil eBp ptt 8/25 0-1 (2) 
> (24+-2r4+1) (21+ 74+-72+3) \pe 


spoon a} C grrblg Cathe 3.13) 
P PRE, 0 ER EF T2—7 4t1e—(hi Py ; 
“ eet be jo ‘ . ( 


ehPBp pt Hy () iB 
573 ra—retle—kied, 3.14 
(2i-+274-+1) 4 : , ( ) 


se< ek wB—hieCy tet y teeth (2. 
Qi 2re+1) (2i+-m—2—1) \oc 


Si< 





(3.12) 





(3.15) 


If we again take into account the coefficients of S,, we see that in this case also, the absolute convergence rate is 
the same as that of the series (3.11). 
We summarize the results of both cases in Fig. 2. 


Case 3. pp=pc 


Here S2=0 and the absolute convergence rate of series (3.2) is the same as that of a series of the form 


1 


i=M ga 


(3.16) 


4. HYBRID-EXCHANGE INTEGRALS 
These integrals take the form 


l co fo ft Sl 
I | xa (1) x5 (1) 7is-2xa® (2)x0 (2) douda= CiCaCsCod> >i. J | J [ [ J 
q. l=) m=0 0 40 “0 40 “0 0 


rast He-Hiraty pine-le—barB (yg oU/y gH) 7 gghttg—karas 
X req" tek rez P11 (cosOa1) P1,!™*! (cosOe1) Pi™(cosBa1) 
< Py™(cos642) Pi,'"*! (cosBa2) Pi,'™4! (cosdc2) sinOa: sinO as 
Xm, (G41) Png (a1) CoSM(hai— a2) Png (Ha2) Pinger) dbardardOardBardrardrar, (4.1) 


3? 9 Gs 


Fic. 2. k', k*, k*® are fixed constants. 
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where 
Dy=1; Di,=2[(l—m)'/(l+m)!], m0. 


If we carry out the analysis and integration of the variables ¢1, ¢:, 61, 02 as before, we may transform the series 
(4.1) into a finite linear combination of series of the following type: 


P47, (cosa) Pin (cose) © Pye 
= Tr e-* 
2y (it ort1) (42nd)! Sai ee I y . 








XVurrs (he, y; ps) a terete katy (Ra, x, pc) dydx, (4.2) 


where x=r42, y=1a1, the r’s are small fixed integers and M=0, 1, 2 only. The convergence rate of the series (4.2) 
is equivalent to that of the series (4.1). 


We shall now investigate the absolute convergence rate of series (4.2). As before, the integrands of S are non- 
negative in the region of integration. We first split up the integrals S; into sums of six integrals 


Si= Ds (4.3) 


by splitting up the region of integration into six regions 


[[arae= [Of ayaet [” [-ayaet f° -dyde-+ [~ [-ayart fo ayact ff -ayae. 
te** Wee ’S it~ eS 


(4.4) 
We must again consider three cases: pp<pc, pp>pc, and pp=pc. In each of the three cases, we apply the in- 
equalities given in an earlier paper! to derive the inequalities for the S;’, given subsequently. 
Case 1. pp<pc 


Here we may easily derive the following inequalities for the S/’: 





en (hiteketk stk 4) pB—k Cop” atritretteo—Te-4 ( p re 


t2 (2+ 2re+1) (2 2re+1) (Wb re+3) (Wb re + rs +76+5) \pe 





elka-kstike—ki!|PBp pe /ttritrstreg ret (2) 
s (21-+-2rs-+1) (21-+-2r6¢+1) (2-+ri +75 +3) (2-E rire 15+76+5) \ pe 


7 hrt2ka) pB—k ay grit 8/ 25, 2,.—t6—-4 / PB 


tet retle—(kstks)z, 
aie ciaapes rca Neda 


S? 





elk Bp grit8/ 25— re—} (2) ail 
Te+T r zd 
SPS pre F1) (21) (rte 3) Noo 3 oe . 
e-beB—kwcpntstHy tet (22) 
"= (2-+-2r6+1) (21-+2r6+1) \pe 
Sint te =) 
> (2l-+-2r6+1) (21+2re+1) \pe 
sac elke-kalectikz—-kileBogtrHip tstt (ee) 
(+ 2rg+1) (2+ 26-41) (2+ 7—¢—72— 1) (2+ 71+754+3) \pc 
ehBtlke-kslecyntstHyo ttt (2) c BAe 
TIT vd 
SF are F1) (+ lee) pre) \pc f jg acs 





S?> 





PC 
J [ tt title~(eith2) Uytatretle—(kstk od ydx 
PB” PB 





PC 
i yt stleke—kiugrstretie(ka-kaadydy 
PB PB 





SES 





ek eB +(k4—ki-ka) pC gt sH potitrs—rst7/2 


(2) 
SéS (21-+2r6+1) (20-+2re-+1) (2—r2-+-76-+1) (2l+-r6— 72+ 75—71— 3) \pe/ 
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The asymptotic behaviors of the S,’ for large / are summarized in Fig. 3. 


In this case, then, the over-all absolute rate of convergence of the series (4.2) is the same as that of a series of 
the form 


K><(1/*)(pp/pc)! _K=const. (4.14) 
l=M 


Case 2. pg>pc 


Here we may derive the following inequalities for the S/’: 





e beep (kitkatkst2k 4) eCyp—T5—ty titrate sto 2 (2) 


asi > Gitte) (21+-2re+1) (21+ ri+rs+3) (2l+-nitretrs+76+5) 


SPS 





elkankgtlko—-k1| leCp nt eA titrate ete 2 (“) 


ee (21+-275+1) (21+-27¢+1) (2l+-71+75+3) (2l+-n1+12+75+176+5) PB 


S?> 





7 ht2k «) pB—(kit2k2) pCp 15-4 Q+ritretrs ee 


= (+2641) (21+ ri t-15+3) (21-+276+1) (2l-+re—72— 1) \oe 


“a | 


Se< elke—kil-+heks) Cy gt 5-4 9 2+ritretrs (") : -(® oe 
= (24-2541) (2+ ri rs+3) (21+ 276¢+1) (2l-+-7¢-—72—1) \op . 








e~bavc—(hit2ketk stk) PB yp tetHy 215-4 a) 
~ (214-215-+1) (214-276+1) seer 





pptttrstre—ret4 aeons perenne [ (“"" )| 
| 4.19 
x| (m+ 75-+74—76+-4) (nn 1)| (4.19) 








S< e(lka-kalt kok) eBy tet prs () |! pritrstre—ret4_ ooritrotre—ret4 = po trtretrs—rete 
PB 


~ (214-2541) (21+ 276+1) (2l+-714+-754+3) (ri +Ts+14—T6+4) (2l+-72—76— 1) 


x| (2 || (4.20) 


(4.21) 





ek seBtlk stlke—kil eco ritrstretT/ og retest { acy" 


Sparel) (prety) (hb Org 1) (rr 3) Non 





(4.22) 


s< ek 00+ lko—k1|—k DPB TH pritra—rs—ret} fe) E 7 | 
~ (21+4-2r5+1) (21-1143) (214+ 276+1) (2l+-176—12— me “e 


S&< 





eke-ki-k dPB+k Cy pritre—ret6/25 ret ( 
T2— 3) 


ee) 4,23) 
~ (21+2r5+1) (214+-276+1) (21—t2+76— 1) (2l+-76+75—71— oy By aa 


PB 


The asymptotic behaviors of S;' for large / are summarized in Fig. 4. 
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had 




















Fic. 3. The k/ are constants. The double lines bound the 
region of integration; OS ySx, OS$x< +0. 


In this case the absolute convergence rate of the 
series (4.2) is the same as that of a series of the form 


k>°(1/l"") (pe/ps)! k=const. (4.24) 


Case 3. pp=pc 


Here S?= S?=S'=0. In this case, the absolute 
convergence rate of the series (4.9) is the same as that 
of a series of the form 


k>-(1/P82)  k=const. 
=M 


(4.25) 


5. COULOMB EXCHANGE INTEGRALS 


[ | x5 (1) x8 (1) rie-'x4 (2) x0(2)derdoe. (5.1) 
241 


The analysis of these integrals and the results of that 
analysis are identical to those of the hybrid exchange 
integrals. except in the one case where xg(1)= 
xs (1) =xe.0,0;8(1); the Slater function commonly 
referred to as 2.S. In this case the function of rg: does 
not equal p; or g; but equals £3), when £3; is written as 


2 See M. P. Barnett and C. A. Coulson, Phil. Trans. Roy. Soc. 
London A243, No. 864 (1951), for definitions of these functions. 








wh Got 

















x 

Fic. 4. The k/ are constants. The double lines bound the 
region of integration; OS ySx, OSx< +o. 
a linear combination of functions y;, an extra factor of 
1/(2l1+-2r+-1) is introduced, where 7 is a small fixed 


integer. We summarize the absolute asymptotic be- 
havior of the series, in this case as follows: 


Case 1. pp<pc 
k>2(1/2!”) (ps/pc)*. 
l=M 
Case 2. pz>pc 
k>< (1/1) (pc/pa)'. 
l=M 
Case 3. PB =pc 
(1/052) 
l=M 
k=const. 
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Transfer of Excitation Energy in Solid Solutions of Anthracene-Polystyrene and 
9,10-Diphenylanthracene-Polystyrene* 
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(Received June 7, 1960) 


The transfer of excitation energy from the excited solvent to the solute has been studied as a function of 
solute concentration for solid solutions of anthracene and 9, 10-diphenylanthracene in polystyrene. Transfer 
efficiencies and fluorescence spectra have been obtained for both systems. The fluorescent light pulse of 
both systems, when excited by electrons and uv radiation, was recorded and analyzed. Results indicate 
that radiative transfer predominates at low solute concentration, while at higher solute concentration the 
transfer process is predominantly nonradiative. Differences between the two systems are probably due to 
anthracene being chemically bound to the polymer chain while 9, 10-diphenylanthracene is not. 





I. INTRODUCTION 


RANSFER of excitation energy from an excited 
solvent molecule to a fluorescent solute molecule 

has been the subject of various investigations. Of 
particular interest is the use of plastic solid solution 
scintillators.-* The solvent, a noncrystalline hetero- 
geneous mixture of randomly oriented long-chain 
molecules, makes up the rigid medium. A fluorescent 
solute is incorporated in this medium. Since the medium 
is rigid, Brownian motion of the molecules is very 
limited. Energy transfer by diffusion and collisions of 
accepting and donating molecules can be neglected. 

The rigidity of the solvent medium is an important 
physical difference between plastic solid solution and 
liquid solution scintillators. An equally important 
difference between the two types of solutions is that 
polystyrene, the solvent used in this study, has a higher 
fluorescent quantum yield than most solvents used in 
liquid scintillating solutions. This facilitates the occur- 
rence of a radiative transfer process in plastic solid 
solutions. In discussing the polystyrene-anthracene 
system, Koski suggests a radiative transfer mechanism 
involving fluorescence of polystyrene followed by 
absorption by anthracene.! The excited anthracene 
molecule then emits its characteristic radiation. Swank 
and Buck investigated a number of solutes in poly- 
styrene.” They concluded that, while radiative transfer 
does contribute to the over-all process, the major 
fraction of energy is transferred by some nonradiative 
process. Krenz investigated the polystyrene-anthracene 
system in detail.* His evidence indicates that a radiative 
transfer process does take place at low solute concen- 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ On leave from The Hebrew University, Jerusalem, Israel. 

1W.S. Koski, Phys. Rev. 82, 230 (1951). 

2R. K. Swank and W. L. Buck, Phys. Rev. 91, 927 (1953). 

°F. H. Krenz, Trans. Faraday Soc. 51, 1 (1955). 

«P. Avivi and A. Weinreb, J. Chem. Phys. 27, 716 (1957). 


5]. M. Rozman, Izvest. Akad. Nauk. 22, 1, 36 (1958). 

6 T. P. Belikova and M. D. Galanin, Izvest. Akad. Nauk. 22, 1, 
48 (1958). 

7F, H. Brown, M. Furst, and H. Kallmann, Discussions 
Faraday Soc. 27, 43 (1959). 
i, i“ and K. N. Kuchela, Discussions Faraday Soc. 27, 
57 (1959). 


tration. At higher concentrations a nonradiative trans- 
fer of energy predominates. 

There is evidence that shows that anthracene co- 
polymerizes with styrene monomer.®” The differences 
between the fluorescent spectra o anthracene that has 
been copolymerized with polystyrene and anthracene 
that has been imbedded after polymerization have been 
studied by Hinrichs." Krenz suggests that in the case 
of copolymerization of anthracene in polystyrene the 
nonradiative transfer of energy is perhaps an intra- 
molecular process involving the polymer chain. Avivi 
and Weinreb have shown that although anthracene is 
part of the polymer chain nonradiative energy transfer 
may still be an intermolecular process. Such a process 
would involve polystyrene segments of one chain 
transferring energy to an anthracene molecule of some 
neighboring chain. These experiments necessarily 
involved differences in preparation of the solutions or 
changes in their physical properties. To provide further 
information on the effect that solute attachment exerts 
on luminescent properties of plastic scintillators, it 
seems appropriate to compare two systems which are 
prepared under the same conditions. In one system the 
solute is part of the polymer chain, in the other the 
solute is not attached. In other respects the systems 
should be reasonably similar. The systems chosen for 
this investigation were anthracene in polystyrene, in 
which the solute is part of the polymer chain, and 9, 10- 
diphenylanthracene in polystyrene, in which the solute 
is not part of the polymer chain.” Both plastic solid 

9E. V. Anufriyeva, M. V. Volkenshtein, and M. M. Koton, 
Zhur. Fiz. Khim. 31, 1532 (1957). 

10 C, S. Marvel and B. D. Wilson, J. - Chem. 23, 1479 (1958). 

u H. Hinrichs, Z. Naturforsch. 9a, 617 (1954). 

12 Extensive experiments carried out in this laboratory confirm 
this. The average molecular weight of plastic scintillators was 
determined by the intrinsic viscosity method. Five different 
solutes were studied, by varying the concentration in the original 

lastic. In four of the solute systems investigated, including 

,10-diphenylanthracene, the average molecular weight of the 
polymer turned out to be independent of the solute and solute 
concentration. For anthracene the average molecular weight of 
the polymer decreased with increasing concentration. These re- 
sults support the assumption that ant ne is attached to the 
polymer chain and they show that 9,10-diphenylanthracene is 


not attached. Other investigations have shown more conclusively 
that anthracene does copolymerize with styrene monomer. 
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solutions are prepared and tested under the same 
conditions. In the experiments to be described the 
luminescence properties of these two solutions are 
compared. Particular emphasis was placed on lifetime 
studies of the molecules excited both by uv and by 
electron bombardment. An attempt was made to 
analyze the shape and duration of the light pulse that 
was produced by these different modes of excitation. 


II. EXPERIMENTS 


A. Preparation of Sample 


Styrene was obtained from the Dow Chemical 
Company. Before use, the monomer was carefully 
vacuum distilled three times at a pressure of 5 mm of 
Hg. 

Anthracene and 9,10-diphenylanthracene were 
obtained commercially from Pilot Chemicals, Inc. The 
compounds were of sufficiently high purity to be used 
without further purification. 

The technique used in preparation of the plastic 
samples has been described previously.4-“ Solutions of 
the solute in the monomer were thermally polymerized 
at 145°C in a constant-temperature oil bath for a 
period of 10 days. 


B. Measurements 


1. Intensity Measurements 


a. Intensity measurements made under B excitation.— 
The measurements of light output were made in a 
manner described previously.“ All intensities are ex- 
pressed relative to that of a standard anthracene crystal 
having the same dimensions as the plastic sample. 

b. Intensity measurements under ultraviolet excitation; 
determination of transfer efficiencies—The transfer 
efficiencies of the solutions of anthracene-polystyrene 
and that of 9,10-diphenylanthracene in polystyrene 
were determined by the method described by Cohen 
and Weinreb.” Essentially it consists of comparing 
the fluorescent intensity that is obtained by excitation 
of the transferring solvent to the intensity obtained by 
direct excitation of the solute. 

The measurements were made on a Beckman DU 
spectrophotometer. A Hanovia mercury lamp was the 
source of excitation. The reference solution was 1 gm 
per liter of aesculin in distilled water. Wavelengths for 
polystyrene excitation were chosen in the region of 
minimum absorption of the solute. For the anthracene 
samples, the polystyrene was excited with the 2650 A 
mercury line. For the samples containing 9,10-diphenyl- 
anthracene, the polystyrene was excited with the 2890 
A mercury line. In both cases the solute was directly 
excited with 3340 A mercury line for which polystyrene 


1 R, K. Swank and W. L. Buck, Nucleonics 11, 48 (1953). 

4L, J. Basile, J. Chem. Phys. 27, 801 (1957). 

%S. G. Cohen and A. Weinreb, Proc. Phys. Soc. (London) 
B69, 593 (1956). 
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is practically transparent. The plastic samples were 12 
mm thick. 

c. Emission spectrum of the solute-——The fluorescence 
spectra of the two systems under investigation were 
taken for various concentrations of the solute. The 
solutes were excited by light of wavelength 3340 A by 
use of a Bausch & Lomb grating monochromator. A 
Hanovia mercury lamp was the exciting light source. 
The transmitted fluorescence spectra were recorded on a 
Beckman DK-2 recording spectrophotometer. The 
samples were 12 mm thick. No correction for the spec- 
tral sensitivity of the photomultiplier was made. 


2. Study of the Scintillation Pulse 


a. Pulsed electron excitation.—The light pulse of the 
plastic scintillators was investigated by exciting the 
sample with a pulsed electron beam. The experimental 
apparatus has been described elsewhere. The ap- 
paratus consists of an electron accelerating tube 
capable of accelerating electrons to an energy of ap- 
proximately 75 kev. The duration of the electron pulse 
is less than 1 mysec. The scintillator is placed at the 
exit window of the tube. Beneath the scintillator is a 
1P28 phototube. The output of the phototube is fed 
directly into a traveling-wave oscilloscope. The pulse 
produced on the oscilloscope is automatically repro- 
duced on graph paper by an apparatus developed at 
this laboratory.” The instrument is capable of drawing 
either a linear or a logarithmic plot of the pulse. 

The light pulse was investigated for samples of two 
different sizes. One size, referred to as “thick,” meas- 
ured 2 cm in diameter and 12 mm thick. The other 
size, referred to as “thin,” measured approximately 0.5 
mm thick and 5 mm in diameter. The latter thickness 
was the minimum convenient for our work. It was 
estimated that a plastic sample having a thickness of 
0.25 mm was more than sufficient to stop the electron 
beam completely. 

It must be emphasized that before any measurements 
were taken a fresh surface was cut on the plastic 
samples. The measurement was then made as rapidly 
as possible, usually within 15 minutes. It was found 
that samples left exposed to air for at least 24 hours 
had lifetimes as much as 20% longer. This is probably 
due to some type of surface deterioration. 

b. Ultraviolet excitation —The, photofluorescent life- 
times of anthracene and 9,10-diphenylanthracene in 
polystyrene were determined in the following manner. 
A p-terphenyl-polystyrene plastic was placed directly 
against the plastic sample to be measured, thick 
samples being enclosed in an aluminum sleeve to pre- 
vent p-terphenyl radiation from by-passing the plastic. 
A Kodak 2A gelatin filter between the plastic and the 
phototube cut off all wavelengths below 4000 A. 
When the #-terphenyl plastic was excited by electrons 

16 R, K. Swank, B. Phillips, W. L. Buck, and L. J. Basile, IRE 


Trans. Nuclear Sci. NS-5 No. 3-4, 183 (1958). 
17R. K. Swank and E. A. Mroz, Rev. Sci. Instr. 30, 880 (1959). 
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from the accelerator, the emitted p-terpheny] radiation 
excited the solute in the plastic directly below it. 

This procedure is a modification of an earlier experi- 
ment in which Swank and Buck used a particles as a 
source of excitation. It proved feasible in our experi- 
ment because the mean lifetime of the p-terphenyl in 
polystyrene is less than 2.5 musec. This time interval is 
considerably shorter than the lifetimes of the solute 
systems being investigated. The -terphenyl plastic 
acts as a pulsed source of uv. Since polystyrene is 
practically transparent to the fluorescence emitted by 
p-terphenyl, the solute molecules are excited directly. 
Such an arrangement eliminates the transfer of energy 
from the solvent to the solute. 

The system is not without faults. It would be desira- 
ble to use a uv source that produces pulses of shorter 
duration. A monochromatic beam of exciting radiation 
would also be more desirable. A serious fault of this 
procedure is that the decay of the uv pulse emitted by 
a p-terphenyl plastic is nonexponential.’* The slow 
component of this pulse may affect the results. The 
emission spectrum of p-terphenyl does extend beyond 
4000 A. When only the p-terphenyl plastic with the 
gelatin filter was used, we were not able to obtain a 
measurable pulse on the oscilloscope unless we used a 
very intense electron beam. In measuring our samples 
the electron beam was of much lower intensity. The 
suspicion, however, remains that at the low solute 
concentrations some p-terphenyl radiation may have 
penetrated the samples and reached the phototube. 

In a later phase of the work, the photofluorescence 
pulse of the solute was obtained by exciting the samples 
with light emitted from pure polystyrene. The arrange- 
ment was the same as that using the p-terpheny] plastic 
as a pulsed source of uv. In this case also, all excitation 
of the solute is direct—at least to the extent that re- 
absorption by polystyrene can be neglected. 


III. RESULTS AND DISCUSSION 


A. Intensities, Transfer Efficiencies, and Emission 
Spectra 


The fluorescent intensity, plotted for the two systems 
as a function of solute concentration, is shown in Fig. 1 
for the case of 8 excitation. In this case the energy is 
principally absorbed by the solvent (polystyrene). 
The intensity of the 9,10-diphenylanthracene samples 
is much higher than that of the corresponding anthra- 
cene samples. Figure 2 shows the fluorescent intensity 
of the two systems when the solute (9,10-diphenyl- 
anthracene or anthracene) is excited directly by uv of 
too long a wavelength to excite the polystyrene. Since 
transfer is not involved in the latter case, it is evident 
that in plastic solid solutions the quantum yield of 
anthracene is considerably lower than that of 9,10- 
diphenylanthracene. This explains most of the large 
difference between the fluorescent intensities of the 
two systems when excited by # rays. 
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Fic. 1. Light output versus concentration of anthracene and 
9,10-diphenylanthracene in polystyrene. Excitation was by the 
beta rays from a Cs!" source. Ali light outputs are relative to a 
standard anthracene crystal uncorrected for the spectral response 
of the photomultiplier. 


' The curves of Fig. 2 also show another interesting 
and important difference between the two systems 
studied. The fluorescence intensity of 9,10-diphenyl- 
anthracene decreases with increasing concentration. 
This is what would normally be expected if one as- 
sumes that self-absorption and some type of concentra- 
tion quenching process takes place. 

The intensity of the anthracene fluorescence in- 
creases with increase in concentration, although in- 
creasing self-absorption is certainly taking place. It is 
felt, therefore, that the observed increase in anthracene 
fluorescence is only a lower limit for the actual increase 
in the quantum yield of anthracene in polystyrene. 
We tend to believe that this increase is related to the 
fact that anthracene is attached to the polymer chain."* 
This effect has also been observed by Krenz.’ 

The emission spectra of the two systems, for trans- 
mitted fluorescence, are shown in Fig. 3. For low solute 
concentrations of 9,10-diphenylanthracene, there is an 
increase in the intensity. This is due to an increase in 
the absorption of the exciting radiation. The small 
difference in intensity observed. between the spectra 
for concentrations of 0.05% and 0.07% indicates that 
the absorption of exciting radiation is practically com- 
plete. At higher concentration the intensity is much 
lower. This is what one would expect as a result of the 
processes of self-absorption and concentration quench- 
ing. The effect of re-emission is seen by the enhance- 
ment of the longer wavelength part of the spectrum. 

The behavior of the emission spectra of the anthra- 
cene-polystyrene system is different. The initial increase 
in intensity, at low solute concentration, can also be 
interpreted as a consequence of increased absorption of 


18 Another possible explanation is that not all of the anthracene 
is part of the polymer chain, some part of it may form micro- 
crystals which are distributed throughout the polymer. This 
would lead to an increase in light output, since the quantum 
yield of anthracene in the crystalline state is much greater than 
when it is dissolved. However, recent results of Broude and 
Medvedev [V. L. Broude and V. L. Medvedev, Doklady Akad. 
Nauk. S.S.S.R. 129, 533 (1959) ] seem to rule out this explanation. 
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the exciting radiation. However, the continued increase 
in intensity, as the concentration is greatly increased, 
‘learly shows the previously mentioned effect of in- 
creased quantum yield (see Fig. 2). Once again part of 
the differences between the two systems can be due to 
the anthracene being chemically bound to the polymer 
chain. 

The transfer efficiencies in the two systems are shown 
as functions of solute concentration in Fig. 4. The trans- 
fer efficiency for the 9,10-diphenylanthracene samples 
rises much faster with concentration than that for the 
corresponding anthracene samples. At higher concen- 
trations the transfer efficiencies become similar. One 
would conclude from these results that the probability 
for energy transfer is greater in one system than in the 
other, or that there is a difference in the processes 
which compete with energy transfer. According to cur- 
rent theory on energy transfer, it is difficult to explain 
the large difference between the transfer probabilities 
of the two systems. The difference in the energy levels 
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Fic. 2. Fluorescence intensity of anthracene and 9, 10-diphenyl- 
anthracene in polystyrene. The solutes were directly excited by 
uv at 3340 A. 


of the two solutes as observed from their absorption 
spectra seem too small to cause a large difference in the 
interaction with the solvent. It is felt that a large part 
of the observed difference in transfer efficiencies is due 
to the attachment of anthracene to the polymer chain. 
This may affect the transfer properties of the solvent, 
the solute, or both in a way that is not yet understood. 
Shimizu et al. have shown that the transfer efficiency in 
the system polystyrene p-terphenyl decreases with the 
temperature of polymerization.” This is attributed to 
the decrease in the average length of the polymer chain 
as the temperature of polymerization increases. Thus it 
would follow that shorter chains are less efficient for 
transferring energy. A similar effect has been observed 
by Funt and Hetherington.” These authors have shown 
that the light output for plastic scintillators with an 
average molecular weight less than 50 000, decreases 
with a decrease in molecular weight. Since the intro- 


9§. Shimizu, F. Hirayama, and S. Okamoto, Ann. Rept. 
Research of Artificial Radioactive Isotopes in Japan 3, 48 (1956). 

* 8B. L. Funt and A. Hetherington, Appl. Radiation and Iso- 
topes 4, 189 (1958/59). 
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Fic. 3. Fluorescent spectra of anthracene and 9, 10-diphenyl- 
anthracene in polystyrene. Excitation was by filtered Hg radia- 
tion near 3340 A. 


duction of anthracene decreases the average molecular 
weight of the polymer the difference between the trans- 
fer efficiencies of the two systems being reported may be 
partly due to the differences in the length of the polymer 
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Fic. 4. Transfer efficiency vs concentration of the solutes. In 
the polystyrene-anthracene system, the polystyrene was excited 
with 2650 A radiation; in the 9,10-diphenylanthracene system 
the polystyrene was excited with 2890 A radiation. In both cases 
the solute was excited with 3340 A radiation. The curves are not 
corrected for the direct excitation of the solute taking place along 
with excitation of the solvent. 
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Fic. 5. Shapes of ve pulses obtained by different modes of excitation. Curves a, b, and c are for 0.05% anthracene in polystyrene; 


curves d, e, and f for 


0% 9,10-diphenylanthracene in polystyrene. Curves a and d were obtained by electron bombardment, b 


ande 


by’excitation with p-terpheny] radiation, and c and f by excitation with polystyrene radiation. The curves shown were traced from the 


original recordings. The time scale is in millimicroseconds. 


A word of caution is inserted with regard to the 
magnitude of the transfer efficiencies shown in Fig. 4. 
At higher concentration the transfer efficiencies ap- 
proach 100%. No correction was made for the direct 
excitation of the solute, which accompanies ultraviolet 
excitation of the solvent (polystyrene). This direct 
excitation decreases with decreasing concentrations and 
is negligible at the low concentrations at which the 
differences between the two solute systems studied were 
most pronounced. 


B. Investigation of the Light Pulse 


Typical shapes of the light pulse observed in anthra- 
cene-polystyrene and 9,10-diphenylanthracene-poly- 
styrene are shown in Fig. 5. These pulses were obtained 
by three different modes of excitation: (1) direct 
excitation by a pulsed electron beam, (2) excitation by 
light pulses from pure polystyrene, and (3) excitation 
by light pulses from p-terphenyl in polystyrene. The 
curves shown in Fig. 5 are representative of a large 
number of such curves obtained for many different 
concentrations for both solute systems studied. 

The decay time 7 of a pulse for instantaneous excita- 
tion is usually defined as the time interval during which 
the intensity decreases by a factor of e. This concept 
of decay time assumes that the intensity J can be 
adequately described as a function of time by an equa- 
tion of the form J= A exp—t/r. Hence a semilogarith- 
mic plot of intensity vs time yields a straight line. From 


the slope of this line the decay time can easily be deter- 
mined.*! From the few curves shown in Fig. 5 it can 
readily be seen that the decaying part of the pulse, 
when displayed on a semilogarithmic plot, is not al- 
ways a straight line. In this case, the determination of 
“decay times” by simply fitting a straight line to the 
decaying part of the pulse is not adequate. However, as 
a first step towards the analysis of these curves, the 
decay times obtained from the slope of the straight 
lines that best approximated the decay of the pulses 
were recorded systematically. Results are shown in 
Figs. 6 to 9. 

Figure 6 shows the decay time 7, for electron excita- 
tion, plotted as a function of the concentration of 
anthracene in polystyrene. The same function for 9,10- 
diphenylanthracene in polystyrene is shown in Fig. 7. 
These samples were excited by a pulsed beam of 75- 
kev electrons. The photofluorescent decay time 17; of 
the same samples is shown in Figs. 8 and 9 for the 
case in which the samples were excited by electron- 
excited light pulses from a 3% p-terphenyl-polystyrene 
plastic. Table I gives results on the decay time 7, and 


* Even if the decay of the light pulse is strictly exponential, the 


ulse which is practically observed does not its maximum 
instantaneously, however fast the excitation, but increases gradu- 
ally. This is due to the finite response time of the detecting de- 
vice. For times which are long in comparison to the nse 
time of the detector (in our case <2 mysec) the = again de- 
creases. In investigating the curves, only times which exceed the 
one time of the detector were given the full weight of con- 
sideration. 
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TABLE I. Decay times of solid solutions of anthracene and 9,10- 
diphenylanthracene in polystyrene. 
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rise times for several concentrations of both solute 
systems, when the samples were excited by light pulses 
from pure polystyrene. The rise time of the pulse is 
defined as the time for the intensity to increase from 
10% to 90% of its maximum value. 

A similar trend is observed in +. for both solute 
systems (Figs. 6 and 7). At low solute concentrations, 
7. increases rapidly and becomes longer than the decay 
time of pure polystyrene. As the concentration increases, 
te begins to decrease—sharply at first and then more 
gradually. The curve for the “thin” samples is similar 
to that for the “thick,” except that the decay times are 
somewhat shorter. Also, the decrease in 7, is more 
abrupt in the thin samples than in the thick one. 

A different behavior is observed with the photo- 
fluorescent lifetime 7, (Figs. 8 and 9). In this case 
only the solute molecule is being excited. At low con- 
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Fic. 6. Decay time of 7, of anthracene in polystyrene versus 
concentration of anthracene. The samples were excited with a 
pulsed beam of 75-kev electrons. The thick sample was 12 mm 
thick by 2 cm in diameter; the thin sample was $ mm thick by 
5 mm diameter. Values obtained by straight line fitting. 
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Fic. 7. Photofluorescent lifetime +; of anthracene in poly- 
styrene vs concentration of anthracene. The anthracene was 
excited by the uv emission from a -terpheny] plastic excited by 
a pulsed beam of 75-kev electrons. Open circles represent data 
from thick samples, closed circles represent data from thin samples. 
Values obtained by straight line fitting. 


centrations the values of 7; are very much lower than the 
corresponding values of 7,.. As the concentration in- 
creases, 7; increases monotonically until 7, is very 
close in value to 7-. 

These results are interpreted in the following manner. 
For electron excitation, at low solute concentration, 
energy is transferred mainly via absorption of the 
polystyrene fluorescence by the solute. This, as will be 
shown later, results in an apparent decay time which 
is longer than the decay time of pure polystyrene. As 
the concentration of solute increases, a nonradiative 
transfer process becomes predominant. By such a 
process, energy is transferred directly from the excited 
polystyrene to the accepting solute. It is assumed 
that the time for energy transfer to take place decreases 
as the acceptor concentration increases. Eventually 
the transfer time becomes so short that the measured 
decay time is effectively the fluorescent decay time of 
the accepting solute. 

The assumed transition, with increasing concentra- 
tion, from a predominantly radiative transfer to a non- 
radiative transfer is qualitatively supported by the 
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Fic. 8. Decay time 7, of 9,10-diphenylanthracene in poly- 
styrene versus concentration of 9,10-diphenylanthracene. The 
samples were excited with a pulsed beam of 75-kev electrons. 
The thick sample was 12 mm thick by 2 cm in diameter; the thin 
sample was $ mm thick by 5 mm in diameter. Values obtained by 
straight line fitting. 
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Fic. 9. Photofluorescent lifetime 7; of 9, 10-diphenylanthracene 
in polystyrene versus concentration of 9, 10-diphenylanthracene. 
The solute was excited by the uv emission from a p-terphenyl- 
polystyrene plastic. Values obtained by straight line fitting. 


data in Table I. For electron excitation, the rise time 
decreases with increasing concentration. 

A closer comparison of Figs. 6 and 7 shows that the 
decreasing part of the curve is steeper in the case of 
9,10-diphenylanthracene than for anthracene. This 
might indicate that the concentrations that are neces- 
sary for the occurrence of nonradiative transfer are 
lower for solutions of 9,10-diphenylanthracene than for 
anthracene. This explanation is supported by the 
difference in transfer efficiency of the two systems as 
shown in Fig. 4. 

The differences in +, between the “thin” and “thick” 
samples for a given solute system are due to self-ab- 
sorption and re-emission of the solute fluorescence. This 
effect, which increases with the thickness of the sample, 
tends to increase the observed decay time. This same 
effect causes the pronounced shift in the maximum of 
the fluorescence spectrum with changing concentration, 
which is seen from the curves of Fig. 3. 

The results shown in Figs. 8 and 9 support and sup- 
plement the above interpretation. The increase in the 
decay time to a constant value is explained by the 
increasing contribution of reabsorbed and re-emitted 
fluorescence. The range of concentrations studied 
covers a change by a factor of 700; the ratio of thick- 
ness between the thick and thin samples is only about 
30. Therefore, as observed from the data, the decay 
time should be expected to be more affected by the 
variation in concentration than by the change in 
thickness. The values of the decay times for the higher 
concentrations are similar for 7, and 7;. This supports 
the assumption that at high concentration the decay 
time of the electron excited pulse is practically the 
fluorescent decay time of the solute. 

Of particular interest are the decay-time data for 
the low solute concentrations given in Table I. The 
values of the decay time obtained by excitation with 
polystyrene radiation are very close to the respective 
values of 7, obtained by excitation with electrons. This 
supports the assumption that a radiative transfer 
process is taking place at low solute concentrations. At 
the high solute concentrations the decay time measured 
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with polystyrene excitation is much longer than the 
corresponding 7,. This indicates that, at high solute 
concentrations for electron excitation, a nonradiative 
transfer of energy becomes the dominant factor in the 
systems we studied. The nonradiative transfer process 
is much faster than the radiative transfer process. 

The above results and interpretations are based on 
decay times which were obtained by applying the best 
straight line to the decaying section of the pulses. No 
doubt there are some quantitative inconsistencies. For 
example, there is no obvious reason why the difference 
in 7; for “thick” and “thin” samples should be greater 
than the corresponding difference in 7, particularly 
when only the highest concentrations are considered 
(Figs. 6 and 8). It was felt that a more rigorous analy- 
sis of the pulse shape should be attempted. This, a 
rather elaborate study, was carried out for only a 
limited number of curves. The results however are 
sufficient to show that the above assumptions are 
reasonable. The method of analysis seems to be justified 
by the self-consistency of the results. 

This analysis is based on the assumption that when 
pure polystyrene is excited by a pulsed electron beam 
the fluorescent decay is exponential, as shown by 
Swank ef al.* Recently Kilin and Rozman claimed to 
have shown by the phase-shift method that the decay 
of polystyrene under electron excitation is nonexponen- 
tial.” The measurements of Swank ef al. were re- 
peated many times and it was found that over one cycle 
on a semilogarithmic plot the decay is exponential. 
Beyond this the decay time seems to become longer. 
There are obvious reasons to believe that the method 
of Swank e al., which was followed throughout this 
work, allows a much closer examination of the pulse 
shape than does the phase shift method. For the evalua- 
tion of the results given here, we may therefore assume 
the decay of polystyrene to be practically exponential. 
A second assumption is that the decay of the solutes, 
anthracene and 9,10-diphenylanthracene, is also expo- 
nential. Several authors using the phase shift method 
showed this to be true for various solutes, including 
anthracene. 

For a radiative process of energy transfer, if the 
decays of the transferring solvent and the accepting 
solute are exponential, the intensity J as a function of 
time is given by 


anom 


I= _ exp(—t/71) — exp(—t/r2) ], 
T2 ‘ 


Ti 


(1) 


where 7; and 72 are the fluorescent decay times of the 
solvent and solute, respectively; m and m are the 
quantum yields of the solvent and solute; m is the num- 
ber of originally excited solvent molecules; and a is a 
constant dependent on the geometric properties of 
the system.” 

#S. F. Kilin and I. M. Rozman, Optics and Spectroscopy 4, 


37 (1959). 
%H. Kalimann, Phys. Rev. 117, 36 (1960). 
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Equation (1) applies to the case of instantaneous 
excitation. This is practically fulfilled in our experiment 
in which the measured decay times are considerably 
longer than the exciting electron pulse.” 

Equation (1) could apply to a nonradiative transfer 
process provided that the decay of the solvent is 
exponential. The only necessary modification would 
be to multiply the expression by 7:/rr where rr is the 
reciprocal of the probability for nonradiative energy 
transfer under the given conditions. The decay time 
7, of the solvent will now be shorter than that in the 
case of a radiative process of energy transfer. For both 
modes of energy transfer the intensity would be given 
by the expression 


I= AL exp(—t/n) — exp(—¢/r2) ], 


(2) 


where A is a constant independent of time. Several 
of our curves were analyzed by use of Eq. (2). The 
object was to determine what magnitudes of 7 and r2 
give the best fit to the observed pulses. The least-squares 
fitting of the theoretical curve to the experimental curve 
was accomplished by the computer George. The actual 
computer program was set to fit a function of the type 


(3) 


a more general program used in several other problems. 
The best fit of the theoretical curve included the ful- 
fillment of the additional condition of A;= A». Some of 
the values 7, 7: obtained by this procedure are shown 
in Table IT. 

The values of 7, and 7, given in Table II are the 
same values as those given in Table I. The other values 
listed in Table IT are those obtained from the computer. 
The indices 1 and 2 designate the solvent and solute, 
respectively. The indices e and p relate to direct elec- 
tron excitation and excitation by polystyrene fluores- 
cence, respectively. For low solute concentrations of 
9,10-diphenylanthracene, the value of 7, obtained from 
the computer agrees quite well with the observed decay 
time of pure polystyrene. It was the fluorescence of pure 
polystyrene which was used to excite the 9,10-diphenyl- 
anthracene. The values of 72. agree quite well with the 
values of rep; the decay time of 9,10-diphenylanthracene. 
The deviations that occur are well within the limits of 
accuracy. 

The values for 7. are systematically lower than 
those for nip. If for direct electron excitation the trans- 
fer process is purely radiative, one would expect these 
values to be the same. Although this discrepancy be- 
tween 7, and 7, is within the limits of accuracy, its 
occurrence at all three low solute concentrations seem 
to indicate that the decay time of polystyrene, in the 
case of electron excitation, may be somewhat shorter 
than that for pure polystyrene. This may be partly due 
to the fact that self-absorption and re-emission in pure 
polystyrene may tend to lengthen the decay time. When 


I= A, exp(—t/n) — Az exp(—t/72), 
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TABLE II. Decay times obtained from analyses of light pulses 
produced by electron excitation and by excitation with poly- 
styrene radiation. The decay times 71, T2, Tip, and 72p resulted 
from the analysis of the light pulse according to Eq. (2). The 
subscripts 1 and 2 refer to solvent (polystyrene) and solute, 
respectively. The values r, and rp, were determined from the slope 
of the decaying part of the pulse. 





wt. % 


solute The Tae Tp Tip 





9,10-Diphenylanthracene 











0 : ‘ ; A 14.9 8.2 
0 : - 3 ‘ 14 12 
0 , ; . ‘ 16 11.4 





a solute is added to the polystyrene, competition for 
the polystyrene fluorescence enters in. The solute may 
well absorb the polystyrene fluorescence at the point 
of origin and thus reduce the amount of self-absorption 
by the polystyrene. At a concentration of 0.07% of 
9,10-diphenylanthracene, a nonradiative transfer pro- 
cess may already be active. This would tend to shorten 
the fluorescence decay time of polystyrene. 

At high concentrations of 9,10-diphenylanthracene 
the assignment of the values 7:, and 72) becomes rather 
difficult. The decay times of the solvent and solute are 
rather close in magnitude and it becomes difficult to 
decide which of the values obtained from the computer 
is 7, and 72.4 The assignment of the values given in 
Table II was made in view of the close correspondence 
of the values of r2, and 72, at low solute concentration. 
If this is so then at high concentrations the value of 
Te», Obtained from the computer, would correspond 
closely to the value of 7, the measured value obtained 
by fitting the best straight line to the decaying part 
of the curve. The fact that the decay time 71, of poly- 
styrene is slightly longer than the experimental 13.5 
musec is not too surprising. At high concentrations the 
pulse obtained by polystyrene excitation has a broad 
maximum. This tends to reduce the accuracy of the 
analysis considerably. 

An important result of this analysis is the breakdown 
of Eq. (2) at high solute concentrations for electron 
excitation. The numerical results obtained from the 
computer seem to defy any interpretation. The generally 
poor fit between the theoretical and experimental 
pulse shape confirm the fact that a relation of the type 


% For the case 71=72, Eq. (1) breaks down altogether and the 
shape of the pulse is given by = Ate", where :=72=r. 
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of Eq. (2) is unable to adequately describe the experi- 
mentally observed pulse shape. This seems to be a gen- 
eral feature of the nonradiative transfer process in 
plastic solutions. 

The results for anthracene are similar to those for 
9,10-diphenylanthracene although the results are not 
as self-consistent. This is largely due to the consider- 
ably lower intensities of the anthracene samples. As a 
result there are considerably greater statistical fluctua- 
tions in the plotted pulses. This results in a poorer fit 
between the experimental and theoretical curves. 
Again, at high concentrations, the complete divergence 
between the values of 72, and 72, is obvious. Once again 
this indicates the inapplicability of Eq. (2) to the 
nonradiative transfer process. The values of t2) for 
high anthracene concentrations agree well with the 
value of 7, the decay time of anthracene, obtained 
by the straight line method. This agreement tends 
to confirm the interpretation given earlier. At low 
concentration the discrepancy between the values of 
Tie and 71, seems somewhat larger than would be ex- 
pected from purely statistical error. It may be that 
the presence of anthracene, which is attached to the 
polymer chain, and the resulting decrease in the average 
chain length result in an increase in the decay time of 
polystyrene. 


SUMMARY 


Some fluorescence properties of solid solutions of 


anthracene and of 9,10-diphenylanthracene in poly- 
styrene are investigated. 

Measurements of intensity and of fluorescence spec- 
tra confirm former results which show that the quantum 
yield of anthracene in polystyrene increases with 
concentration.’ The intensity of 9,10-diphenylanthra- 
cene decreases with concentration. This difference in 
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behavior is attributed to the attachment of anthracene 
to the polymer chain. 

The transfer efficiency at low concentrations of 
anthracene is considerably less than that at the corre- 
sponding concentrations of 9,10-diphenylanthracene. 
This may be a consequence of the attachment of 
anthracene to the chain or of the resulting decrease in 
the average length of the polymer chain. 

The results of the decay time measurements seem to 
confirm the observed differences in the transfer effi- 
ciencies of the two systems. 

The effect of chain attachment on the chain length 
may be the reason for an increase in the decay time of 
polystyrene when it is copolymerized with anthracene. 
This assumption has still to be verified by a direct 
investigation of the relation between chain length and 
the decay law of polystyrene. 

The similarity between the light pulse obtained by 
electron excitation and excitation by polystyrene 
fluorescence for low solute concentrations shows that 
at this concentration the transfer of energy from 
polystyrene to the solute is almost exclusively radiative. 
At high solute concentrations the transfer process is 
predominantly nonradiative. The analysis of the light 
pulse seems to indicate that in the presence of this 
process the decay of polystyrene is nonexponential. 
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The nature of the bonding between the two cobalt atoms in dicobalt hexacarbony]l diphenylacetylene is 
discussed in terms of simple molecular-orbital theory. It is shown that, in addition to bonding via the x 
orbitals of the acetylene residue, it is essential to consider direct overlap between the 4 orbitals of the co- 
balt atoms. Master formulas and numerical tables are derived for the integrals S(4pe4p-), S(4pr4pr). 





HE past few years have witnessed a rapid develop- 

ment in the chemistry of transition-metal com- 
plexes and in particular of x complexes.” It is perhaps 
noteworthy, however, that recent x-ray examination® 
of some binuclear complexes has revealed some rather 
surprising structures. The number of binuclear com- 
plexes, and indeed compounds, of transition metals 
which contain direct-metal bonds is very limited, 
examples being manganese and rhenium carbonyls,‘ 
Mn2(CO)10, Rez(CO)», and complexes such as 


(CsHsMo)2(CO).¢ and (CsHsW)2(CO)..° There are in 
addition more numerous examples of compounds in 
which it is necessary to assume weak bonds between 
the metal atoms in order to explain the observed 
diamagnetism; a well-known example of this situation 
is provided by iron enneacarbonyl. In view, therefore, 
of the relatively small number of binuclear complexes 


of known structure, it seemed interesting to consider 
the nature of the metal-metal bonding in dicobalt 
hexacarbonyl diphenylacetylene,® especially since in 
this compound the possibility of both direct interaction 
between the metal atoms and indirect interaction via 
the acetylene residue may occur. It was also hoped 
that an investigation of the bonding in the above 
complex might provide some insight into the nature 
of the bonding in more complicated cases.’ 

A detailed x-ray investigation® of the above complex 
has revealed the following salient features: a sixfold 
coordination about each cobalt atom with distorted 
octahedral symmetry, the carbon-carbon bond of the 
acetylene residue approximately normal to the cobalt- 
cobalt axis, an approximately tetrahedral symmetry 
about the carbon atoms of the acetylene, and an 
approximate molecular plane of symmetry if one neg- 


1E, O. Fischer and H. P. Fritz, Advances in Inorganic & 
Radiochemistry 1, 55 (1959). 
usw Cotton and G. Wilkinson, Progr. Inorg. Chem. 1, 1 

3 A. A. Hock and O. S. Mills, Proc. Chem. Soc. 1958, 233. 

4L, F. Dahl, E. Ishishi and R. E. Rundle, J. Chem. Phys. 26, 
1750 (1957). 

5 F, C. Wilson and D. P. Shoemaker, Naturwissenschaften 43, 
57 (1956). 

6H. W. Sternberg, H. Greenfield, R. A. Friedel, J. Wotiz, 
H. R. Markby, and I. Wender, J. Am. Chem. Soc. 76, 1457 (1954). 

7™W. Hiibel, E. H. Braye, A. Clauss, E. Weiss, U. Kriierke, 
D. A. Brown, G. S. D. King, and C. Hoogzand, J. Inorg. & 
Nuclear Chem. 9, 204 (1959). 

8 W. G. Sly, J. Am. Chem. Soc. 81, 18 (1959). 


lects the twisting of the phenyl groups. Sly advances 
two approximate views of the structure; first, that each 
cobalt atom is in a d*sp* hybridized state and that the 
bonds from the carbon atom are approximately tetra- 
hedral (sp*) in arrangement and second, that it is 
possible to consider the above structure as derived 
from the cobalt atom in a dsp’, trigonal bipyramidal, 
hybridized state; in this case one of the hybrids (s$*) is 
directed in the trigonal plane and toward the mid 
point (X) of the C—C bond (see Fig. 1). We shall 
reject the former model since it predicts an essential 
single C—C bond in the acetylene residue, a prediction 


Fic. 1. Schematic struc- 
ture of the complex (repro- 
duced with the kind per- 
mission of Dr. Sly and the 
editor of the American 
Chemical Society.) 


which is incompatible with the observed distance® 
of 1.46 A. The second model is more realistic and it 
will be adopted in the subsequent discussion. It should 
be emphasized at this juncture that the above model 
is only an approximation; however, the deviations 
which occur may well be due to steric effects of the 
bulky phenyl groups and, to date, no structural in- 
formation is available on analogous complexes of 
acetylene. Nevertheless, the deviations are still small, 
since if we consider the triangle 0,0.X, made up of the 
Co—Co axis and the distances of the respective cobalt 
atoms from the mid point of the C—C bond, it is 
found that the angles of the above triangle differ by 
at most 4° from 2/2 and 2/4. It seems, therefore, that 


our assumption of a symmetrical model is quite reason- 
able. 


SYMMETRY CLASSIFICATION OF INTERACTIONS 


The interactions between the metal orbitals and 
m orbitals of the acetylene residue are symmetrical 
with respect to the two cobalt atoms, so, for simplicity, 
we shall give a diagram for the interaction of only one 
9 Dr. Sly has subsequently informed me that on refinement this 


distance is reduced to 1.369 A; the new distance is even more 
incompatible with the first model above. 
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Fic. 2. System of 
axes of coordinates. 





cobalt atom with the w orbitals. Consider the cobalt 
atom to be situated at the origin of a Cartesian co- 
ordinate system with axes as shown (Fig. 2) ; the C—C 
axis of the acetylene is assumed parallel to the x axis. 
A comparison is made with Fig. 1 if the z axis is con- 
sidered to be perpendicular to the plane of the left-hand 
circle in the diagram. In this manner we may classify 
the interactions between the 7 orbitals of the acetylene 
and the cobalt orbitals according to the local-symmetry 
planes oz, and oy, as shown in Table I. Those orbitals 
which are involved only in the bonding of the carbonyl 
groups are neglected. 

The symbol é, denotes the cobalt sp hybrid directed 
along the y axis toward the midpoint (X) of the C—C 
bond. It is obvious that a large number of interactions 
are possible and the problem becomes unduly com- 
plicated unless some simplifying assumptions are made; 
accordingly, the interaction of the 3d,2_,2 and the 
3d,2 orbitals with m, are neglected since these are likely 
to be small. The interactions involving the empty and 
antibonding x* orbitals will also be neglected since 
such interactions, while providing a satisfactory means 
of back-donation from the metal atom, do not ap- 
preciably alter the pattern of the bonding orbitals in 
the complex. 

The discussion will be limited therefore to the fol- 
lowing orbitals: 


Cor(t,) =**ty 
Co; (dyz) 7 °M, 


Coi( pz) ** +12. 





Hy—-E 0 
0 


0 
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TABLE I. Symmetries of orbitals responsible for 
metal-metal bonding. 








Cy: Metal orbitals x orbitals 





+ ty, dz%_y2, d,2 Ty 
a dy, pz We 
~ dey ry" 


Ens d az 1," 








However, the symmetrical model which we have 
assumed for this complex as a result of the x-ray 
analysis requires that the orthogonal component of a 
given x orbital will interact in an identical manner with 
the same type metal orbital on Coz as does the original 
x orbital with that of Co,; for example, in the first 
case given it follows that a symmetrical interaction of 
the type 


Cor(t,) > +x, 
2° **Co2(t’) 


must be considered for the complete complex. The 
general form of the interactions between the filled 
x orbitals and the t,, dyz, and p, atomic orbitals on both 
cobalt atoms is as shown in Fig. 3, where 8, y, and 6 
denote the resonance integrals between the respective 
orbitals and H denotes the total Hamiltonian of the 
system, e.g., 


8=Hyu=Hss= f Wilds = f WsHedr. 


Similarly, the Coulomb terms H,,; take the normal 
definition 


Hy.= if WH dr. 


With this notation, the secular determinant for the 
above set of interactions takes the form 








BONDING IN DICOBALT HEXACARBONYL DIPHENYLACETYLENE 


By simple manipulation this can be expressed as 
\f(E) 90 | 


| =0, 
10 f(B) 


where 
f(E) =] (8ii— E) —8*(H»— E) (Hs— E) 


ml 


— (An E) (H3— E) — &(Ay— E) (Hx»— E) =(0. 


The region in which the roots of this equation lie is 
readily obtained. We assume 


|Hu| >| H»| > |Hu| > | Hss|, 
since this order is indicated by the observed ionization 


potentials and term values for the cobalt atom." Let us 


s - WL so te} 


% Coa}. _y 


y 
~~ 
Su e- 


oveCrJ-.. 2 


w [on J---" im many, [Oa ty} 


Fic. 3. General form of interactions between filled x orbitals 
and the ¢y, dye, and p, atomic orbitals on cobalt atoms. 


now consider the variation of the function f( £) with E: 
f(0) = An Hel wHu—PHnHs—YHuls 

—PHnH»>0 

f( Hs) =—®(Hu— Hs) (H»— Hs) <0 

f(A) = —8(H»— Au) (Hs— Hu) >0 

f(H2) = —7(Hu— Hx) (Hs— H2) <0 

f(Hu) = —8(H2— Hu) (Hs— Hu) 

—7(Hu- Hu) (Hs— Hu) 


— ®(Au— Hu) (H2— Hu) <0 
f(~)=+2. 


The roots of f(£) lie, therefore, as shown in Fig. 4. 
It is seen that the preceding type of interaction will lead 
to a stabilization of the lowest orbital and destabiliza- 
tion of the other orbitals. It will be shown later by 
calculation of group-overlap integrals and estimation 
of the Coulomb terms and resonance integrals that the 
net effect in the above case is bonding. The relative 
magnitude of the different interactions 8, y, and 6 are 
most easily assessed by evaluating the group-overlap 
integrals between the relevant orbitals. 


OVERLAP BETWEEN ?, AND x, 
In this case the trigonal hybrid (¢,) takes the form 
¥(ty) ap (1/V3) Pae+ (2/V3) Papy 


1D. C. Moore, Atomic Energy Levels (National Bureau of 
Standards, Washington, D. C., 1952), Vol. II. 
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Zeno 
Wy 


Ws 





Wa, 





Fic. 4. Roots of /(£). 


where the y axis is directed toward the midpoint (X) 
of the C—C bond of the acetylene residue. The group- 
overlap integral is readily shown to be 


S (ty, ty) =[2/(6)#].S(2p., 45) cosp 
+(2/v3) S(2p., 4p.) cos’o, 


where ¢ is the mean angle between the Co—C distances 
and the Co—X distance and takes the value of about 
22°. Tables of S(2p., 4s) and S(2p,, 4p.) are available 
as a result of two independent studies on the use of 
Slater orbitals of principal quantum number four.” 
The tables are not, however, always satisfactory for 
interpolation and we have calculated the required 
integrals for the nearest values of the parameters p 
and ¢ for which values of the incomplete gamma func- 
tion A,(p) for nonintegral m are available."-“The 
value of the group integral S(t,, r,) is given in Table IT. 


OVERLAP BETWEEN 3d,, AND =, 
This overlap is of a simple d,—p, type and takes 
the form 
S(3dyz, #2) =V2 S(2p%, 3d,) cosd. 


The value of S(2p,, 3d.) was evaluated directly from 
the master formula given by Jaffé" with the use of the 
Swedish tables" for the numerical values of the auxiliary 
functions A,(p) and B,,( pt) for integral m and m. 


TABLE II. Group overlap integrals. 








S(ty, ty) 
S (3d ys, 2) 
S (4p, 2) 


0.239 
0.134 
0.274 








1L,. Leifer, F. A. Cotton, and J. R. Leto, J. Chem. Phys. 28, 
364 (1958). 

2D, A. Brown, J. Chem. Phys. 29, 1086 (1958). 

18 There is a typographical error in the ADI Document Num- 
ber 5481 of Cotton" for the master formula for S(2p,, 4p.); a 
factor of one-half is omitted although the tabulated values of the 
integral are correct. 

4H. H. Jaffe, J. Chem. Phys. 21, 258 (1953). 

1S, Flodmark, Table of Molecular A & B Functions (Institute 
of Theoretical Physics, Stockholm, 1957). 
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Fic. 5. The 3d, and 44, orbitals. 


OVERLAP BETWEEN 4), AND z, 


This interaction is closely related to the preceding 
and takes the form 


S(4pz, m2) =V2 S(2ps, 4px) cosd. 


The integral S(2p,, 4p,) was evaluated from the table 
and formula previously published.” The results of 
these calculations are given in Table II. These calcula- 
tions show, therefore, that quite reasonable overlap 
does occur in the three types of interaction which we 
have considered before. If numerical values are now 
assigned (in point of fact it would be more accurate to 
say “guessed”’) for the different Coulomb terms on the 
basis of observed ionization potentials and spectro- 
scopic promotion energies,” and if the proportionality 
constant between S;; and H ;; is assigned a value previ- 
ously found to be reasonable,” then it is possible to 
perform a numerical solution of the quartic equation. 
On solution it is found that the stabilization of y is 
much greater than the destabilization of ¥2 and this 
conclusion is generally valid for a reasonable range of 
the above Coulomb terms and resonance integrals. 
However, such calculations of the energy levels in 
complexes have only a limited value and so details are 
not given; the important point which emerges is that 
for a reasonable set of parameters the net effect of the 
above type of interactions is bonding. Further argu- 
ments are merely tendentious. 

We must now consider the filling of the orbitals 
Yir++y. It is, of course, obvious that since we have 
been able to reduce the secular determinant from an 
order eight to one of order four, the solution of the 
quartic gives rise to a set of doubly degenerate orbitals. 
This fact is also a consequence of the symmetrical 
nature of the interactions which are under considera- 
tion. The neutral cobalt atom possesses the electron 
configuration 3d’4s* and in the case of the complex it 
may assume the configuration 


Colt: tots! (d,*) °(d,2) : (dyz) $ (dzy) $ (dz2_,?) . ( ps) *j, 


The hybrids #4 and & and the orbital dz will be di- 
rected toward three carbonyl groups and must, by 
necessity, be regarded as empty. We assume that the 
remaining d orbitals are filled (neglecting back-dona- 
tion to the carbonyl ligands) and the problem of the 
remaining electron then arises. It is obvious that what- 


ever the orbital in which we choose to place this 
remaining electron, since the given interaction leads 
to a set of doubly degenerate orbitals, the resulting 
ground state for the complex will be yi*y2‘y;’. It follows, 
therefore, that irrespective of the magnitudes of 8, y, 
and 6, the completely symmetrical interaction so far 
considered is incapable of explaining the observed 
diamagnetism of the complex. This conclusion is 
equally valid if we choose to place the odd electron in 
one of the remaining d orbitals and thereby obtain a 
configuration y*ye'vs* since one unpaired electron will 
remain on each cobalt atom. In other words, metal- 
metal bonding via the acetylene residue is insufficient 
to explain the properties of dicobalt hexacarbonyl 
diphenylacetylene; we must consider, therefore, the 
possibility of direct metal-metal bonding. 


DIRECT METAL-METAL BONDING 


So far we have neglected any direct interaction 
between the metal orbitals on the different cobalt atoms. 
Direct interaction between the 3d orbitals seems 
unlikely to be important in view of the cobalt-cobalt 
distance; in particular it is probably very small for 
any but the 3d, orbitals which are oriented along the z 
axis and some overlap might then be expected. It will 
in fact be shown below that this overlap is considerably 
smaller than that of the 49, orbitals which are also 
well oriented for direct interaction. Anticipating the 
detailed calculations given later, it is evident that if 
the overlap of the 49, orbitals is sufficient to remove 
some of the degeneracy of the symmetrical case, then 
the much smaller direct interaction of the 3d orbitals 
may be neglected. Moreover, since these orbitals are 
then fully occupied on each cobalt atom, their inter- 
actions cannot lead to any net increase in bonding 
energy. We are left, therefore, with a consideration of 
the interaction of the 3d, and 49, orbitals centered on 
each cobalt atom. 

The 3d, and 49, orbitals are directed along the z axes 
which are perpendicular to the planes of the circles in 
Fig. 1; on the symmetrical model we assume that the z 
axes make angles of 45° with the Co—Co axis. With 
this model it can be shown that the group overlap 
integral takes the form 


S(3d'2/4p's; 3d’.2/4p""s) 
=[S(4p., 4p.) cos*O+S(4pz, 4p) sin’O] 
+[S.2(3d,2, 3d,2) cos’?O+ S2(3d,2, 3d,2) sin? 
+25S12(3d,2, 3d) sin® cos} 
+[25.2(3d,2, 4p.) cos?9+25S,2(3d,, 4p.) sinO cosO ]. 


The notation S,z,.(3d,, 4p.) implies overlap along the 
x and z axes, respectively, of normally oriented 3d, 
and 49, orbitals, as shown in Fig. 5. With this notation, 
it follows from symmetry that terms such as S,2(3d,, 
4p,) are identically zero. The above summation involves 
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three types of overlap: (a) integrals between 3d, 
orbitals only; (b) integrals between 3d, and 49,; and 
(c) integrals involving only 4p orbitals. Let us con- 
sider each type in turn. 

The integral S,.(3d,2, 3d,2) is simply S(3d,, 3d,) for 
which the master formula is given by Jaffé.'* It may be 
evaluated from the formula with the aid of the Swedish 
tables“ for the appropriate parameters (p=10.70, 
t=0). Similarly, the integral S.(3de3d2) is Sv 
symbatic for which the master formula is given by 
Craig et al.” and is again readily evaluated. However, 
to evaluate the cross integral S,.(3d,, 3d,2) it is con- 
venient to replace 3d, by the auxiliary (but not inde- 
pendent) functions'® 


3d2= (1/V3) (3d2-2?-+3d_,2) 
whence 
Ses(3d22, 3d2) =3[ See( 3d, 3,2?) 
+ Sex(3de?-2%, 3d-*2*) + Sea(3d2_2*, 342) 
+ Szs(3d,242, 3d,2-2?) ]. 


By means of the results deduced in the paper of Jaffé," 
it is possible to simplify the above integral in terms of 
the type S(3d,, 3d.) and S(3ds3ds), where the latter 
term denotes the integrals S,,(3d,2_.2, 3d,2_.2) and 
equivalent terms. The final result is then 


Sza(3dy, 3d2) = — 5S (3dz, 3d,) +35 (3ds, 3ds), 


and from the master formulas given in the preceding 
references it is possible to evaluate this integral also. 
The integrals involving the 3d and 4, atomic 
orbitals also require some manipulation of the 3d, 
term but in addition require the derivation of a master 
formula for the integral S,.(3d,, 4p,) which is given 
in the Appendix. The integral S.,.(3d,, 4p,) is thus 
evaluated from the master formula by means of the 





Hy—E 0 0 B 
0 Hn—E 0 0 
0 0 Hy—E 0 
0 0 Hy—E 


6 0 





16 J. L. Roberts and H. H. Jafié, J. Chem. Phys. 27, 883 (1957). 
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tables for A,(p) and B,(pt) for m nonintegral"- and 
for m integral, for the values p=7.50, pt=2.82. In 
order to evaluate the integral S,,(3d2, 4p.) it is again 
necessary to replace 3d,? by the preceding expression, 
whence 


Szz(3d2, 4p.) =— (1/V3) Sze(3d.2_2?, 4px) 
and integration over the coordinates 9, @ shows that 
Sza(3d,2, 492) = — (1/2V3) S.e(3d,2, 4p2). 


The integral is then evaluated as before. 

The integrals S(4p,, 4p.) and S(4p,, 4p.) require 
the derivation of master formulas which are given in the 
Appendix. The evaluation of these integrals for the 
appropriate parameters p=5.0, ‘=O is then a simple 
matter in terms of the new range of incomplete gamma 
functions A,(p) for nonintegral indices j7+0.4 and 
integral 7. The results of these calculations are given in 
Table III. 

It follows from Table III that direct interaction 
between the 4, orbitals is considerably greater than 
that between 3d, or between the 3d, and 49,; the 
group-overlap integral between the 49, orbitals situated 
on each cobalt atom has the value 0.3478. We shall 
take into account, therefore, only direct interaction of 
this type. It is of course possible to consider that the 
3d,2 and 4p, orbitals are combined together to give one 
orbital directed toward the carbonyl group and the 
other away from the carbonyl group; if so, it is merely 
necessary to multiply the integral by one-half. From 
either point of view, it is still evident that it is the 4p 
orbitals which will be largely responsible for direct 
metal-metal interaction. If we return now to the case 
of general interaction, it is possible as a result of the 
calculations of overlap to assign to the matrix elements 
H36(= Hes a finite value, say v. The secular determinant 
then takes the form 





7D. P. Craig, A. Maccoll, R. S. Nyholm, L. E. Orgel, and L. E. Sutton, J. Chem. Soc. 1954, 332. 
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TaBLeE III. Overlap integrals of metal-metal interactions. 








0.2376 
0.4578 
0.0787 
0.0248 
—0.0065 
0.0363 
—0.0105 


S (Ape, 4pe) 

S (4p, 4px) 
Siz (3d,2, 3d,2) 
S22(3d,2, 3d,2) 
Sz2(3d,2, 3d,2) 
S22 (3d,2, 4p.) 
S22(3d.2, 4p) 








By manipulation similar to that employed earlier 
it is possible to reduce this determinant to the form 


where f(£) and g(£) are polynomials of order four 
in E: 


“ 
g( E) 


=|] (4i:— E) Fe(Hu— E) (H2— E) (Hu— E) 


— 6 (H»— E) (H33— E) —y*(Hu— E) (H3— E) 
—&®(Hy,—E) (H2— E) +fe(H»— E) +y*e(Hy— E). 


We may now examine both f(Z) and g(£) separately 
in exactly the same manner as adopted for the previous 
case of the doubly degenerate equation. Unfortunately 
it is possible to make unambiguous predictions of the 
positions of the roots in a few cases only. First, let us 
consider f(£). It is readily shown that for this equation 
one root will lie below Hy, no root will occur between 
Hy and Hx and one root will lie between Hx and Au. 
It can also be shown that for a reasonable range of 
parameters a third root will lie between Hy and H3;, and 
the final root above H33. Nevertheless, the position of the 
latter roots is less certain that than of the first pair. 
In the case of g( £) the algebraic prediction of the roots 
is even more difficult. Only with the assumption of 
reasonable values for the parameters can it be shown 
that g(£) will possess one root below Hu and none 
between Hy and Hx»; further prediction is impossible. 
It is necessary, therefore, to resort to numerical solu- 
tion of the above polynomials. On substitution of the 
same numerical values of Hi+++Hu, 8, y, and 6 and on 
estimation of ¢ by the same procedure as that adopted 
for the determination of the other interaction terms, 
it is a simple matter to obtain the roots of both f(£) 
and g(£). The roots of f(£) lie as predicted and it is 
found that g(£) possesses one root below Hu, two roots 
between Hx and Hy and one root between Hy and 
Hz. 
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Fic. 6. Approximate energy levels for metal-metal bonding. 


The condition for the presence of two roots of g( £) 
lying between Hx and Hy is that | ¢|>| H3—Hu |, in 
other words, that direct metal—metal interaction is 
large. The consequence of the presence of these roots is, 
of course, that the highest occupied orbital is bonding. 
The complete scheme of the occupation of the orbitals 
involved in metal-metal bonding now takes the form 
shown in Fig. 6. The constitution of the above orbitals 
is rather complicated. The lowest pair of bonding or- 
bitals (which are almost degenerate) is composed pre- 
sumably mainly of the acetylene 7 orbitals with 
smaller amounts of the metal orbitals (3d,, and 4,). 
The next pair of orbitals, again nearly degenerate, is 
largely composed of the metal 3d,,-orbitals while the 
remaining occupied orbital is largely a bonding com- 
bination of 4, and p, orbitals with small contributions 
from the z-orbitals. 

It must be realized, of course, that the preceding 
treatment is very approximate since it neglects a num- 
ber of interactions, for example, the direct overlap of the 
3dyz orbitals. However, inclusion of effects of this order 
would, to be consistent, require a discussion of the 
back-donation effects in the carbonyl bonds. It is felt, 
therefore, that the relatively simple treatment de- 
veloped here is to be preferred since it provides a 
satisfactory explanation of the diamagnetism of the 
complex. 

If the energy-level scheme shown is generally valid 
then it is interesting to consider similar complexes of 
iron and nickel. It follows from the diagram that both 
an iron and a nickel complex might be less stable than 
the known cobalt compound, the iron compound be- 
cause of the absence of the filled upper bonding orbital, 
and the nickel compound through the presence of a 
filled upper antibonding orbital. In view, however, of 
the difficulties of making detailed calculations for such 
systems these conclusions are liable to modification. 


APPENDIX 


The overlap intergrals S,.(3d2, 4p.), S(4pe, 4pz), 
and S(4p,, 4p.) are required. We shall evaluate these 
later in exactly the same manner as that used for 
integrals such as S(2p., 4p,-)."% The Slater-type 
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functions are used and have the form 
¥(3d,2) = (2asa)*5/(6!)8(5/160) tr? 


Xexp(— azar) (3cos*?—1),: 


W(4pe) = (2eray)*?/ (7.4!)#(3/4er) 9?” exp(—aupr) cosd, 
V (Ape) = (2arap)*?/(7.4!)3(3/4er) v7 
X exp(—aupr) sin8 cos¢. 


The method of evaluation follows that described by 
Mulliken e¢ al. in terms of the spheroidal coordinates 
£, 9, @. For example, the integral S,,(3d,, 4p,) is given 
by the expression 


S12(3d,2, 4p.) 
‘co f+l 
=N. —n)1,7('2—n? ae 
of [ie n)*"(—9?) (&9—1) 
X (389P-+-4tn+3—2—9") exp(—pt) exp(—pin)dédn, 


where the parameters p and ¢ have the usual significance 
and Ny is a normalizing constant, defined later. By 
means of a binominal expansion of the term with a 
nonintegral power it is a simple matter to obtain the 
following series expansion for Sz.(3d,*, 4p.) : 


Sul3dz, 4p.) = vud('\ 1) Aes SBancn Bad 
im \ 2 


+ As7—i( Boy +B;) — Agr i(3 Bs: +Biyi) 
— Agr i( Bay i +3B;) + Aor i( Bay i+ Bey.) 
+ A172 i(3Bo4:— Bas) ], 


Aa(p) = / “e" exp(— pt) dé 


+1 
Brn( pt) - | n™ exp(— pin) dn, 
1 


NuLp?7(1+4)*5(1—2)4? ]/[16v3 (7.4!)#]. 


The incomplete gamma functions A,(p) required in 
the above formula are identical with those tabulated 
previously. 
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The Integrals S(4p,, 4p,) and S(4p., 4p;) 


The evaluation of these integrals is carried out in 
exactly the same manner as that given before and we 
shall give, therefore, only the master formulas. 


1.7 
S(4p., 4p) =Nud ( \(- 1) {Are_o:Basss 
i=0 


1 
ae As.4-2:( Boi t+Bay2;) +A3.4-2:Boyo:i J, 


S(4pe, 4p2) =3Nude (*’\- 1) [Aya-as(Bos—Bayas) 
i=0 


1 
+A (5.4-2i( Bayoi— Boi) + As.42i( Boy2i— Bayo) J, 


where 
Nu=3p'4(1—#)*?/(2X7.4!). 


In these cases, however, the evaluation of the overlap 
integrals involved the calculation of a new range of the 
incomplete gamma functions A,() for the nonintegral 
indices 7+-0.4, with integral 7. These were calculated on 
an IBM 602A computer as described previously.” 
Values of An(p) for n=—7.6(1) to +7.4 and (p) = 
2.0(0.5) to 8.0, and the values of S(4,, 4p.) and 
S(4ps, 4p) for p=2.0 (0.5) to 8.0, t=0 (0.1) 0.5 
have been deposited as Document Number 6413 with 
the ADI auxiliary Publications Project, Photoduplica- 
tion Service, Library of Congress, Washington 25, 
D.C. A copy may be obtained by citing the Document 
number and by remitting $1.25 for photoprints, or 
$1.25 for 35 mm microfilm. Advance payment is re- 
quired. Make checks or money orders payable to: 
Chief, Photoduplication Service, Library of Congress. 
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A method is proposed for investigating the order of chemiluminescent reactions, the diffusion coefficient, 
and the catalytic efficiencies of surfaces for gas phase labile species. This method utilized the change in the 
decay rate of the labile reactants and of the light intensity. The decay rate of the labile species is controlled 
through adjustment of their diffusion loss to a catalytic surface. 





INTRODUCTION 


RELIMINARY to measuring the rate of reac- 

tions involving labile species, one must find the 
reaction order. This is often difficult or tedious. We wish 
to discuss a method which, under proper circum- 
stances, will allow the diffusion coefficient, the catalytic 
efficiency of surfaces, and the order of reactions in- 
volving labile species to be measured. For definiteness 
and ease of exposition we shall limit ourselves to 
chemiluminescent reactions of free radicals in the gas 
phase with particular emphasis on those occurring in 
active nitrogen. However, the labile particles need not 
be restricted to chemically reactive species, but may be 
atoms or molecules in metastable states in which case 
the catalytic surface would be considered an energy- 
transfer deactivating surface. 


METHOD 


In this section we shall first simplify the problems to 
be discussed by adopting several assumptions which will 
be analyzed later in terms of their experimental realiza- 
bility. 


1. The Diffusion Coefficient of Labile Spectra 


Consider a closed volume V to which a long cylin- 
drical diffusion tube of cross-sectional area A has been 
attached. Assume initially that the only loss of par- 
ticles is by diffusion down the tube to a movable 
catalytic surface located at a distance L from its 
entrance. The situation is depicted in Fig. 1. Further 
assume that the rate of loss by such diffusion to the 
catalytic surface is slow enough that only a negligible 
gradient exists in the volume V. The diffusion problem 
is now one dimensional and the density gradient in the 
tube is independent of the position along the tube. 
These remarks and the continuity of mass flow lead to 
the equation 


dn(0)_ AD es ss 
easy 3 [n(0) —n(L) ] 


where D is the diffusion coefficient, v is the mean 
thermal velocity at the catalytic surface, y is the 


Avyn(L) 
4 > 


—V (1) 


* Now at Stanford Research Institute, Menlo Park, California. 


catalytic efficiency of the surface defined as the fraction 
of the labile particles striking the surface that react, 
n(0) and n(L) are the concentrations of the active 
species at the entrance of the diffusion tube and at the 
catalytic surface, respectively, and the catalytic surface 
is assumed to fill the cross section of the diffusion tube. 
The surface reaction is assumed to be of the first order 
which is in accord with the experimental facts per- 
taining to atomic nitrogen, oxygen, and hydrogen,’ 


Tube of crossectional area, A, and radius, ¢ 
Movable catalytic surfuce 


\ of effeciency x 
: ee | ee wD, 
| 


t —} 














Concentration 








Fic. 1. A schematic description of the situation described by 
Eqs. (1) to (3). Atoms are lost from volume through diffusion 
to the catalytic surface located a distance L down the diffusion 
tube. 


and with theoretical expectations.* Though the struc- 
ture of the surface will effect its catalytic efficiency it is 
often disregarded for gaseous free radical surface reac- 
tions.’ The concentration at the catalytic surface can 
be found relative to that at the entrance by solving the 
last equality. Substituting this m(L) in the first equality 
gives 


—dn(0) /dt= { Avn(0) /4V[1+(yoL/4D) }}. (2) 


Since no gradient exists in the volume, the concentra- 
tion of atoms in V is m(0) and decays exponentially 


1J. C. Greaves and J. W. Linnett, Trans. Faraday Soc. 54a, 
1323 (1958) ; 55, 1338, 1346, 1355 (1959). 
2K. D. Shuler and K. J. Laidler, J. Chem. Phys. 17, 1212 


(1949). 
3R. A. Young, J. Chem. Phys. (to be published). 
4W. V. Smith, J. Chem. Phys. 11, 110 (1946). 
5R. A. Young, J. Chem. Phys. (to be published). 

p & 


*K. J. Laidler, J. Phys. Chem. 53, 712 (1949). 
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ORDER OF CHEMILUMINESCENT REACTIONS 


with a time constant of 


t= (V/A)[(L/D) + (4/1) ]. (3) 


By measuring the decay of the atom concentration in V 
with the catalytic surface at several positions we may 


find 
0r/AL=V/AD (4) 


and, knowing V/A, D may be computed. We can com- 
pute + from the intercept of the graph of 7 vs L. 


2. The Reaction Order 


The most important reactive systems generally 
involve only one or two labile reactants. If these par- 
ticipate in a chemiluminescent reaction of such a nature 
that the light intensity, J;, is related to the reactants in 
the following way: 


h=k Nena fr' eee, 


(5) 


where fa, fs, *** are the concentrations of stable re- 
actants which are not appreciably affected by the small 
loss represented by Eq. (5), then at sufficiently low 
concentrations of m, and m, these quantities will decay 
exponentially with a time constant given by Eq. (3). 
The light intensity will also decay exponentially with a 
time constant 7 related to that of the components a 
and 6 by 


T= (a/ta) +(8/7). (6) 


Measuring Ta, 75, and 7 at two positions of the catalytic 
surface will suffice for the computation of a and B 
when these values of 7, and 7, are substituted in Eq. 
(6). Note that a and 6 cannot be found by measuring 
the decay of m, and ms and J; under only one set of con- 
ditions. 

Equation (6) may be written in terms of the posi- 
tion L of the catalytic surface along the diffusion tube as 


L?+ L(Dattat+ Dour) eed 
(aDo!+BD¢y*) L+-apot+Bye 





r=C(V/A)} 


. (V/A) bs} (7) 


inet 
bL+b, }’ 


where po=4/7a%a, uo=4/yo, and c=(D.D»)—. 

If the experimental plot of r vs L is fitted with the 
function shown in Eq. (7), the quantities of interest 
will be related to the fitting parameters 5, in the fol- 
lowing manner: 


(DaDo) = DaDobabtn= bs 
aD '+BDy"= by 
HeDaturDo= be Opa +Byy= bs. (8) 


Knowing or separately measuring one of the quantities 
Da, Do, ta; 4, &, B, allows the others to be found through 
Eq. (8). 
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PRACTICAL CONSIDERATION OF THE METHOD 


There remains, however, the important question of 
the experimental feasibility of this method. There are 
two important groups of considerations that bear on 
this: the experimental realization of the conditions 
implicit in the derivation of Eqs. (1) to (3), and the 
actual detection of very small (~10"/cc) atom con- 
centrations with adequate time response and negligible 
effect on their loss rate. 


1. The Experimental Conditions Necessary that 
Eq. (3) Applies 

First let us analyze the assumptions which lead to 
Eq. (3). This can conveniently be done by utilizing 
the results of Wise and Ablow,’ who present solutions 
of the diffusion problem under discussion when the 
tube walls and end surface have catalytic efficiencies 
7’ and y, respectively. Using this solution one can ob- 
tain the integrated loss on all surfaces and from this 
the exponential rate constant k. Using the fact that 
7’ is generally quite small! while y can be made quite 
large’ only the lowest diffusion mode need be re- 
tained. Upon expanding k-'=r as a power series in a 
suitable reduced variable one obtains Eq. (3) when the 
inequalities 

yor /2D< (r/L)? 
¥'/y<(r/L) (9) 
are satisfied. 

We shall now discuss the realization of these in- 
equalities in the light of experimental measurement or 
extrapolated values of the parameters occurring in 
Eq. (9). For the particular case of atomic nitrogen, 
recent evidence® indicates that y~10- and Eq. (9) 
becomes 10-*< Z~ at about 1 mm Hg pressure when 
v=10* cm/sec and, r=1 cm, D~200p" cm?/sec. 
Thus at 1.0 mm Hg the decay time would be 10-100 
sec, and follows Eq. (3). At lower pressures the first 
inequality in Eq. (9), is satisfied for larger L as D 
increases. Of course one must not reduce the pressure so 
low that the mean free path becomes comparable to r. 
The second inequality in Eq. (9) is easily satisfied 
under most conditions. 

The loss to the walls of the volume V must not be 
larger than the loss to the catalytic surface (already 
small) if accurate measurements are to be made. 
For a spherical bulb of volume V and area S of catalytic 
efficiency ’”’ the decay constant is simply found as 


k=vy"S/4V =vy"R/12 (10) 


and for a 3 liter bulb is ~10°y”. Thus 7” must be 
10*-10~ for this loss to be relatively unimportant. 
Such values have been observed for a properly treated 
surface, for instance those covered with metaphosphoric 
acid.® 

The very slow decay caused by diffusion down the 
tube (even if Z is 10 cm) if compared to the charac- 


7H. Wise and C. Ablow, J. Chem. Phys. 24, 634 (1958). 
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teristic relaxation time of a diffusion mode in the 
bulb ~R?D-'=1 implies that a negligible gradient 
is produced in the bulb by the flux to the diffusion tube. 

There are other complications that one may con- 
sider. In moving the catalytic surface along the diffu- 
sion tube the total volume available to the atoms has 
been altered. This effect is easily corrected. The pres- 
sure gradient generated by the reflux of molecules from 
the catalytic surface! is, under these circumstances, of 
negligible importance. One may conclude that the 
conditions on which the simple Eqs. (1) to (3) were 
founded are experimentally realizable. 


2. Methods of Measuring Small Atom Concentrations 


Perhaps a more difficult task is detecting the neces- 
sarily small concentrations (~10"/cc) of the labile 
species even though absolute measurements are un- 
necessary. There are a few special cases when this can 
easily be done (active nitrogen is one*). In collaboration 
with Mr. Sharpless and Dr. Clark of the University of 
Washington, there has been developed a fast response 
(1-sec) high-sensitivity (10-° mm Hg partial pres- 
sure of atoms) Wrede gauge,* suitable to the method 
under discussion. Preliminary investigations using 
vacuum ultraviolet resonance absorption to detect 
N, O, H atoms indicate that this method, implemented 
by the recent development in photon Geiger counters 
and ion chambers” may be most fruitful. Such methods 


as paramagnetic"'” are becoming sensitive enough 


§ Berkowitz, Chupka, and Kistiakowsky, J. Chem. Phys. 25, 
457 (1956). 

® hs Young and R. Sharpless, Bull. Am. Phys. Soc. 3, 320 
(1958). 

”T. A. Chubb and H. Friedman Rev. Sci. Instr. 26, 493 
(1955). Brackmann, Fite, and Hagen, ibid. 29, 125 (1959). 

"1S. Krongelb and M. W. P. Strandberg, J. Chem. Phys. 31, 
1196 (1959). 

2 Hildebrandt, Barth, and Booth, Progress Report No. 20-371 
Jet Propulsion Laboratory, Pasadena, California. 
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for this purpose. Catalytic probes have not as yet 
been sufficiently developed for this application, and 
would probably contribute significantly to the decay 
rate of the labile species.‘ Though mass spectrometers 
have recently been described with adequate sensitivity” 
the necessary leak rates into the ionization chamber 
may strongly effect the decay time. Optical pumping" 
with electron exchange between, for instance, Rb 
and a paramagnetic reactant has sufficient sensitivity 
in some cases. However, because of interaction of the 
molecular rotational moment with the electron spin 
moment the characteristic spectrum of the free radical 
may not be observed."* This technique may be of greater 
value in detecting paramagnetic metastable molecular 
states and may open up a relatively unexplored field of 
investigation. 

It is to be anticipated that several experimental 
difficulties will occur. For instance, clustering between 
a reactant and an impurity would produce very 
scattered diffusion coefficient measurements, and 
catalytic surfaces often have a variable catalytic 
efficiency. In some cases the surface may catalyze the 
production of a new reactant which may contribute 
significantly to the loss of those species under study. 
However, one may expect, with sufficient gas purity 
and the proper choice of catalytic surfaces, that this 
method would be successful in determining the diffu- 
sion coefficient of reacting species, the catalytic effi- 
ciency of surfaces or their energy transfer efficiency, and 
the order of chemiluminescent reactions or other 
reactions whose flux may be measured. 


pe Herron and V. H. Dibeler, J. Chem. Phys. 31, 1662 
(1959). 

4 A, Kastler, J. phys. radium 11, 255 (1950). 

% H. G. Dehmelt, Phys. Rev. 103, 1125 (1950). 

* R. Bersohn, The Ann Arbor Converence on Optical Pumping, 
edited by P. Franken and R. Sands (The University of Michigan, 
Ann Arbor, Michigan, 1959), page 24. 
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The perturbation solution of the modified Boltzmann equation is used to obtain the fluxes of matter, 
momentum, and energy. The fluxes are evaluated to first order in the gradients of density, flow velocity, and 
temperature, and are left in terms of the Sonine polynomial expansion coefficients. As an example, the 
calculation of the isothermal diffusion coefficient is carried out for the general case of unequal masses 
and radii. In the limit of identical particles, D is proportional to (2k7/m)*(N/vo*) { [1/g(o)}+ 


(const/v)++++}. 





I. INTRODUCTION 


2 a previous paper! we have derived and obtained 
the formal solution to the modified Boltzmann 
equation descriptive of the rate of change of the singlet 
distribution function in a moderately dense rigid-sphere 
mixture. It is the purpose of the present paper to 
complete the solution of the transport equation, derive 
the fluxes of matter, momentum, and energy, and, 
therefrom, obtain the coefficients of diffusion, thermal 
diffusion, viscosity, and thermal] conductivity. 

For the purposes of brief review, it will be recalled 
that if the singlet distribution function is of the form 


Ff (1a) =fo (1e) (1+#r2) (1) 
fo (1a) =[(2emakT) 4/0. ] exp{ —[Pio— ma f/2m_kT} 
(2) 


and the perturbation 4, is taken to be of the form 


Pia=Cia* X1a— Ara’ Ver, INT— Bia: Ve, (3) 


Xla= (1/p) (2ma/k T)'Vriapb— (2k T/ma)'V ria Inve, (4) 
then the linearized Boltzmann equation may be solved 
by series expansion in Sonine polynomials. In Eqs. 
(1)-(4), the symbol 1a refers to the selected molecule 
“one” of species a, p is the density, ma, Pia, Ya are 
respectively the mass, momentum, and volume per 
molecule of species a, u the mean velocity, p is the 
pressure, and the coefficients Cia, Aia, and By, are to be 
determined. The evaluation of the coefficients of the 
gradients leads to a set of linear equations sufficient in 
number to fix all variables uniquely. The coefficients 
obtained in this manner are most easily expressed as 
ratios of determinants, the elements of which are 
integral brackets.? One of the major aims of this paper 


* Alfred P. Sloan Fellow. 
1 R. A. Harris and S. A. Rice, J. Chem. Phys. 32, 538 (1960). 
2 For tg goo of these integral brackets, see J. O. Hirsch- 


felder, F. Curtiss, and R. B. Bird, The Molecular Theory of 
Gases and Liquids (John Wiley & Sons, Inc., New York, 1954). 


is the evaluation of a class of these integral brackets 
and, as an example, the complete theoretical calculation 
of the diffusion coefficient. The general statistical 
formulation of Bearman and Kirkwood’ will be ex- 
tensively used in the following analysis, and the 
concept of partial stress tensor will be found ap- 
propriate. In general, we shall evaluate all integrals 
only to terms linear in the gradients, a procedure 
consistent with the linear form of the transport equa- 
tion as well as the linear form of the macroscopic laws 
of heat and matter flux. 

By way of illustration of the general theory, we shall 
evaluate the diffusion coefficient for an arbitrary ratio 
of masses and sizes. Chapman and Cowling‘ attribute 
to Thorne the result that the zeroth-order approxi- 
mation to the diffusion coefficient in the dense fluid is 
simply the dilute-gas diffusion coefficient divided by 
the pair-correlation functions evaluated at the point of 
contact. This result has also been obtained by Longuet- 
Higgins and Pople® by the use of an assumed analytic 
form for the velocity autocorrelation function. Our 
results are much more general than those just referred 
to in that we have evaluated the density dependence of 
the diffusion coefficient through terms of order v~. 
The result which is embodied in Eq. (42) should be 
valid to a much higher density than the zeroth-order 
calculations. 


Il. GENERAL EXPRESSIONS 


Bearman and Kirkwood* have derived formal rela- 
tions for the heat flux, matter flux, and stress tensor in a 
multicomponent system from the Liouville equation 
and general considerations of the statistical theory of 


1958) Bearman and J. G. Kirkwood, J. Chem. Phys. 28, 136 
4S. Chapman and T. G. Cowling, The Mathematical Theory of 

Non-Uniform Gases (Cambridge University Press, New York, 

1953), pp. 292-294. We can find no other evidence of Thorne’s 

work in the literature. 

(1988). Longuet-Higgins and J. Pople, J. Chem. Phys. 25, 884 
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transport. The results are 


j= Lf 1X Ran) (Pe P)3 7 )L(Bs/m)—w]arp 
é=— Do (Sm (Pra/me) —U][(Pia/ma)—U}6(Ria— 11); f ) 


Nea N 
4=-DD fox SEVV p25 (Ria 11)5(Riy— 82) 57 Yar 


i=1 j=1 


a=-> > (dol (Prem) ~UFL(Pie/me)—U (Rie 11) ;7 ) 


a= DDI LV HV V ILE, De (Pra/ma) Ra 1) R=) ;F™ ) 
—u (8(Ria—11)5(Riy—T2) ;f ™ )]}d, (9) 


where we have used the convenient notation 
(a; y= | / of MPR pM ds (10) 
0 e 


for the expectation value of the dynamical variable a at the time ¢. Explicit evaluation of the flux vectors requires 
the introduction of the proper distribution function as well as the reduction of Eqs. (5)-(9) to tractable form by 
use of the dynamics of the collision process. With the use of methods identical to those employed by Rice, Kirk- 
wood, Ross, and Zwanzig* it may be shown that in the limit of isolated binary encounters, the fluxes of matter, 
momentum, and energy for species a are, respectively, 


ja= Na {[(Pia/me)—U]} ® (1a) 4" (11) 
(6a) c= — Natt { [(Pra/me) —U]L(Pia/ma) —u]f © (1a)d* pia (12) 
(62)e=4 NaN y J rV,V (r) F (1a, 27)d*Piad® payd¥r (13) 


(4a)i= (Wate) [ [(Pre/ma)— UPL (Pra/ me) —W] f ® (1a)d* pra (14) 


(Qa)o= LINN J {Lv vv ir) if (Ps—u) f (1a, 2y)4 pr (15) 


Note that the symbols Pie and Poa refer, respectively, to particles of species a and with momenta p; and p2. 


Ill. THE MASS FLUX 


In the preceding paper! it was shown that the perturbation to the distribution function could be written in 
the form 


Pia= > Cn Sy™ (Wa?) Wie K1a— > Am! Sy™ (W142) Wa? Ver In T— Dam!) Sy™ (Ze?) Zia* Vr, nT 
—DVbn' PO S50 (Wa?) (WiaWia— 4W 01) : V,,U 
= Lb m4 $52 (Zia?) (ZraZra— 210°) : V0 
ae Dobm’ Aa) Si (Wi?) V,,2U— Dob! Ua) Si (Zu2)V,,°U, (16) 


6S. A. Rice, J. G. Kirkwood, J. Ross, and R. W. Zwanzig, J. Chem. Phys. 31, 575 (1959). 
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where the coefficients a, 6, c are determined by the use of the orthogonality properties of the Sonine polynomials 
Sa, and the reduced peculiar velocities Wie and Ziq are defined by 


Wia= (ma/2kT)*[ (Pra/ma) —U (17) 
Lia= Lire (m,/2kT)§C (Pia/mi) —u] (18) 
Yat=0 if a=l 


Yal=1 if atl, (19) 
By direct substitution of Eq. (17) into Eq. (11), the relation describing the mass current flow takes the form 


ja=14(Ne/ve) (24T/ma)! i exp(—Wie?) (14+ Fra) Wied W to. (20) 


The first term in the integrand of Eq. (20) is an odd function integrated with an even weighting factor and there- 
fore vanishes by virtue of the over-all symmetry properties of the integral. Thus, the only terms which give rise 
to a finite contribution to j, are those for which #1, is odd in Wi. When all terms of this form which are simul- 
taneously linear in the gradients and/or the mean velocity u, are collected, the integral is easily evaluated to yield 


j= (No/ta) (2k T/mo( (Co®/2) ¢10—Vr, In r| (as /2)+| Su(ma/m)| 


x[ (cu /2)-+ (S0s"*n/) (1— FL ma/(mom,) Trasves) |). (21) 


For a binary mixture with the components labeled a and 8, Eq. (21) reduces to the simpler form 
jo= (No/ta) (2kT /ma)}{ Cave <1a— Vr, in 7} 04" (2, /ms){ ag" —foy"0st™e—"2)| 


IV. THE KINETIC CONTRIBUTION TO THE STRESS TENSOR AND ENERGY FLUX 
Proceeding in the manner outlined in the previous section, the kinetic contribution to the stress tensor is seen 
to be given by the relation 
(6.)4= — (Neta/ tt.) (2T/ma) [ WscWae exp(—Wat) (1+ 810) dW re (23) 
The first term is readily integrated by the use of the identity 


il F(W)WWaiw = : il F(W) Ww. (24) 


By the same arguments that were advanced in the preceding section, only those terms in ®,;, which are even in 
the reduced peculiar velocity will contribute to the integral. Thus, 


(6,)4=— (Nete/alrg) (2h T/ma)¥( (x/2)1— [Wire exp(—Wre) {| —By"900 yarrap 
Lip 


(m,m,)* 


( (WiWia—3W 021) : vit) -| ( by’) (lad + 3 p,"(2)(1a) + 1.5,5,/(2) (la) + /"(2)(1a) + 3 ,/7(2)(la) 4.1.5 5,!"(2) 1a) ) 


— (by + Fg! tad hye) + $ hp!) | F yaryaplMa/ (mim,)*}} Wie? 
l,p 


+(fbr'e00 4 45,"00 Ss Tf." )Wt]0-ut |W). (25) 


Lp¥.e zl 
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The identity, 


J F(W)WW (WW 31): V,,ud*W =-2.[3(Vu+Vut) —3V- ul] i F(W) We, 


may be employed to integrate Eq. (25). In the general multicomponent case the result is 


(4.)i=— (QNGET/)| 81- [3(VutVur) —30- uj {bp + by" a) > ly arYapLMa/ (mymy)*}} 
~ 


seas $V: Uy 4 "210 — by’ @) Ga) 4 §,/"2) (le) { ; a $ > yet Yael Ma/ (mym,)*]} 
lp 


— 35d "(2)(la) + by rave 4p Latter, a Y [ran mh 27) 


( m o 20 


For the special case of the two component mixture with species a and 8, Eq. (27) reduces to 


(6a).= (Nak r/se)| 1 (3 (Vu Vut) —3V- ul} {mgbo!@ + maby’ | mg 


—V-ul bo’) Ga) +. §o/7(2) a) — §,/2) (la) 4 $b," 09 (3mg—5mq) /'me | 


sad 85p,/ (a) ae $b" eT (14m,.2+ 10m.ms— 3ms?) /ms* | } | (28) 


Since the procedures used are of the same type, we merely quote the result of the evaluation of the kinetic con- 
tribution to the heat current 


(Qa)z= (5Na/8t0) [ (2k Tm.)¥/mt] rial CoC —V,, nT (ao’0®) — ay!) + ya (ma/m)? 
l 


x { a/"@) 4 @y!"10) ($ — ES -yap'¥ag[Ma/ (mgm,)*}) 1} (29) 


Pe 


IV. INTERMOLECULAR FORCE CONTRIBUTION TO THE STRESS TENSOR 


It is convenient to rewrite Eq. (13) in a form which explicitly displays the course graining in time, i.e., 
lim (6.).=})>,NaNy lim 7 i / rv.Vf ® (la, 2y)d*piad* po,d'rds. 
13+0 Y +0 0 


In the indicated limit, wherein only binary encounters occur, it is easily seen that 
l'=da,k; 
dr= (Pay/bay) baydbayder, ‘ (31) 


where k is a unit vector along the line of centers when the rigid spheres are in contact, ay the reduced mass of 


species a and ¥, bay the collision parameter, and ¢ the azimuthal angle specifying the binary encounter. With the 
use of Eq. (31) and the mechanical relations, 


VV (r) = —dPay/ds 


APay= 2K ( Day’ k) ’ (32) 
Eq. (30) may be rewritten in the condensed form 


7. (6.)o= Even, f kk (Pay*K) g® (cay)f © (1a)f © (27) oar Pay/ tay) baydbayded® poyd* Pia. (33), 
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To obtain Eq. (33) in terms of the pair-correlation function g(¢27) requires no assumptions about the nature of 
the distribution function. However, in order to integrate Eq. (33) some specification must be made of the de- 
pendence of g® (cay) on momentum and time. As in the preceding papers, we shall assume that g®(c.7) is deter- 
mined by the local thermodynamic variables 7’, p, and concentration, and that any dependence on momentum 
may be neglected. The time dependence of g®(o.,) is thereby contained explicitly in the time dependence of the 
local thermodynamic variables. Explicit integration of Eq. (33) over angles yields 


(6a)o= D[2ng” (cex)/15tey Hay'NaNy | (2PayPert Par'l)]  (1a)f © (2y)d* piadl* poy, (34) 


whereupon expansion of the dyadic 2payPay+ pay in terms of Wi. and W2, followed by introduction of the dis- 
tribution functions leads to 





2NaN yoay?g? (Ga 
(6a)o= Do vad uf (cer) exp(—W1,?) exp(— Wo?) [14+ ®i1a+ 2, \JW1,dW2, 
P WSpayWadyr 


XC (m,— ma)? (2uu+w1) + 2m, kT (2W2,We,+W2,71) 
+ 2makT (2WicWia-+W 1421) +2(m,— ma) (2m,kT)}(UWo,+We,u-+W,- ul) 
+2(ma—m,) (2makT)*(UWiat+Wiat+Wia: ul) 
—2(2makT)*(2m,kT)§(WicWey-+Wo,WiatWiasWoyl) J. (35) 


Examination of the structure of the integrand of Eq. (35) reveals that the only terms which are first order in 
gradients or in the mean velocity u are the terms in Vu. Integration of Eq. (35), therefore, yields to order linear 
in the gradients and wu the relation 


2 tert NaN 6 (eer) 


6a)y= 
(4a) y 15SprayVa?y 





5kT(mo+m,)1 
+3{}(Vu+Vut) —§V- ull} {2makT { bp’ + dy” 000) Sar YaiLMa/ (mim,)¥)} 


+2m,k T { bo’ PAV by"Oen Dre rilm,/ (m,m;)* ]} } 
YP 


—§v- ut 2 RT { (mat my) (bo! + hy’ 2) + hy!" 2) (la) 4 y!"2) 2”) — mb, le) — m, by } 
$b," 0 (makT {3-5 Dat Yap Ma/(mym,)*]}+-3m,kT|1— YoyatVaplma/(mym,)*]}) 
lip lip 


+b,"2” (3m.kT{1— Ln (YyeLm,/ (mym,)* }} +m,kT{3—5 Deelm,/ (mym,)*]}) 
lip lip 


m 
+b{"200 Jak (38-25 DrarreLma/ (mm) ]+3F S Yarvastev ed 
bs } {t3 Diratrael /(mym,)*} PDE yay oY Ve) Ton moma) 


m.2 
+ 3m,k r{¥)- 15 2 rarrrelmy/ (mm, 82> ye WV Oo !) 
” P VO 


(mym,mymg)' 


+b,"280( Jk P15 Lirarrrelma/ (mym,)* ]+22 2» VatVapVavYoo Ma’ /(mym,mym, )* }} 
) lowe 


( 
V. THE INTERMOLECULAR FORCE CONTRIBUTION TO THE HEAT FLUX 


m,? 
+ 3m,k r| i see 25 yee o/ (mim,)" 48> 2. WW Cam mma)) \) | . (36) 


Examination of the structure of the integrand of Eq. (15) reveals that the intermolecular force contribution 
to the heat flux depends upon a difference between two terms. By the definition of the rigid sphere potential V (r) 
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is zero when r>o and indefinitely large when r<c. Since the pair correlation function depends exponentially upon 
the potential of mean force, and the potential of mean force is also indefinitely large when r<a, it is seen that 
the first term in the integrand of Eq. (15) does not contribute to the heat flux. For, when g® does not vanish 
V(r) is identically zero, and when V(r) does not vanish, the product g®V (r) is zero by virtue of the exponential 


nature of g®. To evaluate the second term in the integrand Eqs. (30), (31), and (32) are used to transform 
Eq. (15) to the form 


(a2)s=— LN; oa a [C2PeiPart Port [Ps uli © (1a)F © (2) d°Prad* Poy. (37) 


Substitution of the perturbation expansion and subsequent examination of the structure of the equation reveals 
that only those terms in x and V7 contribute to (qa)» to the first order. The result of explicit integration is 


3p(2) } 
(da)o=— DWN, meee en) (EY |-2 (m,—ma) (2makT)*u 
P 15payVady Me 
+ xref (5/2) RT Co (m,+3Ima) — (15/2) Ci mak T]— xo 3 T Co” (mamy)*+ (15/4) kT C1? (mamy)*] 
—V, in? (5/2) kT ao’ (my+3ma) — (15/2) ay!" makT—35kT ay?” (mam,)* 


+ (5/2) RT (m,-+3mq) a0" ¥Yay(tma/m) +a," > at (ma/m,)' 


X {15m,kT +12 makT—22mkT > agVarlMa/ (mgm,)*]—122makT DYasVapLMa/ (mgm,)*}} 
op op 


+ yy (m,/m)* —3kT a9" (mymq)'—AZkT ay" (mats)! CereLma/ (mom, )"}) | (38) 
I op 


VI. DIFFUSION COEFFICIENT 


By way of illustration we shall now calculate the diffusion coefficient in a binary rigid-sphere mixture. Examina- 
tion of Eq. (21) shows that the coefficient Co“ must be determined to calculate D and that the coefficients ao“, 
ao" are required for the determination of the coefficient of thermal diffusion. Further, reference to Eq. (53) 
of a previous paper! shows that the expansion coefficient Co“” is determined by the relation 


ULM Say) /(Na=1) Je (car) /Pary L{ Sy (Waa?) Was Sy (Wa?) Wer} r.2y}Cm 
+ {Sy (Wi?) Waa; Sy (W2)?)Wey} 1a.29Cm?? ]= J Wakfo™ (1a) Sy (Wie?) d* pie (39) 


For the case of a binary mixture, Eq. (39) leads to four equations in four unknowns after account is taken of the 
symmetry introduced by the identity of some of the colliding molecules with the molecule of species a. The inte- 
gration of the right-hand side of Eq. (39) gives just (3/2) 5q.0-!(2kT/ma)!, where 5 is a Kronecker delta. The 
bracket integrals which appear on the left-hand side of Eq. (39) may be found in the tabulation of Hirschfelder, 
Curtiss, and Bird,” and in the case of mixtures one must follow the precautions suggested by these authors. For a 
molecule of species a we find 


> YG (ey) Liem! *(1a, 27) Cm + Tim? (1a, 27) Cu?) = (380x/20) (2kT/1m2)* (40) 


G(ory) =[g( Gay) /VaP IL(N y— Sey) /(Na—1) J 
where @ is the second species of molecule present in the mixture and 
Tim (Lax, 27) = {Sy (Wa?) Waa; Sy (Waa?) Wie} ta.27 
Tim'@7 (La, 2) = { Sy (Wie?) Wias Sy (Woy?) Woy} arr 
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To conclude the calculation of Co“ two 4- by 4 determinants must be evaluated. The relevant values of J will 
be found in the Appendix. Since the computations are straightforward but extremely tedious we only quote the 
result for Co”. By interchanging the superscripts the coefficient Co is immediately obtained. 


| 


Cyt) = = 





f =[3/Satcasasiog (oop) |* (Gua) g ica : ve Saa?ope°N maby 
re 8g (aa) 8 (oa) g (op) Cant 06N a yy, 00 


vat g 


v2 aa aa” a P 
+ = ela = © sas?!” { 152m_mg?-+30m.mg!-+16matmg 








+ (Na/Na) 2( 15m.°!?mg*!?4-30mg!?m,5!24- 16m,"!?mg"'?) } 


4 ¥2s(ooe) ce C06 o8 in { 150mg°me2-+-30matmg?-+- 16m,2mg! 





+ (Np/Na)*(15¢ta®!*mg*!?+-30mg*!2m.2!2-+- 16me"!*mg"?) } 





+48 (a8) : fe Cab }{ (No/Ne) [185 (ma92-+-mg'mg}) + 288mmaS!*mg?-+1344(sma?mg-+mg'ma!) |] 
i 


+ (Na/Ns) (185 (mg?!?-+-mgtma*) +-288m.2mg*!?+ 1344 (mg"ma+-ma'ms!) | (42a) 


B= (1/varg) {[16g (aa) 8(oap) /Yars oaa°o ps" ( Ma®!*mg??-+-marms') 
+[4V2g (cua) (008) Cuc2as*Na/ta2N' s oas®!?( Gre? amg? +-15¢g5!*mg-+ Smg"!2mg-+-GmeSmgt-+-15m_2mg"!?-+-Smetmg?!) 
+[2v2g (os) g( cas) 796° ap"N o/g?N a \tag”!? (132mg*m.?-+-30mamg + 15mm"? 
+13mg‘m.5!?+-30m.9!?mg+- 15m_"!*mg*) 
+[g (oa) (ap) Cas*/Vars bas? 343 (ma?mg+-ma"!*mg*) +-297 (ma?ms?+-ma**ms!) 
+329 (mg mat mats!) +-180( mat ma*!2mg4) +195 ( mgt+-matm,"') | 
+[16g (aa) (Gap) /Vars \aa*o pg? (ma! ms?!*-+-matmg') 
+ (4v2g(o68) g( as) 099°C ap"N p/v6*N a) bap”! (6ma2mg!?-+- 15 m*mg*!?-+- 8m mg"? 
+6m., me +15m,"!*me+-8m.5!*m,g*) 
+[2V2g(caa) g( Gap) Faa?Pap?N a/Vo2N 8 las?! ( 1392/2? -+-30ma®!?mg +154" !2mg* 
+1314mg®!2-+30mg?2m?-+15m,2mg"!2) 
+[g(c08) 8 (Gap) 7ap*/ Var Juap*[343 (mam +g" mat) +297 (ma?mg?+-matms) 
+329(ma?mg+ms'm,5!?) +180 (mg*+- mgm?) +-195 (met ma!*ms) }}. (42b) 


The diffusion of a given species is conveniently measured in a coordinate system in which the total flux of matter 


is zero. This coordinate system moves with the velocity of the center of mass. The isothermal mass flux of species 
ais given by the phenomenological relation 


j.= eg DY 0a; . (43) 
an equation to be compared with the statistical result embodied in Eq. (21). By direct comparison of coefficients, 
D= (No/2002) (2RT/ma)Co™. (44) 
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In the limit when all particles are identical it is easily seen that D is proportional to (2k7/ma)*[Na/va0*g (c) }. 
Note that Co“ is proportional to m.. Owing to the complex nature of the coefficient Co“ little purpose is served 


by combining Eqs. (42a) and (44). 


The purpose of this paper has been to obtain explicit relations for the fluxes of matter and energy and for the 
* stress tensor and to completely evaluate the simplest of the transport coefficients, the diffusion constant. The 
general procedure to be followed for the evaluation of the thermal conductance and the viscosity is the same 
as that indicated herein. In all cases the expansion coefficients in the Sonine polynomial series must be evaluated 
and the resultant flux equation compared with the phenomenological relations. The comparison of terms pro- 
vides an unambiguous determination of the transport coefficients. 


APPENDIX I. 


Tuo!™*(1ala) =4A 
Tq'*!*(1a2a) = A 
Ty'*!*(1a2a) = S9A 


Too'#8 (1828) = —4B 
To (1828) = B 


T,'8 (1828) igs a1B 


8 
Teo#"*(1028) = 
wo!“ (1a28) ten) 


—4Am-22 
Iq!“ (1028) =n . wand 


(ma+ms)? 


2 
T'™*(1a28) =_ ms 


2 
Tu NBO aim 


Too'*¥* (1828) =4B 
T:'*8 (1828) =—-B 
T° (1828) =*2B 


Im !®* (1820) = — 
Toy®2* (182) 


Ty" (182a) =- 


(mms) 


To!" (1a2a) = —4A 
Tq)" (1a2a) =A 
Ty" (1a2a) = a1 A 
8(m_mg)' 
(ma+msg) 
4 (mamg)'mg 

— 


—54(mamg)! 
(ma+ms)* 


C= I9'*8 (1028) 


C= Ty! (1028) 


_ we pe “2 Iai8 (1622) 


C=2 Tu (1820) 


m 


(13-ya3ms?+30m,2+ 16mamg)C 


Ma (1 3yagtte?-+30mgs?-+16mams) C 


A= (akT/Me) C00? 
B= (rkT/mg)*ops" 
C= (rkT/2pap)'o0s” 


APPENDIX II. 


Recently, the validity of the modified Boltzmann 
equation derived by Rice, Kirkwood, Ross, and 
Zwanzig has been questioned.’ A detailed examination 
of the arguments used reveals that the difference 
between the Enskog equation and the Rice-Kirkwood- 
Ross-Zwanzig equation is due to the difference in the 
point at which the hard-sphere potential is introduced. 
In the RKRZ analysis the computation is carried as 
far as possible without explicit introduction of the 
nature of the potential. Thus, in the region where 
higher-order collisions may be neglected RKRZ Eq. 
(17) is valid for any potential that is continuous. The 


7 J. O’Toole and J. Dahler, J. Chem. Phys., 32, 1097 (1960) ; 
C. Curtiss and H. Hollinger, private communication. 





hard-sphere potential is first used in RKRZ Eq. (22). 
In contrast, the Enskog treatment introduces the 
discontinuous potential at the very outset of the 
calculation. With this choice, the integration of the 
Liouville equation must be performed carefully, since 
f is discontinuous in the region of integration. The 
fact that two different equations arise when the 
nature of the potential is discontinuous and the dis- 
continuity is introduced at two different points is 
reminiscent of the differences between the Kirkwood 
and the Born-Green formulations for the calculation 
of go at equilibrium in a liquid. In that case the use 
of the superposition approximation at different points 
in the analysis leads to two different final equations. 
The question of which equation is to be preferred is 
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largely a matter of taste. First, we note that the 
computed transport coefficients are little affected by 
the difference.* Second, although the Enskog equation 
is consistent in that the hard-sphere potential is used 
at all times, the RKRZ equation has the advantage 
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that, since no real hard-sphere fluids exist, the trans- 
port equation derived is the logical limit as »—>2 when 
the potential is of the form V=(o¢/R)". This corre- 
sponds to a definite physical picture and classification 
scheme for fluids. 
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Kinetic Theory of the Moderately Dense Rigid-Sphere Fluid. 
V. Relaxation in Momentum Space 


Ropert A, HARRIS AND Stuart A. Rice* 
Department of Chemistry and Institute for the Study of Metals, University of Chicago, Chicago 37, Illinois 
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We consider the problem of a dense rigid-sphere fluid at equilibrium in configuration space but perturbed 
in momentum space. The relaxation time for the return to equilibrium is computed analytically and shown 
to correspond to very few collisions—about four at gas densities and about one at liquid densities. This 
result is in good agreement with machine computations by Alder and Wainwright and shock-tube measure- 
ments by Greene, Cowan, and Hornig. The results indicated that correlated successive binary collisions 
need not be considered to first order in the finite dense rigid-sphere fluid. 





I. INTRODUCTION 


HE theory of transport processes is concerned in 

part with two related physical processes. These are 
the transfer of energy or momentum under steady-state 
conditions and the unconstrained return to equilibrium 
from a nonequilibrium state. The first classification 
includes the calculation of the usual transport co- 
efficients, the thermal conductance, shear viscosity, 
bulk viscosity, and diffusion constants. If a macroscopic 
system specified by the gross variables temperature, 
density, and composition is displaced slightly from 
equilibrium, the return to equilibrium follows an 
exponential decay with the time constant defined by 
the transport coefficients specified above. Thus, in the 
macroscopic description, these two classifications are 
not distinct and little extra is learned by solving the 
separate aspects of the problem. 

When the microscopic theory of transport is con- 
sidered, the two classifications become more important. 
We note that most microscopic theories are based on the 
solution of a transport equation. It is usually true that 
the derivation of the transport equation involves 
physical assumptions which can in part be checked by 
calculation of the relaxation time for the return to 
equilibrium after a suitable perturbation has been 
applied. In recent papers'* there has been developed 
a modified Boltzmann equation suitable for the descrip- 


* Alfred P. Sloan Fellow. 

1§. A. Rice, J. G. Kirkwood, J. Ross, and R. W. Zwanzig, 
J. Chem. Phys. 31, 575 (1959). 

*S. A. Rice, J. Chem. Phys. 31, 584 (1959). 

3R. A. Harris and S. A. Rice, J. Chem. Phys. 32, 538 (1960). 

4R. A. Harris and S. A. Rice, J. Chem. Phys. (to be published). 


tion of the singlet distribution function in a moderately 
dense fluid of rigid spheres. This equation, which refers 
to the case of uncorrelated binary encounters, may be 
regarded as the first term in an expansion in terms of the 
number of successive correlated binary encounters. If 
the expansion is to be useful, the series should converge 
rapidly, and if the relaxation to equilibrium can be 
shown to require but a small number of collisions, the 
utility of the first term as an approximation is markedly 
enhanced. It is the purpose of this paper to attack just 
this problem, the calculation of the relaxation time in 
momentum space for the moderately dense rigid sphere 
fluid. 

The procedure we shall use is to solve the modified 
Boltzmann equation suitable for the moderately dense 
rigid sphere fluid for the case in which the singlet 
distribution function corresponds to equilibrium in 
configuration space. The method of solution is similar 
in spirit to that of Phillips,> but the techniques differ 
somewhat. The perturbation to the equilibrium dis- 
tribution in momentum space is expanded in terms 
of an orthonormal set of functions. The resulting equa- 
tion is minimized with respect to the expansion co- 
~5N. J. Phillips, Proc. Phys. Soc. 73, 800 (1959). 

The equation which determines the relaxation time is derived 
from a variational principle enunciated by Phillips.’ Phillips has 
calculated the relaxation time by the method of successive ap- 
proximations. The procedure which we use, as embodied in Eq. 
(7), is the explicit solution of Phillips’ variational pracele. In 
this manner we are able to determine any number of eigenvalues 
by increasing the number of terms in the trial solution. It is im- 
portant to note that Phillips’ method, as it is p org by him, 
does not apply to mixtures. Phillips assumes that the lowest 


eigenvalue is the same for both components but there is no 
@ priori reason as to why this should be true. 
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efficients and a secular equation is obtained. The 
eigenvalues determined by solution of the secular 
determinant are the reciprocal relaxation times. Be- 
cause of the minimization, these will be the longest 
relaxation times. Suitable combination of these relaxa- 
tion times with other considerations leads to a com- 
putation of the number of collisions required to reach 
equilibrium. The theoretical result is in excellent 
agreement with both the machine calculations of 
Alder and Wainwright’ and the shock-wave studies of 
Greene, Cowan, and Hornig.® 


II. RELAXATION TIME 


In the case of equilibrium in configuration space, the 
modified Boltzmann equation for the singlet distribu- 
tion function, f®, derived by Rice, Kirkwood, Ross, 
and Zwanzig,' may be written 


af /at=g(o) [CF (pi; 07° (wes 0) 


—F (p,; )F (po; t) ](Pi2/n) bdbded* po, (1) 


where g(a) is the equilibrium pair correlation function 
evaluated at the point of contact, o is the rigid-sphere 
diameter, and the asterisk refers to the momenta after 
collisions. The integrand is to be evaluated for all 
possible collisions specified by the impact parameter } 
and the azimuthal angle e. Note that the normalization 
of the distribution function appearing in Eq. (1) has 
been modified to conform with the later papers* of this 
series. Equation (1) is related to the ordinary Boltz- 
mann equation (Phillips’ starting point) by what is 
effectively a scaling of time. This time-scaling corre- 
spondence carries through all calculations. That is, 
Eq. (1) has the form of the dilute-gas Boltzmann equa- 
tion, except for the modifying factor of g(a). We seek a 
perturbation solution with explicit time dependence of 
the form exp(— AZ). It is convenient, therefore, to write 
the distribution function as 


F (pr; t) =fo (py) [1 +e-4Y(p2*) J 
fo (py) =[(2emkT) 7/0] exp—[pi— mu ]}?/2mkT, (2) 
with »v the volume per molecule and u the mean velocity 
of the fluid. The perturbation function y(p;*) is re- 
stricted to an even dependence on momentum as is 
indicated by the argument. Neglecting terms of second 


order, the substitution of Eq. (2) into Eq. (1) gives the 
relation 


Aju (1)0(p2),=—ao) f KA (2) 


X LW ( pi) +H (po) —v (ps?) —W(p2*) ]( pia/u) bdbded* po, 
(3) 


7B. J. Alder and T. Wainwright, J. Chem. Phys. 31, 459 
(1959). Transport Processes in Statistical Mechanics, edited by 
I. oe (Interscience Publishers, Inc., New York, 1958), 
. 97. 


8 E. F. Greene, R. Cowan, and D. Hornig, J. Chem. Phys. 19, 
427 (1951). 
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where the condition 
Jo (pr) fo (po) =Ffo (pr*) fo™ ( po*) (4) 


has been used. Equation (3) is suggestive of an eigen- 
value problem. To utilize this observation, we expand 
the perturbation function y in a set of functions 
orthonormal with respect to the weighting factor fy. 
Let the functions of this set be denoted wm, so that 


V( Pr?) = DoPmiom (pr?) 


[oomlD2 ou DI (HE p=Ciam/, (5) 


with C a normalization constant. Direct substitution of 
Eg. (5) into Eq. (3) followed by multiplication by 
5 boa pr) and integration with respect to p; gives 


Af F:(1) Dbabuom( ban D2) 4p 


==g(0) f(A) (2) Dwen 2) Lb om fo") 


+wm(p2**) — wm (pr?) —wm( po") } ]( pis/m) bdbded* pid* po. 


(6) 
By use of the orthogonality conditions, the left-hand 
side of Eq. (6) vanishes unless m=n, 

It is the purpose of this calculation to determine the 
longest relaxation time, corresponding to the minimum 
value of A. In the usual manner, the minimum value of 
A is determined by variation of the expansion coeffi- 
cients. Thus, performing the variation with respect to 
b,, and using the condition (0A/db,) =0, (k=0, 1, -++) 
gives the secular equation 


Lbal—g(o) {m, k}—A(m, m)bul=0 k=0, 1, +++, 


(7) 
Both the values of A and the expansion coefficients bm 


are determined by the normalization conditions and the 
roots of the determinant 


\|—g(o) {m, k} —A(m, m) bmx || =0, (8) 
with {m, k} and (m, m) defined by 
fm, #} = f J.(1)F. (2) [oom ta") eon Po") 


—wm (pr?) — wm (pr?) Jon (pr?) (Pr2/n) bdbded*prd*pr, (9) 


ln Gi / Ju (1) on? ( pit) Pr. (10) 


A most convenient set of functions satisfying Eq. (5) 
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is the set of Sonine polynomials, defined by 


iS (m+n) ig 
(m) = —)i 

So etd mE 
We have already indicated that the argument of the 
perturbation function must be symmetric in the 
momentum. The variable argument, £, of the set of 
Sonine polynomials will therefore be taken to be the 
reduced peculiar velocity W?, where 


W?=(m/2kT)[(p/m) —uF, (12) 


Now, in a binary collision, the number of particles, the 
momentum and the energy are conserved. By direct 
expansion, it is seen that if m=O, or 1, the brackets 
{m, k} vanish identically using the conservation con- 
ditions mentioned. We therefore choose for the trial 
function the simple form 


V(p*) =b3.Sy (W?) +035, (W?) (13) 


containing two nonvanishing contributions. Evalua- 
tion of the brackets {m, k} is tedious and only the 
results are quoted herein. The explicit calculation of 
{3, 3} is given in the Appendix. It is found that? 


(2, 2) =35/80 
(3, 3) =105/16v 
{2, 2} =— (4/2*) (kT /m) io? 
{2, 3} ={3, 2} =—(3/v*) (wkT/m)'o* (17) 
{3, 3} =— (2709/10v*) (xk T/m) 'o?. (18) 


Using Eqs. (14) through (18), we find that the roots of 
the determinant are given by” 


Ay =41.19[0°¢(0) /v](akT/m)! 
A_=1.008[0?g(c) /v](rkT/m)}, (19) 


with A_ clearly the smaller of the two. The longest 
relaxation time is thereby seen to be 


7. =[0.9920/o%g(c) ](m/akT)* (20) 
72[0.9920/07 ](m/xkT) (1 — 8, (40?/v)+-+++] (21) 


where Eq, (21) follows from the use of the well-known 
virial expansion for g(a). The magnitude of this 
relaxation time is, for liquid argon at 90°K of order 
5X 10-" sec," and for gaseous argon at 300°K of order 
10~ sec. 


® The bracket (2, 2) is correct as printed above. A slight error 
led Phillips to give the value 15/8». This error was carried through 
into the relaxation time which agrees with our Eq. (19) when 
the correct value for (2, 2) is used. 

” The inclusion of higher-order terms in the trial function has 
very little effect on the computed relaxation time. This finding is 
in agreement with the earlier work of Phillips. 

4 For the purposes of numerical calculation the radial distribu- 
tion function on contact was evaluated from experimental data. 
Essentially identical results are obtained if the calculations of 
Kirkwood, Maun, and Alder UJ. Chem. Phys. 18, 1040 (1950) ] 
or the calculations of Reiss, Frisch, and Lebowitz [J. Chem. Phys. 
31, 369 (1959) ] are used. 





(11) 


(14) 
(15) 
(16) 
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III. DISCUSSION 


The calculations of the preceding section show that 
the longest relaxation time in a rigid-sphere fluid is 
short enough to correspond to but a few collisions. 
There are a number of ways of estimating the number 
of collisions in the time r_. If the number of collisions 
per second for a dilute rigid-sphere gas is written 


Zo =4(xkT/m)*(0?/v) (22) 


then Z;°r_ is in the dilute gas approximation independ- 
ent of both temperature and density. The product of 
Eqs. (20) and (22) corresponds to four collisions. To 
make an approximate calculation of Z, for a dense fluid, 
we define" 


12802/k 1 Seo? (4? 2 
= aotily "Rae mists Brace 
11= 5, (=) a+ +(e) ato) | 


which combines the calculated shear viscosity of the 
dense rigid-sphere fluid? with the mean-free-path 
relation for the shear viscosity. We regard this relation 
as a definition of the collision frequency Z;. The product 
of Eqs. (23) and (20) gives 


Zyr_=2.10 / +5 s(o)+( 2) eo). (24) 


(23) 


ov 


For the case of liquid argon, Eq. (24) corresponds to 
about one collision. Thus the number of collisions 
required to relax 1/e towards the equilibrium is indeed 
small. 

In the derivation of Eq. (1) an essential hypothesis 
is that the evolution in time of a two-body subset is 
given by the pair Liouville equation for the transfor- 
mation or distribution function; i.e., the dynamics of 
the system is determined by binary collisions only, with 
the exclusion of correlated binary, triple, etc., colli- 
sions. This hypothesis, essential for dilute gas theory, 
may be expected to hold at finite densities for the 
particular model of hard spheres in the limit as the 
time interval r>+0. It would appear from naive 
considerations that at finite r, the dynamics would be 
influenced by higher-order collisions. That is, in a 
dense fluid we might anticipate considerable correla- 
tion between successive collisions. If the collisions were 
completely uncorrelated, on the average there would 
be a loss of half the hot-particle momentum at each 
collision. After m collisions, the particle would remem- 
ber only a fraction (})* of the initial momentum. The 
calculations of this paper show that the average 
collision frequency in a dense medium is large enough 
and the longest relaxation time short enough that 
successive collisions are largely uncorrelated. Thus in a 
dense medium, to relax 1/e towards equilibrium requires 
only one collision—quite close to the simple factor 4 
mentioned above. 


2 This is equivalent to the definition used in the second of 
footnote reference 7, p. 110. 
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There are two pieces of experimental evidence which 
can be compared with our deductions. Alder and Wain- 
wright’ studied the dynamics of a system of hard 
spheres (between 8 and 256 spheres constitute the 
system) by numerical integration of the equations of 
motion. A detailed computation of the velocity auto- 
correlation function revealed that equilibrium was 
attained in of the order of three collisions. This com- 
pares favorably with our computed relaxation time. 
Turning to the case of real gaseous systems, Greene, 
Cowan, and Hornig* have deduced from shock-tube 
measurements that translational degrees of freedom 
come to equilibrium in less than ten collisions, again in 
agreement with the calculations of this paper. 

We believe it fair to conclude that the conjecture that 
correlated successive binary (triple) collisions, etc., 
need not be taken into account for hard spheres in a 
finite fluid has been verified by the considerable con- 
cordance between our analysis and experiment. 


APPENDIX 


As an example of the calculation of the bracket 
integrals, {m, k}, we shall evaluate {3, 3}. Now, by 
definition 


(3, 3} = [7. DR (2) Los) +wa(p2*®) —ua(p2) 
— ws ( ps”) Jos (pr?) (Pio/m) bdbded*pd*p2. (A1) 


The evaluation of the integral is facilitated by a change 
of variables and by symmetrization. For the set of 
functions w,, we choose the Sonine polynomials defined 
in Eq. (11). By explicit expansion 

5S; (W?) =1 92 —$307+2W4—23W*, = (A2) 
whereby, with the expression of the distribution func- 


tions in terms of the reduced variables W;, Eq, (A1) 
becomes 


(3, 3}=— (nt) exp(—W,?) exp(—W-?) 


(4(Wi4+ W24— Wi— We!) 
— (Wi**+ W2**— Wi — W2*) P( pio/p) bdbded*W 1d? W 
(A3) 
where the factor } and the square are obtained by 
adding the four equal terms obtainable by interchange 
of pi, Pi*, Pe, Pe* and then factoring the resultant 
expression. The peculiar velocities may be written in 
terms of the velocity of the center of mass and the 
relative velocity, viz. 
Wi=2-[G-y] 
W,*=2>[G— 7+2(k- y)k] 
W.=2-[G+y] 
W.* =2>[G+ y—2(k: y) k] 
Pi2/u= (4kT/m)*y. 
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The vector k is of unit length and lies along the line of 
centers of the two rigid spheres when in contact. It is 
convenient to express k in spherical polar coordinates 
with the z axis chosen to lie along pi2o/u. Thus 


k= —sin¢ cosei+sing sinej+cos¢h. (A5) 


The substitution of (A4) and (A5) into (A3) followed 
by some algebraic rearrangement yields 


[3, 3} =— (0%) +f (deb T/m)by exp(—7) exp(—@) 
X [81— 18G?— 18y°+G‘+7‘] 
L(+ 7) *(Ke+G)?— (e+) (Ke-G) (y-G) Phd. 
(A6) 


In the same spherical polar system used to express the 
vector k in Eq. (A5), G makes an angle 6 with the z 
axis and a longitudinal angle ». Thus, since y and 
Pie/u are colinear 


7:G=7G cosé 

x:k=y cosd 

k-G=G(cose cos@+siné sing cose) 
@’G=G sinédGdédn. (A7) 


The limits of integration with respect to the angles are: 
O<eX2r, O<n<2n, O<O<7z, and there is no integra- 
tion with respect to the angle ¢. Direct substitution of 
(A7) into (A6) and integration with respect to 7, «, 0, 
and G gives 


(3, 3} =— (1/2) (4nbT/m)} | 85189244] 


X[7 cos’@—5 cos'p+6 cos'¢ }y’e~ Vbdbd*y. (A8) 


If we make a substitution for ¢ in terms of the collision 
angle x, 

o=}(r—x) 
and note that ¥ is restricted to be positive, then the 
decomposition of cos"¢ into terms of the form (1—cos'x) 


and integration of d*y over angles permits (A8) to be 
written in the form 


{3, 3} =— (135/42) [300 —Q2.2) 4+ 306.2) — 30¢)) 
+ (18/2%) [30-9 —Q2.9 4 396.8 — 396.9) 
— (1/27) FO —22.9 + 306.9 — 3040), (Ad) 
Fos the case of hard spheres, it may be shown that 


0.) = (4ekT/m)! if y**#(1—cos'x) exp(—7*) bdbdy 


(A10) 


= (kT /m)*}(s+1) ‘eae ee 


and thereby 


* {3,3} =—(2709/100?) (wkT/m)'o*. (A111) 
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A new solution of the Ising problem for a rectangular lattice is derived from first principles. The solution, 
which is obtained algebraically, can be presented in a determinantal form different from though related 
to that found by Kac and Ward. By connecting the algebraic approach with the combinatorial solution, 
the latter is freed from dependence on topological conjectures. The new solution is considered to be funda- 


mentally simpler than the others. 





INTRODUCTION 


page there are two main approaches to the solu- 
tion of the Ising problem, whose principal applica- 
tions are to the thermodynamics of order-disorder 
phenomena, especially in ferromagnetic materials and 
binary alloys. The first solution of the problem for a 
rectangular lattice was obtained by Onsager and Kauf- 
mann! by a spinor algebraic method which most people 
find long and difficult. A combinatorial solution of the 
problem, found by Kac and Ward,? appears much 
simpler and more direct; but it is not easy to demon- 
strate rigorously the relation between the partition 
function and the determinant, on which the combina- 
torial method depends. Kac and Ward based this rela- 
tionship on a topological conjecture which is now known 
to be oversimplified. It is reported* that Feynman has 
advanced a new and more satisfactory conjecture. 

In the present paper, we outline a new solution of the 
problem, which serves as a bridge between the algebraic 
and combinatorial solutions and is, we believe, simpler 
fundamentally than either. The solution can be pre- 
sented combinatorially, in terms of a Pfaffian, whose 
square is an antisymmetric determinant with real 
elements, most of which are contained in the diagonal 
blocks. It can be seen that the Pfaffian and the associ- 
ated determinant count closed polygons on the lattice, 
but in a different way from the Kac-Ward determinant. 
In spite of this difference, a relationship can be estab- 
lished between the two determinants which enables us 
to give an algebraic derivation of the Kac-Ward solu- 
tion, as well as our own, which does not depend on any 
topological conjecture for its validity. 

THE PFAFFIAN SOLUTION 


We consider a rectangular lattice whose points are 
numbered from 1 to NV =mn in such a way that if 


k= (ke— 1)m+khi(l<ki<m, 1<ke<n) ; 


the kth point is in the &,th column and the kth row. 
Assuming nearest-neighbor interactions, which depend 
only on the value of a “spin” parameter o, at each 


1L. Onsager, Phys. Rev. 65, 117 (1944); B. Kaufman, ibid. 
ys 1232 (1944); B. Kaufman and L. Onsager, ibid. 76, 1244 
1949). 

* M. Kac and J. C. Ward, Phys. Rev. 88, 1332 (1952). 

3§$. Sherman, Preprint, Princeton Institute for Advanced 
Study, Princeton, N. J. 


lattice site, the energy of the rectangular Ising lattice is 
E(é) = Y= ( Jott J oicnym); (1) 


where +J and +/J’ are the energies of neighboring 
pairs situated east-west and north-south, respectively, 
relative to one another. The above expression neglects 
edge effects, which are known to be important,‘ or 
assumes the lattice to be wound on a torus in such a 
way that points numbered (k2—1)m and (k2—1)m+1 
are neighbors, and points numbered k and N+ are 
identical. 

If the o;’s are represented by independent matrices 
with the eigenvalues —1 and +1, (requiring a repre- 
sentation in 2% dimensions), the partition function is 


Z=Tr{ exp[—8E(¢) }} 
=[2 cosh(8J) cosh(@J’) ¥Zi, (2) 


where 7Tr{+++} denotes the trace of the matrix to which 
it is applied, and 


Z:=2-9° Tr] (1 —xorcey1) (1—yoronym) J, 
k 


x=tanh(@J), y= tanh(@J’). (3) 


It is well known that Z; counts the number of ways of 
attaching closed polygons with nonoverlapping sides 
to a lattice, a polygon with 2a “westerly” sides and 
2b “southerly” sides receiving the weight 2**y*. This 
results from the fact that, on taking the trace, terms 
containing the powers o; and o;} of o; disappear, leaving 
only terms independent of o;, (representing configura- 
tions in which no polygon passes through the &th point) , 
quadratic in o; (representing configurations in which a 
polygon passes once through Ath point) or quartic in 
ox (representing configurations in which a polygon 
passes twice through the Ath point). 

Instead of (3), we shall find it convenient to proceed 
from an equivalent expression, containing a set of 
“emission” matrices (a,*, *) and corresponding 
“absorption” matrices (a:, 5). Geometrically, the 
matrix a,* may be associated with the emission of the 
side of a polygon drawn from the kth point to the 
k—1th point, and 5,* may be associated with the 
emission of the side of a polygon drawn from the kth 


4R. B. Potts and J. C. Ward, Progr. Theoret. Phys. (Kyoto) 
13, 38 (1955). 
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point to the k—mth point. Similarly, a,4; may be as- 
sociated with the absorption at the kth point of a side 
drawn from the k+1th point, and d,,, with the absorp- 
tion at the kth point of a side drawn from the k+-mth 
point. These matrices are required to satisfy the anti- 
commutation relations 


fax, @1*} = {by bi*} = Sut 

{ax, ay} = { by, bi} =(0 

{ak bi} ={a, b,*} =0, (4) 
where {a,b}=ab+ba. The reader familiar with the 
quantum theory of fields’ will notice that these are 
similar to the relations satisfied by fermion emission 
and absorption matrices, as one would expect from the 
fact that not more than one side of a polygon may be 


drawn between any pair of neighboring lattice points. 
The a’s and b’s require a representation in 27% dimen- 
sions. 

The new expression for Z; is 


Z,=2-°9Tr{ [][(1+-4oryby*a,*) (1b: 4 mdi41) 
k 


—2(xax*+-ybi*) (Gep1+di+m) ]}. (5) 
A related expression has been derived by Green and 
Leipnik® in the discussion of a more general type of 
association problem. The practical equivalence of (5) 
and (3) can be seen either from the geometrical inter- 
pretation of the emission and absorption operators, or 
algebraically as follows. Every term under the trace in 
(5) which contains a matrix a, or 5, without its mate 
a,* or &* will vanish, so only terms which contain 
correctly paired matrices need be considered. The order 
of the matrices in (5) has been chosen so that in any 
term the absorption operators d@j4; and dy,» can be 
moved to the right under the trace, to a position next 
to their mates a,4:* and by4m*, without changing the 
sign of the term. Since, e.g., 


Tr(Q12a,0;.*Q2) = TrLQi{ ax, ax*}Q2 |= Tr(QiQ2), 
a term containing 2a,a,* or 2b,,* in (5) is equivalent 
to a corresponding term containing o;? in (3). The corre- 
spondence between nonvanishing terms is, in fact, 
complete. 


5 W. Pauli, Revs. Modern Phys. 13, 203 (1941). 


6H. S. Green and R. B. Leipnik, Revs. Modern Phys. 32, 129 
(1960). 
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The next step is to replace the expression following 
[]; in (5) by a product of four factors linear in emission 
and absorption matrices. To do this, it is necessary to 
introduce further emission and absorption matrices 
ce and * (i=1, 2, 3, 4, 5, 6), with a geometrical 
interpretation that will soon be explained. The new 
matrices satisfy 

{cn, cP *} = 8418 5; 
fox, co} =0, (6) 
and, in addition, anticommute with all the a’s and b’s 
already defined. Together with a’s and 6’s they require 
a 28V-dimensional representation. 
In its new form, (5) is written 


Zi=2-"T rf [Ly * +e +a? +e, ] 
k 


»Lxan* +e ¥ +e fe ey mb ee? *—C, *+ 6, ] 

[aig — eh *¥+6,O%4+e,*]}. (7) 

This is easily reduced to (5) by discarding terms in 

which a factor cj‘ appears without its mate ¢‘*, 

moving ¢‘ with the help of the commutation rules 
next to its mate c,‘9*, and using 


Trl Quek cx? *Q2 ]=$ Tr[Q102 }. 
(It should be remembered that, because of the change 
in the dimensions of the matrix representation, a factor 
2-8", rather than 2-*4, should multiply the transformed 
trace). 

We now supply the interpretation of the c,“” and 
cx‘?*. Each lattice point is pictured (see Fig. 1) as a 
group of four terminals, called the S-, W-, N-, and E- 
terminals. “Southbound” and “westbound” sides of 
polygons are emitted from the S- and W- terminals, 
respectively, and absorbed by the N- and E-terminals 
of the neighboring lattice point. 

Different terminals of the same lattice point can also 
be connected by lines “emitted” from one terminal and 
“absorbed” by another terminal. The emission matrices 
cH)*, ¢®* and c®*, correspond to lines drawn to S 
from W, N, and E, respectively; c“* and c®* corre- 
spond to lines drawn to W from N and E, respectively, 
and c®* corresponds to the line drawn from E to \V. 
For every nonvanishing term of (7), there will be just 
one side or line emitted or absorbed by each terminal. 
At a lattice point through which no polygon passes, 
the terminals can be connected in pairs in three different 
ways. At a lattice point through which a polygon passes 
only once, the pair of terminals playing no part in the 
emission or absorption of sides are joined together. 

An expression of type (7), i.e., the trace of a product 
of factors linear in a set of emission and absorption 
matrices, can be evaluated as what is called a Pfaffian. 
(This technique has been applied to quantized field 
theory by Caianiello.’) A Pfaffian is a triangular array of 
numbers such as one has above the main diagonal in an 
antisymmetric determinant. It is evaluated by expan- 
sion with respect to minors in the same way as a deter- 


7E. R. Caianiello, Nuovo cimento 10, 1634 (1953). 
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minant, except that the minor of any element P,, 
(where c>r) of a Pfaffian is obtained by striking out 
the rth row and column and the cth row and column, 
instead of merely the rth row and cth column. Thus, 
in the expansion, a particular suffix appears only once 
in each term. A Pfaffian has the important property 
that its square is the corresponding antisymmetric 
determinant,® i.e, \.P|*= | D|, where D,,=—D,.= 
P,. for c>r and D,,=0. 

The Pfaffian obtained from (7) has its rows and 
columns numbered according to the order of the 4N 
factors under the trace. If the rth factor contains a 
particular absorption operator, and the cth factor 
contains the corresponding emission operator multiplied 
by the coefficient P,., the number P,, will be entered 
in the rth row and cth column of the Pfaffian; otherwise, 
the entry 0 (zero) will be made. Setting r=(k, A) and 
c=(l, B), where A and B take the four values S, W, 
N, and E, the nonvanishing elements Pia,i8 of \P | 
are: 

Pisxe=1, 1, —1 for B=W, N,E respectively, 

Piwxe=—1, 1 for B=N, E respectively, 

pin ke =1, 

(8) 
It is asserted that Z,=\.P|. The evaluation of the 
Pfaffian does, as one can verify directly, yield the same 
terms as the evaluation of the trace in (7). 

The final step makes use of the theorem mentioned 


above, that the square of a Pfaffian is the corresponding 
antisymmetric determinant, so that 


Z’= | D| 


Pre rpw=XPin rims=y- 


(9) 


where, explicitly, 
|D| = 

1 
0 1 1—1 


-1 0-1 1 


“1101 


Heng 
' ‘Zeros: Zeros 
000 0-1 10 1 


0 0 0 0 1-1-1 0 Ox | 


' 
‘ 








§R. F. Scott and G. B. Mathews, Theory of Determinants 
(Cambridge University Press, New York, 1904), p. 93. 
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This determinant is not only antisymmetric, but 
(almost) cyclic with respect to the 4X4 blocks which 
it contains. Exceptionally, the elements Diw.ve, 
Dig.n—msin (1< km) spoil the cyclic property by 
having the wrong sign; but these can be altered without 
changing the asymptotic value of the partition function, 
as they represent only edge effects. (When m and n= 
N/m are odd, the alteration changes the sign of « and y 
in the exact partition function; cf., Potts and Ward.*‘) 


EVALUATION OF THE DETERMINANT 
To evaluate the cyclic determinant | D | , let 
Dia kB>= Uap, 


Dia k+1B >= Xap, 
and 


(11) 


Since the determinant | D| is the product of the 
eigenvalues A of the corresponding matrix D, it can be 
evaluated in principle by solving the eigenvalue equa- 
tion Du=)u, where u is a 4N-component vector, i.e., 


UutXueat Vtie4-m— X*uj,1— V*¥ ym =U, ( 12) 


where the 1;’s are four-component vectors. This system 
of equations can be satisfied by 


Diy c+mB > V ap. 


u.= exp(2ripk/N)u™, (13) 


where # is any integer from 1 to NV. For a particular 
value of p, this substitution reduces (12) to 

(U+Xap,+ YB,— X*a,*— Y*8,*) u™ =u, 

ap= exp(2rip/N), Bp= exp(2rimp/N), (14) 


which determines the four values of \ corresponding to 
the chosen value of p. The product of these four eigen- 
values is the determinant | U+Xa,+Y8,—X*a,*— 
Y*8,* | , so the value of | D| is 


Z2=|] | U+Xa,+¥8,—X*a,*— Y*8,* | 
2p 


=[[C(1+22) (1+) +2y(1—22) cos(2rp/N) 
+2x(1—~y*) cos(2rmp/N)]. (15) 


Using N =mn, one finds for large values of m and 2, if 


p=pintpr(1<pr<n) 


0. = 2rpo/n, 
6; = 2rpi/m+ N82, 


and 


Qe pix 
2(2m)? logZ1=N | i logl (1-+22) (1-4) 
0 0 


+2y(1—x*) cosb.+2x(1—~*) cos6; ]d0:\d0.. (16) 


This is in agreement with the result obtained by other 
methods. On evaluation it is an even function of x« and 
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y, so that the alteration of (10) to completely cyclic 
form has had no effect. 

The determinantal solution can be given a combina- 
torial interpretation, similar to that which suggested 
the Kac-Ward solution. Regarding every lattice point 
as a set of four terminals, as described in the previous 
section, the determinant counts oriented polygons 
connecting opposite terminals of neighboring lattice 
points and pairs of terminals of the same lattice point. 
No side or line may be described in the same direction 
more than once. The Pfaffian counts unoriented poly- 
gons on the lattice in a similar way, for it is easy to see 
that every different way of connecting pairs of terminals 
corresponds to a particular polygonal configuration, 
and the correspondence is one to one, excepting the 
three different ways of connecting the terminals of each 
point through which no polygon passes. 

We finally indicate the connection between our 
determinantal solution and that obtained by Kac and 
Ward. Let U~ be the reciprocal of the matrix U; 
explicitly, 








AND H. S. 


GREEN 


The determinant | U |, like the determinant | U~ |, 

has the value +1; therefore the determinant of the 

4N-dimensional matrix E, defined by 
Exa, w= SU as (18) 

has a determinant with the value +1. 

Hence 


Z?=|D|=|DE|, 


(19) 


where DE represents the matrix product of D and E. 
The matrix DE has 4X4-unit matrices in the diagonal 
blocks, and row matrices off the diagonal, like the 
matrix of the Kac-Ward determinant in its simplest 
form (obtainable by shuffling rows and columns). 
The Kac-Ward determinant contains a fourth root of 
—1 (denoted by a) or its reciprocal as a factor of many 
of its off-diagonal elements, but these complex factors 
can be removed by multiplying corresponding rows and 
columns by a and a~'. When this is done, the matrix 
of the Kac-Ward determinant is precisely what we have 
called DE. 

The above is to our knowledge the only direct and 
mathematically complete derivation of the Kac-Ward 
determinant, and seems to be the easiest way of putting 
the combinatorial solution on a sound mathematical 
basis. 
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Relative rates of addition of oxygen atoms to several representative olefins have been measured at 25° 
and 125°C, and the ratios of the pre-exponential factors and differences in activation energies have been 
calculated from the mean values of the relative rate constants at the two temperatures. The results obtained 
show that the differences in reactivities are primarily due to differences in the activation energies while the 
pre-exponential factors remain approximately constant. 





INTRODUCTION 


HE major features of the mechanism of addition of 
oxygen atoms to olefins have been recently‘ estab- 
lished! and the relative rates for a number of these 
reactions in the vapor phase have been measured at 
room temperature.’ Some regularities and correlations 
of the logarithms of rate constants with physical 
properties of the olefins* and with certain theoretically 
derived quantities‘ were found. Linear “free energy” 
plots (loge—logk plots) with several electrophilic 
reagents reacting with olefins in solution were also 
obtained.* Such correlations have demonstrated the 
electrophilic character of oxygen atoms in their reac- 
tions with olefins. They also may contribute to the 
understanding of the factors which affect the rates of 
chemical reactions of this type. For meaningful inter- 
pretations, however, it is also necessary to know 
whether the trend in the reactivity is predominantly 
due to variations of activation energies alone, or of 
entropies of activation alone, or of these two quantities 
together (as, for example, when a compensating effect 
is observed). The present work has been carried out in 
an attempt to obtain experimental information which 
would help to clarify this point. In addition, knowledge 
of the temperature dependence of the rates of oxygen 
atom reactions represents part of the basic information 
which is being accumulated in this laboratory on the 
reactions of oxygen atoms with organic compounds. 
For very fast reactions such as addition of oxygen 
atoms to olefins determination of temperature coeffi- 
cients of rate constants requires considerable experi- 
mental accuracy and a fairly large temperature inter- 
val. In the course of the previous work? * it was dis- 
covered that ethylene was a product from the reaction 
of oxygen atoms with cyclopentene and it was formed 
at best only in very small amounts from the other 
olefins studied. Determination of the relative rate 
constants can, therefore, be based on a competition for 


* Contribution No. 5933 from the National Research Council, 
Ottawa, Canada. 
1R. J. Cvetanovié, J. Chem. Phys. 25,376 (1956). 
2R, J. Cvetanovié, Can. J. Chem. 36, 623 (1958). 
3R. J. Cvetanovié, J. Chem. Phys. 30, 19 (1959). 
( ‘ mn and R. J. Cvetanovic, J. Am. Chem. Soc. 8}, 3223 
1959). 


oxygen atoms between cyclopentene and another olefin 
added in various amounts and the consequent varia- 
tion in the amount of ethylene formed. As a result of 
considerable accuracy and convenience with which 
ethylene can be determined analytically, this technique 
has proved very valuable and has been employed in the 
present work for all the reactions reported except for 
the case of ethylene, for which a different method had to 
be used. 

Oxygen atoms have been generated, as in most of the 
previous work, by mercury photosensitized decomposi- 
tion of nitrous oxide. Nitrogen produced served as a 
measure of the number of oxygen atoms generated in 
the course of the reaction. 


EXPERIMENTAL 


The improvement in the accuracy of determination of 
relative rate constants of oxygen atom reactions 
necessary in order to obtain meaningful temperature 
coefficients was achieved by the use of the cyclopentene 
technique, except in the case of ethylene, and by addi- 
tional precautions in the handling of the reactants and 
the products. The reactant olefins were measured 
manometrically on a constant volume burette and were 
frozen over into the circulating reaction system (415 
ml) without coming in contact anywhere with stop- 
cock grease. For this reason mercury cutoffs were used 
instead of stopcocks in the relevant part of the appara- 
tus. Nitrous oxide was measured manometrically on a 
volume of 1000 ml and then was transferred into the 
reaction vessel. An all-glass vertical plunger type 
circulating pump was used to mix the reactants before 
the runs and for their circulation during the runs. A 
cylindrical quartz reaction cell 5 cm in diameter and 10 
cm long was irradiated by two low-pressure mercury 
lamps, one at each end of the cell. 

The analysis was restricted to the noncondensable 
gases and the C; hydrocarbon fraction. Of particular 
interest were the amounts of ethylene and nitrogen 
formed, and in the case of the ethylene reaction, the 
amounts of nitrogen and carbon monoxide. A Le Roy 
still followed by a “pumpout” trap was used to 
separate the noncondensable and the C, fractions and 


5D. J. LeRoy, Can. J. Chem. B28, 492 (1950). 
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TaBLe I. Formation of ethylene in the reaction of oxygen atoms with cyclopentene. 








N:O 


Temp. Cyclopentene 
"GC mm 


Irradiation 
min 


AN: 
mm 


co Call 
Ne Nz 





Be | 
25.7 
26.2 


26.3 


0.024 
0.023 
0.022 


0.270 
0.270 
0.269 


0.270 





122.8 
121.6 
122.6 
122.5 
139 119.2 


Mean 121.7 





0.273 
0.272 
0.277 
0.277 
0.274 


0.274 





their amounts were measured manometrically on a 
constant volume burette. From the noncondensables 
CO and any H,; were removed by combustion in a copper 
oxide tube and the small amount of CH, in Ne was 
determined mass spectrometrically. Carbon monoxide 
was estimated from the amount of carbon dioxide 
formed in the copper oxide tube and recovered at 
—78°. The C, fraction contained besides C,H, always 
small amounts of NO, sometimes C2H¢ and occasion- 
ally traces of CH,. The ratios of these compounds were 
determined by mass spectrometer. 

The reactants were of the best available grade and 
were degassed and bulb to bulb distilled in vacuo before 
use. In some instances, for example with cyclopentene, 
there was a tendency for some formation of peroxides 
even on relatively short exposure of the liquid to air. 
These were removed by passage through an activated 
alumina column followed by rapid introduction into 
the vacuum apparatus and degassing. In all experi- 
ments large excess of nitrous oxide and high total 
pressures were employed. This ensured no interference 
from chemical quenching reactions by the reactant 
olefins. 


RESULTS AND DISCUSSION 


For observation of temperature dependencies of 
relative rate constants of fast reactions most favorable 
are pairs of compounds which show relatively large 
differences in reactivities. Cyclopentene, which has been 
used in all but one case in this work as the experimental 
reference compound, fortunately lies approximately in 
the middle of the range of reactivities of olefins with 
oxygen atoms. The compounds selected for the present 
study from this point of view have been tetramethyl 
ethylene, trimethyl ethylene, butene-1, and ethylene, 
the first of which is the fastest and the last the slowest 
of the olefins studied so far. In addition determinations 
ot temperature dependencies have been made also for 
isobutene, cyclohexene, and in a separate study® for 
1,3-butadiene. The reactivities of these last three 


6 R. J. Cvetanovié and L. C. Doyle, Can. J. Chem. (to be 
published). 


compounds, however, are very close to that of cyclo- 
pentene and the temperature coefficients found are, 
as expected, very small and therefore quantitatively 
less reliable. 

Relative rates have been measured at two tempera- 
tures, at approximately 25 and 125°C. From the mean 
values at the two temperatures the ratios of the pre- 
exponential factors (A;/Az) and the differences in the 
activation energies (£,— E2) were calculated from the 
Arrhenius equation.’ 

The equations for evaluation of relative rate con- 
stants and the appropriate experimental conditions 
have been discussed in some detail previously.* For the 
cyclopentene technique and the experimental conditions 
employed in the present work, the following expression 
can be used*® 


ki /ko= log { 1—[AN2/ (a) i] 
+[AP2/a2 (a1) «}}/ log{1—[AP2/ae(a2) <]} (1) 


where subscript 2 refers to cyclopentene, (a;); and 
(a2); are the initial amounts of the competing olefin and 
cyclopentene, respectively, introduced into the reaction 
vessel, AN, is the amount (in the same units) of Ne 
produced, AP, is the amount of C,H, produced, and a, 
is the ratio C;H,/Ne in the reaction of oxygen atoms 
with cyclopentene alone. The values of a, at the two 
temperatures of interest have been obtained from the 
experiments summarized in Table I. Determinations 
of the rate constants relative to that of cyclopentene 
are summarized in Table II for butene-1, isobutene, 
cyclohexene, trimethyl ethylene, and tetramethyl 
ethylene, and the mean deviations have been indicated. 

In the case of butene-1, isobutene, and trimethyl 
ethylene very small amounts of ethylene were formed 
at the higher temperature, and with trimethy] ethylene 
at room temperature as well. The total values of 
ethylene in the competing reactions, (AC;H,) total, 


7 In dealing with relative rate constants the Arrhenius equation 
stands also for the collision theory and the absolute reaction 
theory rate expressions, since the ratios of the pre-exponential fac- 
tors are temperature-independent in these cases as well. 

§ Equation (5) of footnote 3. 





ADDITION OF OXYGEN ATOMS TO OLEFINS 
TABLE II. Determination of relative rate constants at two temperatures. 


(The amounts of the reactants and of the nitrogen produced are age in mm in 415 ml at 25°C. The amounts of the other products are 
given relative to the nitrogen produced.) * 





Temp. (a)4 (a)é (a2)t N:0 Irradiation AN2 co CH, C:He C.H, 
Run °C (a2)i mm mm mm min mm Ne Na N2 Nz 





I. a,;=butene-1, a2=cyclopentene (P:=ethylene) 


9.66 ‘ ; 0.021 ao : A 0.182 
11.01 : ? 0.019 ne F ; 0.203 
9.11 , ; 0.021 iat . A 0.194 
9.55 502. 60 2 0.019 ate ; ; 0.190 
9.84 ‘ : 0.021 aps : é 0.194 
0.80 503. ; 0.019 <a < ; 0.185 


0.191+0.006 


1 





0.265 
0.271 
0.264 
0.250 
0.264 
0.296 


— 


exrSa us: 
RBSerss’ 


0.268+0.010 





II. a;=isobutene, a2=cyclopentene (P,=ethylene) 


0.017 


506.2 
499.6 
504.7 
502.5 
502.3 
6 


3 
essesss 
S888 





—Ryin 8 
BES 


SESRea 


-100 0.785 
.117 0.812 
141 


SSS 
S888 


ene BG Os 
SEEERS 
CONE O 


S 


-792+0.011 
7 





III. a;=cyclohexene, a2=cyclopentene (P2:=ethylene) 


(24.2) ‘ ise : . 0.025 aye ee : ik 
26.0 : : ‘ ‘ F n.d. a? Bee : 0.890 
25.3 ‘ . : ; : 0.016 See ae s 0.958 
25.6 ’ . ‘ A q 0.023 bie a ; 0.961 
24.6 A ‘ : : : 0.025 hee ey : 0.912 
26.4 : : : t , 0.027 axe ur’ 0.814 


25.6 0.907+0.044 





(125.0) cae 
123.0 ; ‘ ; : , . wes ag 0.838 
126.5 : ‘ : ‘ : : ee cies 0.836 
127.0 : E ‘ ; , ‘ ape et 0.905 
124.5 A ; a4 ; . cee gus 1.028 


125.3 0.902+0.064 
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TABLE II.—Continued. 








CH, 
Nez 


(a)i 
mm 


(d2)i 
mm 


N20 Irradiation AN: co 
mm min mm Ne 





IV. a:=trimethy] ethylene, a2=cyclopentene (P2=ethylene) 


492.3 
491.0 
496.7 
497.2 
493.5 


SSSss 


2.092 
2.073 
2.075 
2.074 
2.068 


0.019 
0.015 
0.017 
0.019 
0.017 


0.0056... 
0.092 2.74 
0.114 2.64 
0.124 2.53 
0.123 2.73 





-S8S8eee 





161 
159 
160 


Mean 


25.6 
27.2 
27.2 


26.7 


V. a,=tetramethyl ethylene, a,.=cyclopentene, (P:=ethylene) 


8.53 
8.67 
8.11 


492.3 
490.6 
490.1 
488 .6 


1. 


1. 
1. 
1 


0.012 
0.014 
0.014 
0.015 


0.017 
0.013 
0.011 





153 
156 
157 
154 
155 


Mean 


(118.0) 
120.2 
119.6 
120.0 
119.6 


119.9 


490.6 
496.0 
494.2 
501.1 
492.5 





98 
116 
117 
118 
115 


Mean 
108 
113 
110 
111 
112 


(24.2) 
24.6 
25.0 
25.5 


24.0 
24.8 


VI. a,=cyclohexene, a.=ethylene, (P2=carbon monoxide) 


60.7 
75.7 
112.1 
116.2 


496.4 
494.7 
496.4 
494.7 
497.4 


0.791 
1.008 
0.954 
0.836 
0.852 


26.94 
26.21 
26.58 


26.78+0.38 





(125.0) 


127.0 
128.0 
126.5 
127.4 


oe 
0.121 
0.060 
0.055 
0.036 


11.57 
10.97 
10.80 


Mean 127.2 


11.16+0.28 











® n.d.=not determined. 


were corrected in these cases for the ethylene produced 
from these compounds. The corrected values of 
ethylene, (AC2H,) corr., were calculated from the 
expression.® 


(AC2Hy) corr.=[(AC2H,) total—BAN» ]/(1—B/az) (2) 


where 6 is the CsH,/N, ratio in the absence of cyclo- 
pentene. In all cases the corrections were quite small. 


® Rearranged Eq. (2) of footnote 3. 


In studying the temperature dependence of the 
ethylene reaction the cyclopentene technique obviously 
cannot be employed. In this case the determination of 
the relative rate constants was based on carbon monox- 
ide production in the reaction of oxygen atoms with 
ethylene, as was done in one instance before.* Cyclo- 
hexene was taken arbitrarily as the competing olefin. 
In this case the amount of ethylene taken was always 
relatively quite large and its concentration remained 
essentially constant during the reaction. Equation (1) 
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TaBLE III. Summary of the mean values obtained for the relative rate constants, the ratios of the pre-exponential factors, and the 
differences in activation energies. (The subscript CP refers to cyclopentene, and TM E to tetramethy] ethylene.) 





Relative rate constants* at 25° 


This work 


Previous work 


E-Ecp 


E-Erue 
cal/mole 


A/Acp kcal/mole 





Ethylene 
1-Butene 
1,3-Butadiene 
Cyclopentene 
Cyclohexene , a 
Isobutene 1 
Trimethyl ethylene ' 
Tetramethy! ethylene 


0.038> 
0.24» 
0.97¢ 
1.20 


4.18> 


1.01 2008 
0.74 803 
1.14 205 
1 0 
0.89 —13 
0.67 — 130 
1.18 —485 
1.25 








® Isobutene taken as unity. 
> Footnote 3. 
© Footnote 5. 


therefore reduced to 


a, — S84 2303 logio{1—[AN2/(a1) <] 


+[AP2/a2(a1) iJ} (3) 


where now subscript 1 refers to cyclohexene and 
subscript 2 to ethylene, AP: is the amount of carbon 
monoxide produced from ethylene (i.e., total carbon 
monoxide corrected for the small amount of carbon 
monoxide produced from cyclohexene), and ay is the 
ratio of CO to N, from ethylene reacting with oxygen 
atoms alone under comparable conditions. The corrected 
amount of CO is readily calculated from the following 
expression, analogous to Eq. (2) 


(ACO) corr.=[(ACO) total—BAN:]/(1—B/az), (4) 


where now 8 represents the ratio CO/Nz from the 
reaction of oxygen atoms with cyclohexene alone. 
Since 8 is much smaller than ae, the correction is 
relatively small. The values of a2 have been determined 
separately under comparable conditions to the compet- 
ing experiments but in the absence of cyclohexene. At 
25° a2 was found to be 0.385+0.007, and at 125° there 
was a slight trend in the values of a: from about 0.45 
to 0.50, increasing with increasing partial pressure 
of ethylene. At this temperature the values of a2 were 
determined graphically from a plot of a2 as a function of 
ethylene pressure. The details of the competing experi- 
ments and the relative rate constants obtained are 
given at the end of Table II (appreciable amounts of 
hydrogen were formed in these reactions, but are not 
shown in Table II). 

The mean values obtained for the relative rate con- 
stants at room temperature, the ratios of the pre- 
exponential factors and the differences in activation 
energies are summarized in Table III. The relative 
rate constants at 25°C are compared with the corre- 
sponding values obtained previously’ and a good 
agreement is shown. It is believed that the previously 
given* margin of uncertainty of 10 to 15% in the values 


of the relative rate constants is now narrowed down to 


only a few percent. 

The ratios of the pre-exponential factors in Table III 
are very close to unity and the different reactivities 
exhibited by various olefins are evidently primarily due 
to differences in the activation energies. The likely 
experimental uncertainty in the ratios of the pre- 
exponential factors given in Table III is probably com- 
parable in magnitude to the variations in the values and, 
thus, small changes in the pre-exponential factors in 
this reaction series would not be inconsistent with the 
present results. In view of some experimental uncer- 
tainty in the relative rates, it is also difficult to say to 
what extent the small differences in activation energies 
between the olefins of similar reactivity, such as 1,3- 
butadiene, cyclopentene cyclohexene, and isobutene, 
as indicated in Table III, are real. In the last column 
of Table III the differences in activation energies are 
given relative to tetramethyl ethylene, the activation 
energy for which has been taken as zero. These values, 
therefore, represent the lower limits of the activation 
energies for oxygen atom reactions with the olefins. 
The activation energies show the expected trends 
with olefin structure which is not surprising in view of 
the approximateconstancy of the pre-exponential factors 
and the previously observed correlations.** 

The activation energy of the reaction of oxygen 
atoms with tetramethyl ethylene is probably very 
small. This is suggested by the likely absolute value of 
the rate constant of this reaction* which differs very 
little from the collision frequency. Also, the trend in the 
activation energies in Table ITI is such that, in order to 
maintain a significant difference in the activation 
energies between trimethyl ethylene and tetramethyl 
ethylene, as would be expected on structural grounds, 
the activation energy of the latter should not be 
greater than 0.1 to 0.3 kcal/mole. The values in the 
last column of Table III would then have to be in- 
creased by this amount to get the activation energies 
of the individual reactions. The activation energy of 
2.6 to 2.9 kcal/mole for the ethylene reaction would 
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agree well with the previous tentative estimate” of ACKNOWLEDGMENTS 


an upper limit of 3 kcal/mole for this quantity. 
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Growth Poisoning of Lithium Fluoride from Aqueous Solutions 
GERALD W. Sears* 
General Electric Research Laboratory, Schenectady, New York 
(Received March 28, 1960) 
The presence of a few ppm of step poisons strongly alters both crystal growth and dissolution rates. 
It was known that a few ppm ferric fluoride was a poison for the dissolution of lithium fluoride. In the 


present report it is shown that ferric fluoride is also a growth poison for lithium fluoride from aqueous 
solution. Ferric fluoride has the properties characterizing a step poison for the lithium fluoride-water system. 





INTRODUCTION 


RYSTALS grow by the spreading of individual 
layers across the advancing face. Each incomplete 
Jayer is bounded by the peripheral step. It is only at 
such steps that molecule from a parent fluid phase are 
incorporated into the crystal lattice at very small 
supersaturations. It can be more generally stated that 
equilibrium is only attainable between a crystal and the 
surrounding fluid phase by the action of growth steps; 
equilibrium is unattainable between a perfect crystal 
face and its surrounding fluid phase. 

When an individual layer spreads to the edge of a 
crystal face, the growth step bounding the incompleted 
layer is destroyed. For the continued advance of a 
face, new layers and new growth steps must be con- 
tinually created. Gibbs! originally recognized that new 
layers could only form on a perfect surface by two- 
dimensional nucleation. Since nucleation can only 
proceed at an appreciable rate at substantial supersatur- 
ations, the observation? of crystal growth at small 
supersaturations could not be accounted for by a 
nucleation mechanism. A decade ago, Frank*® pointed 
out that the intersection of a screw dislocation with a 
crystal surface provided a perpetual source of growth 
steps at very low supersaturations, thus accounting for 
the growth of real crystals in this region of super- 
saturation. 

From this model Burton, Cabrera, and Frank‘ made 
a detailed analysis of crystal gowth from the vapor 


* Present address: Research Division, Stromberg-Carlson Com- 
pany, Rochester 3, New York. 

1 J. W. Gibbs, Collected W orks (Longmans, Green and Company, 
London, 1928, p. 325. 

2M. Volmer and W. Schultze, Z. physik. Chem. (Leipzig) 
A156, 1 (1931). 

’F, C, Frank, Discussions Faraday Soc. 5, 48,67 (1949). 

*W.K. Burton, N. Cabrera, and F. C. Frank, Phil. Trans. Roy. 
Soc. London A243, 299 (1951). 


phase. They discussed the structure, configuration, 
and motion of the growth steps. All of their analyses of 
growth kinetics were based on the assumption of local 
equilibrium between the crystal and the parent phase 
at the growth step. This is equivalent to the assumption 
that the over-all kinetics of the growth process is never 
limited by the rate of transfer of molecules into the 
advancing growth step. 

Recently, growth poisons have been characterized®.* 
that absorb at the growth step and hinder the motion 
of the step in either growth or dissolution. The over-all 
kinetics of crystal growth in the presence of such poisons 
is limited by the rate of transfer of molecules into the 
growth step from the parent phase. The adsorption of 
very minute amounts of a step poison on the crystal 
surface can control the growth kinetics of the surface. 
If the interstep spacing on the growth face were 100 
atomic distances, less than 0.01 monolayer of poison 
would reduce the growth rate by several orders of 
magnitude. 

It has long been known that specific soluble impuri- 
ties’ alter the normal crystal growth behavior. With 
few exceptions these previously reported poisons® differ 
in at least two characteristics from step poisons men- 
tioned in the preceding paragraph. They act as growth 
poisons and not as dissolution poisons; the necessary 
concentration in the growth solution is about two orders. 
of magnitude greater than required for step poisons. 

It has been reported previously that the rate of dis- 
solution of lithium fluoride’ in water is markedly de- 
creased by a ferric fluoride ocncentration as small as 

5 G. W. Sears, J. Chem. Phys. 29, 979 (1958). 

6 G. W. Sears, J. Chem. Phys. 29, 1045 (1958). 

7H. E. Buckley, Crystal Growth (John Wiley & Sons, Inc., 
New York, 1951), pp. 330-385. 

8 W. G. France, Colloid Symposium Monograph 7, 59 (1930). 


9J. J. Gilman, W. G. Johnston, and G. W. Sears, J. Appl. 
Phys. 29, 747 (1958). 





GROWTH POISONING OF LITHIUM FLUORIDE 


10 molal. In the present paper it is shown that the 
growth of lithium fluoride from aqueous solution is 
inhibited by like concentrations of ferric fluoride. In 
addition, details of the growth in the presence of a 
step poison agree closely with the predicted growth 
behavior. 

EXPERIMENTAL 


Supersaturated solutions of lithium fluoride were 
made up from stock solutions containing 0.100 g/ml of 
potassium fluoride and lithium chloride, respectively. 
The lithium chloride was Matheson, Coleman, and Bell 
reagent grade. The potassium fluoride was Mallinckrodt 
analytical reagent grade. The significant impurity with 
respect to the present experiments was 20 ppm of iron 
by weight. The solutions were made up following stand- 
ard procedures of volumetric analysis. 

Solutions of desired concentrations were made up 
from calculated amounts of lithium chloride solution, 
potassium fluoride solution, distilled water, and satur- 
ated ferric fluoride solution. The growth solution was 
made up by measuring calculated volumes of the first 
three components from burettes. The ferric fluoride 
solution was then added by medicine dropper to give 
the desired poison concentration. The concentration of 
lithium fluoride in the growth solution was changed by 
1% or less upon addition of the poison solution. The 
total iron introduced into solution from the starting 
solute was at most 0.06 ppm. 

Cleaved samples of Harshaw melt-grown lithium 
fluoride crystal served as seed crystals upon which the 
growth process was observed. The seed crystals were 
pre-etched with acid etch" according to procedure de- 
scribed by Gilman and Johnston. 


Fre. 1. 


(9 oa) J. Gilman and W. G. Johnston, J. Appl. Phys. 27, 1018 


(a) Fic. 2. (b) 


After a crystal was removed from the growth solu- 
tion it was rinsed in turn in two washes of ethyl al- 
cohol and a wash of ethyl ether. The crystal was then 
dried in a gentle stream of air. 

The solubility at 25°C is 1.33 g/liter, as determined 
by Payne" and Meyer and Dunkel.” The temperature 
coefficient” of solubility in this range is negligible. 


RESULTS 


(A) An acid-etched lithium fluoride crystal was 
placed in a solution containing 3.24 g/liters of lithium 
fluoride and 2X10 molal in ferric fluoride. Growth 
occurred for a 16-hr period. At various sites on the 
surface an irregular columnar growth occurred upward 
from the surface. Randomly from the columns, arms 
branched in the (100) directions parallel to the (100) 
surface. Most of the arms tapered as they grew and in 
many instances the tapered arms terminated in whiskers 
of quite constant width. A typical view of such a field 
is shown at 100X in Fig. 1. Figure 2(A), (B) show at 
75X the same fields of view at 85u, and 196 from the 
surface of the seed crystal. From such observations it 
is apparent that the whiskers grown at the top of a 
columnar structure have a much more constant cross 
section than those grown near the crystal surface. Since 
the excess solute was depleted in the course of the 
growth process, the high-level whiskers grew at a lower 
supersaturation than whiskers near the crystal surface. 
This was apparent from observations after different 
growth periods. In Fig. 3 the surface of a tapered side 
arm is shown at 250X. This group has grown near the 
crystal surface and at a higher supersaturation than the 
arms shown in Fig. 4 at 250X which were far above the 
seed crystal surface. In Fig. 5 a high arm (growth at 
relatively low supersaturation) is shown at 750X. The 
axis of the wedge is a (100) direction and it is noted 
that the ridges and valleys structure characterizing the 
growth lies in nearly a (100) direction. 

(B) An acid-etched crystal of lithium fluoride was 
immersed in a solution of 3.24 g/liter of LiF and 4X 
10~ molal in ferric fluoride for 16 hr. Very tiny crystal- 


NTH Pays Payne, J. Am. Chem. Soc. 56, 947 (1937). 
H. Meyer and M. Dunkel, Z. Physik Chem., 556 (1931). 
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Fre. 11. 


lites had deposited over the entire surface. A typical 
field of view is shown at 750X in Fig. 6. Most of the 
individual crystallites are at or below the limit of 
resolution. A similar deposition of crystallites was 
deposited from a solution containing 2X10- molal 
ferric fluoride. The crystallites were large enough to be 
resolved in that instance. 

The columnar growth was much less than in the 
preceding experiment. The growth was limited to a 
small distance from the seed crystal surface. A typical 
field of view is shown at 100X in Fig. 7. A minor amount 
of whiskers has grown and they have length/width 
ratios of about 10. Figure 8 shows the growth of tapered 
arms at 250X. It is seen that the arms are much less 
regular in form than those grown at 2X10-° molal in 
ferric fluoride. In Fig. 9 the surface of an arm is shown 
at 750X. The roughness of the surface is pronounced as 
compared to Fig. 5. 

The extent of roughening in the presence of 4x 10~ 
molal is shown in Fig. 10. The surface of a small cube is 
shown at 750X. In Fig. 11 a heavily overgrown whisker 
is shown at 750X. 

The individual crystallites have nucleated on the 
whisker surface. There is no spreading of growth layers 
from the sites of the crystallites as would occur in the 
absence of a poisoning. Step motion is essentially com- 
pletely absent. 

(C) A solution was made up containing 3.0 g/liter 
of LiF and having an estimated molality no greater 


LITHIUM FLUORIDE 


than 6X 10~ in FeF; from the solute impurity. An acid- 
etched crystal was grown for 2 hr. A typical field of 
growth is shown at 37.5 in Fig. 12. It can be seen that 
the cleavage steps have advanced and that a plate struc- 
ture has grown up from the crystal. The plates are 
almost all parallel to the seed crystal face and pre- 
dominantly have their edges parallel to {100} directions 
of the parent crystal (Fig. 13). However, it can be 
seen that the plates are sometimes rotated about the 
{100} axis normal to the seed crystal. 

In Fig. 14 a less common structure growing in the 
{100} direction of the parent crystal is shown at 50X. 
Such oriented structures are also seen in growth from 
poisoned solutions. The diameter of the columnar ele- 
ments is much larger in the absence of poison. A plate- 
let surface is shown in Fig. 15 at 750X. 

(D) A solution was prepared containing 3.24 g/liters 
of LiF and 4X10~ molal in ferric fluoride. A crystal of 
lithium fluoride and a crystal of magnesium oxide were 
placed side by side in the growth solution for 16 hr. 

Almost no growth had occurred on the lithium 
fluoride crystal. The magnesium oxide crystal was 
covered with a mass of intergrown and interlaced 
lithium fluoride whiskers. The whiskers are parallel to 
the {100} cleavage plane of the MgO crystal and 
predominantly lie in [100] directions. A typical field 
of view is shown at 100X in Fig. 16. Imbedded in the 
mat of whiskers are many blobs of a reddish precipitate 
of a hydrated iron oxide. 

(E) A growth solution containing 3.24 g/liter of LiF 
and 10-* molal in FeF; was made up and allowed to 
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stand 4 hr. A precipitate formed and lowered the super- 
saturation of the solution. The supernatant liquid was 
decanted and an acid-etched crystal was immersed in 
the solution. 

The solution was left open to the atmosphere so that 
evaporation of solvent could slowly proceed. After 7 
days only about a quarter of the solvent remained. The 
crystal was removed and washed in the usual way. 

Whiskers as long as 1 cm were observed. Periodic 
twists were observed microscopically” and were ascribed 
to the Eshelby twist associated with the axial screw 
dislocation active in the growth process. 


DISCUSSION 


(A) Over-all Growth Rate 


The poisoning action of ferric fluoride on the net 
growth rate of lithium fluoride is clearly established 
by a comparison of experiments (A) and (C). The 
amount of crystal grown from a solution having an 
initial concentration of 3.00 g/liter of LiF and 6X10~7 
molal in ferric fluoride was greater in 2 hr than the 
amount grown in 16 hr from a solution having an initial 
concentration of 3.24 g/liter of LiF and 2X10~ molal 
in ferric fluoride. 

The effectiveness of ferric fluoride as a growth poison 
was even more strikingly demonstrated in experiment 
(D). Crystals of lithium fluoride and magnesium oxide 
were placed side by side in a supersaturated solution of 
lithium fluoride and 4X10~* molal in ferric fluoride. 
Lithium fluoride crystal formed a thick interlaced mat 
as seen in Fig. 16 over the surface of the magnesium 
oxide crystal and grew hardly at all on the lithium 
fluoride seed crystal. 

The magnesium oxide reacted with solvent and ferric 
fluoride to form an insoluble hydrated ferric oxide. The 
poison concentration was reduced in the neighborhood 
of the magnesium oxide crystal so that growth of 
lithium fluoride was there uninhibited. Any lithium 
fluoride crystals that started growing away from the 
magnesium oxide surface essentially stopped as the 
ferric fluoride concentration in the diffusion field ap- 
proached the bulk value. Both magnesium oxide and 
lithium fluoride have sodium chloride structures with 


18 G. W. Sears, J. Chem, Phys. 31, 53 (1959). 
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lattice constants of 4.20 A and 4.03 A, respectively. In 
Fig. 16 the lithium fluoride whiskers are parallel to [100] 
directions in the MgO seed crystal. 


(B) Effect of Poison on Two-Dimensional Nucleation 
Rate 


It has been recognized® that a step poison must re- 
duce the specific step free energy and the free energy of 
two-dimensional nucleation at a fixed supersaturation 
in the parent phase. Blisnakow™™ has discussed the 
influence of adsorption on equilibrium form and free 
energy of nucleation of crystals. Stranski!®!” and 
Kleber"*® have considered the effect of adsorption on 
crystal morphology. 

The decreased barrier to two-dimensional nucleation 
in the presence of a step poison was first demonstrated 
in the growth of near perfect platelets of potassium 
chloride from aqueous solution. Thickening of perfect 
surfaces occurred by two-dimensional nucleation in 
the presence of 10° molal PbCl, at supersaturations 
that were insufficient to cause two-dimensional nuclea- 
tion in the absence of lead chloride. 

Figure 9 shows the surface of a lithium fluoride 
crystal at 750X which has grown in the presence of 
4X10- molal ferric fluoride. Two-dimensional nuclea- 
tion has dominated the growth. In Fig. 16 a crystal 
surface grown in the presence of 6X10~7 molal ferric 
fluoride is shown at 500X. In this case individual layers 
have spread over the entire surface. The roughness 
shown in Fig. 16 occurs because the step bounding a 


4G, Blisnakow, Co 
6G. Blisnakow and 

B206, 271 (1957). 

ase Stranski, Bull. soc. frang. minéral. et crist. 79, 359 
 O. Kracke and I, N. Stranski, Z. Elektrochem. 60, 816 (1956). 


t. yo acad. bulgare sci. 6, 13 (1953). 
Kirkowa, Z. physik Chem. (Leipzig) 


8 W. Kleber, Z. 
ww, Kleber, Z 


ysik Chem. (Leipzig) B206, 327 (1957). 
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two-dimensional patch can spread only very slowly 
after reavhed a critical radius. Thus the structure is 
characteristic of a low rate of step motion and a high 
rate of nucleation. 


(C) Poisoning of Step Motion 


The poisoning of step motion is most readily shown 
by observation of whiskers of lithium fluoride. In 
Fig. 10 one of the rare whiskers which grew to an 
appreciable length in the presence of 4X10- molal 
ferric fluoride is shown. Crystallites have nucleated 
on the whisker, but the new layers have not spread 
over the whisker surface to thicken it uniformly as would 
occur in the absence of a poison. This behavior is the 
reverse of the usual case in which nucleation is more 
difficult than spreading. 

Whiskers grown in the presence of 2X10- molal 
ferric fluoride further show that the poisoning of step 
motion is not so severe at the lesser poison concentra- 
tion. Whiskers grown close to the surface (i.e., at an 
early stage of growth and at a relatively high super- 
saturation) are overgrown with crystallites to an 
appreciable extent. However, spreading of layers along 
the whiskers has occurred, and the local thickening is 
frequently imaged by closely spaced interference color 
bands. Whiskers grown high above the surface (i.e., 
at relatively low supersaturations) are not overgrown. 
They show lengths up to 1-2 mm of quite uniform 
thickness as judged by their interference colors. 

Final evidence of the very effective step poisoning 
at 4X10- molal FeF; is furnished by the formation of 
two-dimensional nuclei right at growth steps. If poison- 
ing of step motion were absent or slight, the solution in 
the immediate vicinity of a step would be at or near 
equilibrium respectively with the growing phase. Even 
in the presence of a poison, two-dimensional nucleation 
could not occur at low supersaturations. In Experimen- 
tal (E), whiskers of uniform cross section with no over- 
growth grew at low supersaturations in the presence of 
4X10- molal FeF;. 


(D) Effect of Poison on Whisker Growth 


The role of poison in the growth of whiskers from a 
dislocation in a massive crystal is clearly established by 
a comparison of experiments (A) and (C). No whiskers 
grow in the absence of poison (i.e., 6X10 molal 
FeF;). Whiskers grow most profusely at the initial 
supersaturations used in the presence of 2X10 molal 
ferric fluoride. This behavior is expected® since the 
rate of rotation of a step at the core of a dislocation is 
increased by the presence of a step poison, whereas the 
rate of step motion from the dislocation site is inhibited 
by a dislocation. A sharp pyramid tapers up from a 
dislocation and terminates in a whisker of uniform cross 
section. Figure 1 shows fully developed whiskers as 
well as all stages on the way to whisker formation. 


TABLE I. 





A B 





7.4X10- 
1.5X10-2 
4.7X10* 
7.41077 
7.4X10°* 
1.7X10* 
1.7X10% 


1.2X10-% 
1.2X10-™4 
1.9X10-8 
1.5X10-* 
7.6X10* 
7.6X107 
3.8X10-% 








In the presence of 10-* molal FeF; relatively few 
whiskers form in agreement with the observation that 
poisoning is much less severe than at 2X10 molal 
FeF3. 

In the presence of 4X10 molal FeF; almost no 
whiskers more than 20y in length formed, since two- 
dimensional nucleation dominated the growth at the 
LiF concentration of 3.24 g/liter. In Experimental (E), 
whisker growth was prolific in the presence of 4X10 
molal FeF;, since the supersaturation was insufficient 
to cause an appreciable rate of two-dimensional nuclea- 
tion. 


(E) Active Solute Species 


The stability constants are known” for the various 
ferric fluoride complexes FeF,,(H:O)¢_,*", where the 
superscript indicates the charge and the subscript 
indicates the composition. The stability constants, 
pK,’s, are 5.3, 4.5, 3.2, 2.0, and 0.36 for n=1, 2, 3, 4, 5, 
respectively, where 


Pate’: cote 
* (FeF,?*"JLF-]’ 


where the coordinated water is ignored. The total 
stability constant, pX,,‘, is given by 


pK,'= pK. 
1 


The value Ke‘ is given as ~5X10-" by Latimer.” 
Solving the equilibria relations for the simultaneous 
reactions 


Fet+++jF-—FeF 3" = j=1, 2,3, 4,5, 6 


yields the concentrations of all species. If c; is the molal 
concentration of the complex containing j fluorine 
atoms, the solution for two total concentrations of 
fluoride and ferric ions are tabulated in Table I. Column 
A gives ionic concentration for [F~]=10~ molal and 
total [Fe+++]=10- molal. This corresponds to the 
physical conditions at the start of an experiment. 
Column B gives complex ion concentrations for [F~]= 
5X10~ molal and total ferric concentration of 10~° 

2% Pp, J. Bjerrum, G. Schwarzenbach, and L. G. Sillen, Stability 
Constants Part II, Inorganic Ligands, (The Chemical Society, 
London, 1958), p. 90. 


21W. Latimer, Ovxidation Potentials (Prentice-Hall, 


Inc., 
Englewood Cliffs, New Jersey, 1952), 2nd ed., p. 226. 
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molal. This corresponds to conditions when precipita- 
tion is nearly complete. It eliminates Fe+*++ and 
FeF* + as possible poison species and indicates FeF;, 
FeF,, and FeF;~ are the most likely species re- 
sponsible for poisoning. 


CONCLUSIONS 


It has been shown that a ferric fluoride complex ion 
is a step poison ipr the growth of lithium fluoride. The 
growth behavior‘has been found to correspond qualita- 
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tively to the expected behavior. Step poisons increase 
rate of two-dimensional nucleation at fixed super- 
saturations, but markedly decrease the rate of step 
motion or of spreading of the newly formed layers. 
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Line Shapes of Electron Paramagnetic Resonance Signals Produced by Powders, 
Glasses, and Viscous Liquids* 
Fritz Kurt KNevstui 
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The line shapes arising from randomly oriented particles in a fixed position have been calculated. It has 
been found that it is possible to determine the three principal g factors with relatively high accuracy and 
without investigating single crystals. Measurements on powders of CuCh» 2H,0 and CuSO,-5H20 are used 
as examples. In addition, the influence of Brownian rotation in viscous liquids on line shapes has been studied. 
Equations have been derived for the case of high viscosities, supplementing the well-known ones given by 
McConnell [J. Chem. Phys. 25, 709 (1956) ]. To a first approximation, the effect of decreasing viscosity can 
be described by an over-all diminishing line width and an unchanged line shape function. The hyperfine 
splittings are neglected, but can be taken into account. 





INTRODUCTION 


N recent papers, Sands,! O’Reilly,? and Roberts® 
determined experimentally g;; and g. of unpaired 

electron spins in fields with axial symmetry of different 
samples by the consideration of the epr-line shapes 
produced by the paramagnetic substances dissolved in 
glasses and highly viscous liquids. Searl, Smith, and 
Wyard‘ have carried out a calculation of line shapes for 
epr-signals caused by two different principal g values 
including other broadening effects. No treatment of 
line shapes produced by paramagnetic materials with 
three different principal g factors has been published. 
Therefore, the explanation of the absorption lines of 
powders of Cu(NHs;),SO,-H,O and Cu(NHs3)4(NOs)2 
measured by Carlson and Spence’ has encountered some 
difficulties. 

One purpose of this paper is to present the results of 
a study of the feasibility of determining the principal 

* This investigation was supported in part by a research grant 
from the division of General Medical Sciences, Public Health 
Service, National Institutes of Health. 

1R. H. Sands, Phys. Rev. 99, 1222 (1955). 

2D. E. O’Reilly, J. Chem. Phys. 29, 1188 (1958). 

3 E. M. Roberts, J. Am. Chem. Soc. (to be published). 

4J. W. Searl, R. C. Smith, and S. J. Wyard, Proc. Phys. Soc. 
(London) 74, 491 (1959). 
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E. H. Carlson and R. D. Spence, J. Chem. Phys. 24, 471 
(1956). 


g values from an examination of the epr-line shapes of 
powders, solutions in glasses, or highly viscous liquids. 
Such measurements can provide welcome preliminary 
information for determining the magnetic axes and g 
factors of single crystals described by Schonland.® In 
addition, there is some evidence of a difference of the 
g tensors of a special group of molecules* measured in 
single crystals or in solutions. 

The second part of this paper deals with the in- 
fluence on line shapes of Brownian rotation of the 
paramagnetic particles with anisotropic g factor in 
viscous liquids. 

THEORY 


The following assumptions will be made: 

(a) Only systems with S= 4 will be considered. 

(b) The paramagnetic molecules are randomly 
oriented. 

(c) Hyperfine splitting is neglected. 

(d) Broadening of the absorption lines due only to 
the anisotropic g factor is taken into account. 

(e) The Brownian motion of the paramagnetic 
particles in viscous liquids is independent of the mag- 
netic interactions between these particles and their 
neighbors or the external field. This behavior differs 


®D. S. Schonland, Proc. Phys. Soc. (London) 73, 788 (1959). 
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from Brownian rotation influenced by electric dipole- 
dipole interaction treated by Debye.’ 


Line Shapes Due to Fixed Orientations 


First, we calculate line shapes due to particles 
randomly oriented. Restrictions (a) and (c) lead to the 
following Hamiltonian: 


X= p>. Hi,’ gn S;! 
k 


for a molecule fixed coordinate system 


=BL LAGS: 


for a space fixed coordinate system (1) 


where H;, H;’ are the components of the magnetic field; 
Si’, S; the components of the Pauli spin operator; 
Gy the time dependent g tensor and g, the principal g 
values. Taking H,=(0, 0, H,) and introducing g= 
hw /BH., we find 


g’= g,’ sin’B sin*y +g.” sin’B cos*y+ gz" cos’B 


g°= grt (gs’— gi’) cos’B for gr=g. (2) 


a, 8, y are the Eulerian angles as defined by Margenau 
and Murphy.® 

The normalized shape functions S(H,) or S(g*) are 
determined by the probability of the molecules to 
absorb in the region H, to H.+dH, or g’ to g’+d(g*). 
Therefore we can write 


HetdH, 


S(H,) =9" (dH,)" | dQ, 


H, 


[scayan.=1, (3) 


S(g*) = S(H,)+2HS ww? Ph. (3a) 
Q is the phase space. Assumption (b) leads to d2= 
sinSdBdy= — dzdy, Q2=42, where z=cos@. 

For gi= go, the normalized line shapes can be calcu- 
lated in a straightforward manner with the aid of 
Eqs. (2) and (3). They have been evaluated pre- 
viously by Sands.! 

S(H.) = H?H) (H.-H?) 7H (HH). (4) 

For three different principal g values, we have to 
consider in more detail the behavior of g* in the phase 
space. The symmetry of Eq. (2) allows us to reduce 
the space to an area of Q=2/2. Figure 1 shows the 
variation of g’ within this region. For the calculation 


7P. Debye, Polar Molecules (The Chem. Catalog Company, 
New York, 1929). 
8 H. Margenau and G. M. Murphy, The Mathematics of Physics 
pow Chemistry (Van Nostrand Company, New York, 1956), 
nd ed. 
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Fic. 1. g* asa function of z and y. g1, g2, gs are principal g values. 


of S(g*) the following formula is applied: 


o-1(da)tfan(a) =f (d0/| gradaa|), (5) 


where a is a function of m dimensions and dQ the corre- 
sponding volume element. ®’ is Q reduced by the con- 
dition: a=constant. If d2=dxdy, this equation becomes 


(da) c dudes if (ds/| grade |) 


=[ [as ‘ay(x,a)], (6) 


where a,=0a/dy. These expressions can be used to 

determine shape functions due to Hamiltonians more 

complicated than (1), e.g., with hyperfine interactions. 
The application of (6) leads to the normalized shape 

functions for g3>ge> gi: 

for H.S Hz: 


H,H2H3H-* 
(Hy— H,?)'(H— H;) 





S(H,) =2/ K(k) 


with 
_ (Hi— A?) (H2— H?) 
(HY— H?’) (H?— H?) 


2 





for H,= Hi: 
H,H.H3H* 
(HY— H;?)*(H?— H;)' 


K(k) is the complete elliptic integral of the first kind, 
see Jahnke and Emde.’ 





S(H,)=2/s K(i/k). (7) 


ld 
K(k)= i db/(1—k sin%®)}, 
K(0)=2/2, K(i)=. (8) 


9 E. Jahnke and F. Emde, Tables of Functions (Dover Publica- 
tions, New York, 1945), 4th ed. 
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Fic. 2. The shape functions S(H,) and their derivatives. 


Expressions similar to (7) have been found by Bloem- 
bergen and Rowland” for nmr-line shapes due to 
anisotropic Knight shift in metals and due to nuclear 
quadrupole coupling by Cohen and Reif." 

What are the line shapes expected? Figure 2 shows 
the S(H.) according to (4) and (7). The continuous 
lines represent the ideal curves; the broken ones are an 
approach to the real shapes. This figure indicates: 
(A) We are able to distinguish between signals due to 
two and three different principal g values gy. The deriv- 
ative of the shape corresponding to two g’s has five 
points of inflection; the other one has seven. (B) We 
can determine or estimate all g factors in both cases. 
Zi|, Zi, gi, and gs correspond to maxima, ge to a zero 
point of the derivatives. 

With assumption (c), these statements are true in a 
first approximation. To estimate the errors introduced 
by Gaussian broadening, we can proceed as follows. 
For H, near Hi, H;, H\,, we superimpose a Gaussian 
shape with the line width 2H» upon a linear approxi- 
mation of our ideal curve. Hy can vary with H., but 
special values of Ho can be found as indicated in Fig. 2 
in experimental curves. The superposition of the two 
shapes is calculated by taking the convolution® (Fal- 
tung) of the shape functions. The effect of additional 
Gaussian broadening is in a first approximation a shift 
of the maxima corresponding to gi, g3; and g); of the 
derivatives. As an example, we write the equation for 
the position of the maximum near H)). 


Az max= H\\+ He {(H)\/(H2— A) J—(2/Hi;)}. (9) 


This is a second-order effect. Similar expressions are 
valid for the shifts near H, and H;. But for the cases 
corresponding to H, and H,, such equations are difficult 


10 N. Bloembergen and T. J. Rowland, Acta Met. 1, 731 (1953). 
M. Cohen and F. Reif, in Solid State Physics (Academic 
Press, Inc., New York, 1957), Suppl. to Vol. 5. 
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to find. Graphical methods or exact calculations, in- 
cluding all broadening effects from the beginning,‘ are 
necessary to determine the theoretical error of the 
Hz or H, determination. 


The Effect of Brownian Rotation 


For epr measurements dealing with viscous solutions, 
we must consider the effects of Brownian rotation on 
the line shapes. We use two probability densities to 
describe this movement, Py and P,. They are functions 
of the orientations determined by the Eulerian angles 
a, z=cos8, y of the molecules containing unpaired 
spins. Po(a, 2, y) is the probability density to find such 
a molecule with an orientation in the interval between 
a, 2, yand a+da, 2+dz, y+dy at a certain time é. Po is 
independent of the time 4 and with assumption (e), 
we can easily prove 


Po(a, Z, 7) =1/4n. (10) 


P, is the probability density of finding a molecule in 
the interval at a, 2, y at time 4-t7, if it was or will be 
in the interval ao, 20, Yo at time &. P, is independent of 
fo, and it represents a solution of the equation 


OP,/d | T | = DAwa,2.y Pr 


The initial condition for time fy or r=0 is 


(11) 


P,,(0t0, 20, Yo, | 7 |, & 2, ¥) rm0=5(a— a0, 3— 20, Y— Yo). 


(12) 

Equation (18) follows from assumption (e) and it is 

related to the laws ruling heat transfer and diffusion. 

Debye’ calculated D for spherical particles of volume V 
in a liquid with a viscosity 7 at temperature T: 

D=kT/6Vn, te=1/6D=Vn/kT. (13) 

In epr and nmr literature D is usually replaced by 7. 

Because we will deal with averages of functions of 


and ¥ only, we take the following solution of (11) and 
(12) as P,: 


P, (20, Yo, | 7 |, % Y) = 2, expt —[n(n-+1)| r |1/6rc} 
Xx » & re (Zo, Yo) Y,™ (3, 7). (14) 


Y,™ are normalized spherical functions. Averaging any 
function of the form 


f(s, 7) nm dan Y,” (z, 7) 


by the aid of P, we find 


[f fe, 1) Pededy=exp{—[n(n+1) ror} -f (00 1). 


(15) 
The effect of Brownian rotation on the absorption 
curves can be described by a contribution to the spin- 
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lattice relaxation and one to the spin-spin interaction. 
The former decreases with growing viscosity; the latter 
increases and causes an asymmetric line shape. 

McConnell” has given a first approximation for these 
two effects in slightly viscous liquids, using the relaxa- 
tion times 7; and 7,’. Assuming gi= go, he found a good 
formula for the broadening due to spin-lattice relaxa- 
tion, but his expression for the spin-spin interaction 
neglects the asymmetry of the line shapes. Therefore, 
an approximation of the spin-spin effect for high 
viscosities is needed. 

The square of the Hamiltonian (1) as function of 
time ¢ can be written 


H(t) = 3 (BH,)*g?(t) U = th'w*(t) U. (16) 


U is the two-dimensional unity matrix. Assuming a 
high viscosity and | gi—gs |&g:, we neglect the spin- 
lattice contribution and calculate averages of w*(#) or 
g’(t) as follows: We consider the paramagnetic particles 
with an orientation in the region ao, 2, ‘Yo at about 
time %&. Some of their unpaired spins undergo transi- 
tions; we call the group of these spins E(ap, 20, Yo). 
Because of our assumptions, the number of particles in 
such a group is independent of a, 2, Yo and &. The 
uncertainty of %& is determined by Heisenberg’s prin- 
ciple: At~1/w. To calculate the shape functions due 
to Brownian rotation, we replace g’ of (2) by the 
averages of g* over all particles of a group E and over 
the time interval 4&-+At. We introduce the spin-spin 
relaxation, taking” only the interval | »| $1/#T7,’ of 
the Fourier spectrum. The relaxation time 7;’ is much 
larger than At, because | gi—g3| gi. g? of (2) is a 
linear combination of Yo° and Y,". Therefore, we have 
to consider only Y.”. Averaging Y,” over E leads to 


(Y2™ ) i= i] if P,Y¥."dzdy= Y."(2, Yo) expl—| 7 |/r-]} 


= [ole ‘Yo, v) exp (i2avr) dy. (17) 
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Fic. 3. Derivative presentation of the electron paramagnetic 
resonance spectrum of polycrystalline CuSO,-5H:0 with two 
principal is values. Meas' at room temperature at a frequency 
of be 2 kMc/sec with a Varian 100 kc spectrometer, model 
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Fic. 4, The same as Fig. 3, but for CuCh-2H20 with three 
different g factors. 


Introducing 72’ and taking the average over the time 
interval f+ At, we find 


+1/9T 2’ 


(¥2" w= art dxf ie 
( V2" w= Yo" (z0, Yo) (2/r) tan—!(1./T>’). 


Using this result, we can determine (g”),. 

(g* w= sin®By sin*yol s+ (g:°—s) (2/m) tan-*(r-/T2’) ] 
+sin’Bp cos*yol_ s+ (gz’—s) (2/m) tan“ !(r-/T2’) ] 
+cos*Bols+ (gs?—s) (2/x) tan—!(1-/T2’) ] 

= (g-+g2?-+ 83°) /3. (19) 


Concerning the angular dependence, this equation is 
similar to (2). Only the g,’s of (2) must be replaced by 
s+2/m.+(gi2—s)-tan-'7,/T'. Therefore, the shape func- 
tions S(g*) and S((g*)w) are equal. With the assump- 
tion | gi— gs | “gi, we can use the transformation (3a) 
to determine the first approximation of S((H.)w). 
The difference between s and go”, where go=4$(gitge+ 
gs), is very small. Therefore the Brownian rotation 
reduces the over-all width of the absorption line, but 
it does not affect its shape as long as T2'/z, is small. 
The points corresponding to gi|, gi OF £1, go, gs Move 
with increasing T2'/r, towards go. 


a(20, Yo, v) exp(2aivr)dr 


(18) 


EXPERIMENTS 
Fixed Orientations 


In order to demonstrate the line shapes arising from 
arbitrarily oriented molecules, the first derivatives of 
the absorptions due to crystalline powders of CuSO,: 
5H,0 and CuCl,-2H,0 have been measured at room 
temperature and a frequency of about 9.2 kMc/sec. 
In spite of exchange effects,“ these powders show the 
expected curves, as is evident from Figs. 3 and 4. 

The princial g values of these salts have been deter- 
mined by single crystal measurements" as CuSQ,- 
5H;O: gi=2.27, g);=2.08; CuCl-2H,0: gi=2.037, 
§2= 2.187, g3=2.252. To calculate the positions of the 
peaks of our derivatives, we determine first the half- 


4K. D. Bowers and J. Owen, Repts. Progr. in Phys. 18, 304- 
373 (1955). 
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Fic. 5. Derivative presentation of the electron paramagnetic 
resonance absorption of a solution of CuSOy+xH,0 (x=0—5), in 
glycerol at different temperatures. The microwave frequency is 
about 9.2 kMc/sec. The intensity scale is different for each curve. 


line widths Hy from the experimental curves. We find 
Hy, \/H; | = 6.6: 1. Ha /Mi= 7.0- 107; Ho3/H3= 7.8° 
10-*. Using Eq. (9) and related ones, we evaluate 
theoretical errors of the g determination; 6g);/g;;= 
0.36+10-%, 5g:/g:=0.43-10~%, 5g3/g;=1.1-10-*. 

These estimated errors or corrections are comparable 
with those of single crystal work, 2-10-*. Our results 
are plotted in Figs. 3 and 4. There is a good agreement 
with our theory. The position of the peak corresponding 
to gi seems to undergo a shift of the same order of 
magnitude as those just mentioned, whereas the zero 
point belonging to ge moves more. 


Effect of Brownian Rotation 


To demonstrate the change of the line shapes caused 
by Brownian rotation, we measured the epr absorption 
of a solution of CuSOy-xH,O (*«=0-5) in glycerol at 
temperatures from —140°C to 250°C. The absorption 
patterns do not depend on the initial water content 
(x) of the sulfate. The influence of the concentration 
of the solute on the shapes can be neglected for our 
considerations. The viscosity of glycerol is a complex 


function of the amount of impurities and solutes 
and varies considerably with temperature. Lutze and 
Bésnecker® have recently investigated the system 
CuSO,-glycerol by epr. They have related the spectra 
from 90°K to room temperature to two different 
paramagnetic centers. 

For our measurements, we have varied the tempera- 
ture in steps of about 5°C and have found a continuous 
change with increasing temperature of the entire line 
shape toward a Gaussian or Lorentzian shape. This 
behavior can be explained by a Hamiltonian slightly 
different from (1) and a modified Eq. (19). Figure 5 
shows four of the measured curves and demonstrates 
the shift of the peaks toward go predicted by (19). 

If we take an anisotropic g factor with axial sym- 
metry and a nuclear-spin coupling with the same 
properties, we can relate our absorption pattern to a 
single type of paramagnetic centers. The Hamiltonian is 


H=B), > H.GuSit >, > AnleSt (20) 
k l zk Ut 


where Ax: and Gy; are tensors with the same axis of 
symmetry. We find from our measurement g: ~2.08, 
g\, 2.40, A;;~130 gauss, A, small, in accordance with 
the low-temperature results of Lutze and Bésnecker.” 
The assignment of g and g;, is justified by the ratio of 
their differences from go and the line shapes. To study 
the relaxation effects of the system CuSO,-glycerol 
quantitatively, we need additional information on the 
influence of impurities on the viscosity as well as 
detailed knowledge on how the viscosity changes with 
temperature. 
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X-ray measurements in ErCl; and Erl; solutions indicate that there is a firmly held octahedral arrange- 
ment of H,O molecules around the Er*+ ion. In addition, there are present Er?+—Cl,~ and Er*+ —I,~ ion- 
pair complexes. Finally there is a large amount of order introduced into the structure by the presence of 


the ions, with evidence for an “‘icelike” quasi-lattice. 





INTRODUCTION 


S described in previous papers'~* x-ray scattering 

techniques have been used to measure some 
properties of ionic solutions. So far we have dealt with 
hydration numbers, ion pairing or complex ion forma- 
tion, and effects (on the solvent) of the dissolved 
species. In this communication we turn our attention 
to the problem of interactions beyond the first hydra- 
tion layer. 

It was observed by Freed, Weissman, and Jacob- 
sen‘ that the spectra of Eu** salts in solution had 
unusual properties. Briefly, the spectra consisted of 
groups of lines in the visible region which arose from 
transition in the 4f shell. This work and subsequent 
investigation by Sayre, Miller, and Freed® established 
that there were five lines in the blue region, three in the 
green, and one in the yellow, corresponding, respec- 
tively, to transitions from the 'F ground state to upper 
states with J =2, 1 and 0, respectively; the degeneracy 
had been completely removed by the electric field of 
the environment around the ion. From their experi- 
ments they deduced that the symmetry in aqueous 
solution was Dz and in alcohol solution Co», 

But, in addition to this spectrum, Freed’* noted 
that the groups of lines were accompanied by faint 
repetitions of their patterns on the long and short 
wavelength side, the intervals between the main group 
and its repetition being consistent with a lattice vibra- 
tion of the surrounding medium coupling to the elec- 
tronic vibrations of the ion. From the magnitude of 
the frequencies and other characteristics of the spec- 
trum in mixed solvents, Freed concluded that around 
the ion there was an oriented region of considerable 
extent. Miller® in a later paper postulated an ice III 
structure for this “iceberg” with the Eu** ion fitting 
interstitially into the lattice. 

These interesting observations led us to do a study 
of ErCl; and ErlI; solutions using the x-ray technique, 

1G. W. Brady and J. T. Krause, J. Chem. Phys. 27, 304 (1957). 

2G. W. Brady, J. Chem. Phys. 28, 464 (1958). 

3G. W. Brady, J. Chem. Phys. 29, 1371 (1958). 

4S. Freed and H. F. Jacobson, J. Chem. Phys. 6, 254 (1938). 

5S, Freed and S. I. Weissmann, J. Chem. Phys. 6, 297 (1938). 


6 E. V. Sayre, D. C. Miller, and S. Freed, J. Chem. Phys. 26, 
109 (1957). 

7§. Freed, Revs. Modern Phys. 14, 105 (1942). 

8H. S. Frank and M. W. Evans, J. Chem. Phys. 13, 507 (1945). 

9D. G. Miller, J. Am. Chem. Soc. 80, 3576 (1958). 


with a particular view to determining the extent and 
orientation of the ionic environment. Er*+ was chosen 
instead of Eu*+ because of its smaller size which offered 
the advantage that possible Er*+—H,0 peaks (~2.3 
A) would be freer of interference from solvent peaks 
(~2.9 A). It was assumed that the field symmetry 
was the same for Er** as for Eu**. 


EXPERIMENTAL 


ErCl; was prepared by dissolving Er,O; in HCl, 
evaporating and crystallizing out the chloride. Erl; 
was prepared for us by Michigan Chemical Corpora- 
tion. This compound is unstable and its solutions 
gradually decompose to give a white precipitate. It was 
therefore analyzed immediately after the x-ray scatter- 
ing pattern was taken. This latter took about 8 hours 
to obtain and the solution was still clear after this 
period. 

The concentrations were as follows: 


ErCl; 
ErCl; 
ErCl; 
Er]; 


Solution I Ero.016Clo.o4s8(H2O) 0.936 


Ero.024Clo.o705(H2O) 0.905 
Ero .048Clo.135(H20)o.s20 
Ero .02210.0600(H20) 0.917 


Solution II 
Solution III 
Solution IV 


The measured intensity was processed as previously 
described! ? and the Fourier integrals evaluated on the 
IBM 704 computer. 


RESULTS AND DISCUSSION 


The radial distribution curves are shown in Fig. 1. 
In qualitative features there are both striking simi- 
larities in all the curves and at the same time marked 
differences. We shall briefly discuss these features. 

In both ErCl, and Erl;, the curves show three sharp 
peaks whose maxima occur at 2.3, 3.05, and 3.6 A. 
Following this there is a region between 4 and 5 A 
where peaks are present, and whose detailed form 
varies with solute concentration. At the highest ErCl; 
concentration, curve III, this peak has a single maxi- 
mum and an asymmetric shape. At the lower concen- 
trations I and II, there are indications of two maxima. 
In curve IV (ErCl;) the two maxima are well defined. 
Finally there is a peak at 6.9 A in all the curves. 
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Fic. 1. Radial distribution curves for ErCl; and ErlI;. Curves 
I, I, and III, ErCl;; Curve IV, Erls. 


In addition to these common features curve IV 
possesses an extra peak at 5.4 A. 

The remarkable similarity of the curves leads in- 
evitably to the conclusion that we are dealing with a 
system in which a large part is held in a configuration 
that is stable and in the main independent of concentra- 
tion. This observation is in qualitative agreement with 
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Fic. 2. Part of the radial distribution curves of Fig. 1 showing 
resolution of peaks out to 4 A. 
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Fic. 3. Part of the radial distribution curves of Fig. 1 showing 
outer peaks. The vertical lines along the abscissa are the positions 


of ice peaks. 


the equivalent insensitivity of the spectra to concen- 
tration changes. It will be seen that the evaluation of 
the peak areas will give quantitative support to this 
observation. 

To facilitate discussion we divide the curves in Fig. 1 
into two parts; the first, which covers the range of the 
first three peaks in the distribution function is shown 
in Fig. 2. The remainder, showing longer range order is 
shown in Fig. 3. But before leaving Fig. 1 we can at- 
tempt to identify the interaction which results in the 
large peak at 4.6 A. From the large area it is safe to 
conclude that Er**, because of its high atomic number, 
is a contributor to the peak. Most significant, however, 
is the fact that the peak moves out a distance ~0.7 A 
when the Cl is substituted by the I-, indicating that 
the anion is also involved in the interaction. Thus the 
first fact established is that there is ion-pairing present 
to a large degree in the solutions and presently when we 
establish a model this factor will figure prominently in 
the discussion. 


TaBLe I. Nearest and next-nearest neighbor numbers. 
n;, Er—H,0; 


m2, CL—H,0; 
n3, Er—2nd H:0. 





Solution mn 





I 
II 
Il 
IV 


6. 
6. 
6. 
6. 








® Determined by averaging. 





STRUCTURE IN IONIC SOLUTIONS. 


We proceed next to a consideration of Fig. 2. Since 
2.3 A is the sum of the radii of Er*+ and H,O, we can 
immediately identify the first peak as resulting from 
an Er*+—H.0 interaction. The area of the peak will be 
given by 


C(2X Ket+XKoXm), 


where C is the mole fraction of Er*+, Kx,*+ and Ko are 
the effective electron numbers assigned to the respec- 
tive species, and m is the coordination number of the 
H,0 molecules around the Er*+. The values of m deter- 
mined in this way are given in the second column of 
Table I. It is seen that within experimental error the 
number is six, indicating that the nearest neighbor 
configuration around the cation is octahedral. While it 
is not safe to attach quantitative significance to the 
peak widths in radial distribution curves, because 
these are determined to a large extent by experimental 
conditions and arithmetical details, it is safe to say 
that the relative sharpness of the peaks compares 
favorably under the same experimental and arith- 
metical conditions with that of FeCl; where one is 
dealing with actual complex ions. Thus the first hydra- 
tion sheath is very firmly held to the ion. 

We return now to the previous observation that ion- 
pairing is present. By analogy with Eu*+ we can take 
the field symmetry® around Er*+ as D2, which is not 
consistent with the O, symmetry of the octahedral 
H,0 cage. However, when two Cl- or I- ions are placed 
in the center of two edges as shown in Fig. 4, we arrive 
at a model with the correct symmetry. Even more 
gratifying, when we construct the model to scale, using 
as radii for Er**, Cl-, I-, and HO the values 0.9, 1.8, 
2.2, and 1.4, respectively, the Er>+—Cl- distance turns 
out to be 4.6 A, in perfect agreement with the distance 
to the peak maximum in the radial distribution curve. 
The analogous Er*+—I- distance is 5.2 A, slightly less 
than the peak distance of 5.4 determined from the 
distribution curve, but this slight difference can easily 
be accounted for on polarization grounds alone. To the 
author’s knowledge this is the first direct determination 
of the configuration of an ion-pair complex, and sheds 
light on the old question as to whether the ion pair 
touches, or whether the hydration sheath separates the 
two. In the Er** solutions at least, the latter appears 
to be the case. From the spectral data which indicates 
an insensitivity to concentration we can also conclude 
that a portion of the peak at ~4.6 A in all the ErCl; 
curves will result from this complex. This allows us 
then to calculate an area which may be applied to the 
curves as a correction, and thus allow us to determine 
more accurately other interactions whose peaks occur 
in this region. 

The next two peaks in the distribution curves can be 
solved by the procedure shown in Fig. 2, where, by ex- 
tending the left-hand side of the curve at ~4.0 A down 
to the axis, we get a good resolution of the right-hand 
side of the peak whose maximum occurs at 3.6 A. The 
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Fic. 4. Planar model of the environment around Er*+. There 
is an H2O directly above and below the Er**. 


left side of this peak is then drawn in symmetrically 
with the right and this then allows resolution of the 
peak whose maximum lies at ~3-3.1 A. When it comes 
to determining which interactions give rise to these 
peaks we must consider from chemical knowledge what 
spacings to anticipate in these regions. There will 
certainly be CI-H,O; and I-—H,0 interaction dis- 
tances at 3.2 A and 3.6 A, respectively. We can see 
this latter peak beautifully displayed in curve IV of 
Fig. 2, where the peak at 3.6 A (present in all the 
curves) has more than twice the area of the peak in 
curve II, although the concentrations are nearly the 
same. However, the expected CI-—H,0 interaction at 
3.2 A will be confounded with peaks resulting from 
H.O—H,0O distances in both the first hydration layer 
and in the rest of the solution. From the model in Fig. 4, 
we can determine that the H,O—H,0 distance in the 
first layer is ~3.2 A. In the rest of the solution we 
anticipate that the distance will be ~2.95 A. Thus the 
second peak at ~3.05 A (in curves I, II, and III) will 
be made’ up of contributions from these three interac- 
tions while in curve IV it will include only the HXO— 
H.O interactions. Curve IV can then be used to meas- 
ure these interactions. The area will be given by 


0.022 Ko?Xm,+0.917 Ko? Xn, 


where Ko=6.6 is the effective number of electrons of 
O, m, is the nearest neighbor number of O’s in the first 
layer and m, is the corresponding number in the rest of 
the solution. It can be determined that m,=4 from the 
octahedral arrangement of the waters in the first layer 
and we can then directly determine that n,=4.1. Thus 
the structure of the solvent is tetrahedral, in fact even 
more so than in pure H,O where the measured number 
is 4.6. This result was anticipated qualitatively from 
the general sharpness of the peaks, and as will be dis- 
cussed later, is confirmed by the general features of the 
distribution curves in Fig. 3. With this H,O—H,0 
nearest neighbor number then determined from the 
Erl; curve we can compute the areas resulting from 
this interaction for the ErCl; solutions, subtract them 
from the peak with maxima at 3.05 A and thus de- 
termine the CI-—H,0O nearest neighbor number, 12. 
These figures are given in Table I and shown in Fig. 2. 
It is seen that there results a fairly constant value for 
this number indicating, as in the constancy of the first 
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peak area, that the structure of the solutions is inde- 
pendent of concentration. It is to be remembered that 
the Cl—H,0 number is an average for the three Cl’s, 
two of them being bound to the Er**, and the third 
found somewhere outside in the body of the solution. 

From its size and the way it varies with concentra- 
tion, the peak at 3.6 A in the ErCl; curves is consistent 
only with an Er*+—2nd H,0 interaction. The values for 
the number m; of H,O’s in this layer is shown in Table 
I. The values range from 6.3 to 7.0. The accuracy of 
the procedure used to separate the peaks could easily 
account for this variation. Examination of the values 
in the table shows that in solution I, me is slightly 
higher than in solutions II and III, and 2; is slightly 
lower. This suggests that the apportionment of area 
between the second and third peak may be in some 
doubt in solution I, and that no physical significance 
can be attached to the slight variations in the table. 

Finally, we can determine a value, m4, for the I—H,0 
interaction by subtracting the average value of m3 from 
the area of the third peak in curve IV. This results in a 
value of 6.8 for m, subject to the same conditions as 
those discussed in the m2 case, that is that it is a mean 
value for both kinds of I-’s, those in the ion-paired 
configuration, and the free one. 

The model shown in Fig. 4 illustrates how the solvents 
and solute combine to take account of the entry into 
the solvent of a highly charged species. The orientation 
of the HO in the first layer! is such that the two nega- 
tive charge clouds of the molecule point toward the 
central Er**, thus constraining the two O—H bonds to 
point outward. Free rotation of the H,O’s around their 
dipolar axis is allowed, and thus when the Cl ions 
occupy their positions in the octahedral edge (Fig. 4) 
the H,O’s in the plane containing the Cl-’s will have 
one of their O—H bonds oriented toward the anion. 
The result of this will be that only one OH bond will 
be available for bond formation with the second hydra- 
tion layer. The two other H,O’s in the octahedron will 
not be affected in this way, and both O—H bonds will 
point outward. In sum there will thus be eight free bonds 
to be saturated by the molecules in the second layer. 
It is of interest that the measured number of H,0’s in 
the second layer is ~7. Within the accuracy of the 
extrapolation procedure used to resolve the peak, this 
is in close agreement with the number of free bonds 
available. 

In Fig. 3 the outer part of the distribution curves is 
shown. Calculated peaks resulting from the Er*t+—Cl- 
interaction are shown in the insert. The effect of sub- 
tracting these areas from the curves I, II, and III of 
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Fig. 1 results in a development of two peaks in the 
curves in the region between 4 and 5.5 A. These two 
peaks are already present in the Erl; curve IV. Further 
inspection shows a pronounced shoulder at ~6.4 A and 
a well-defined peak at ~6.9 A. The peaks become less 
pronounced as one goes to less concentrated solutions. 

For comparison the spacings for ice are shown as 
vertical lines along the abscissa, and it can be seen that 
the peaks in the distribution curves occur precisely at 
these distances in the three ErCl; solutions and in the 
ErlI; solution. These peaks are not present in the 
distribution curve for pure water." Thus direct evi- 
dence for a high degree of icelikeness in these solutions 
is supplied. This observation is in accord with the con- 
cept of structural temperature introduced by Bernal 
and Fowler." The strong local potential fields of the 
ions remove much of the internal motion of the solvent 
and constrain it to assume a configuration appropriate 
to another structural temperature. In some solutions 
the structural temperature is raised because the solvent 
structure is too badly disrupted by having to incor- 
porate ions of large size and low field. In the present 
case, the overwhelming effect is an ordering one and 
the temperature is lowered. We could speculate also 
that the highly oriented region around the ion could 
act as a nucleus for the formation of pseudocrystals of 
ice, and ascribe a two-phase structure to the system, 
with actual crystallities present in the solution, but 
the x-ray results do not allow us to make this claim 
unambiguously because the resolution is not good 
enough to do a more detailed analysis in this region. 
For the same reason it is not possible to measure a 
structural temperature because of interference from 
the many other interactions present which have the 
effect of producing a large background in the distribu- 
tion curves in the region of the ice peaks. 

To conclude, these findings are in excellent agree- 
ment with Freed’s spectral measurements. The dis- 
placement of lines on each side of the electronic spec- 
trum of the Eu** ion in his experiments was indeed due, 
as he observed, to interaction with the pseudocrystal- 
line lattice of the solvent environment, which is of a 
highly ordered nature. 
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Nitrogen isotopic partition function ratios have been calculated for the following molecules and ions: 
Nz, N20, NO, NOCI, NOs, NO.~, NO;~, and N2O,. All available isotopic and anharmonic data have been 
used, and values of Q%/Q™ are tabulated for temperatures at intervals from 100°K to 600°K. Isotopic 
equilibrium constants calculated from the partition function ratios are compared with those that have 


been observed experimentally. 





INTRODUCTION 


REY and Rittenberg! first calculated isotopic 

exchange equilibrium constants from spectral 
data, and Urey? has presented extensive calculations 
for various molecules. These calculations are made 
from the fundamental vibrational frequencies of the 
molecules involved, the shift of these frequencies with 
isotopic substitution, and the anharmonic constants 
of the molecule. Very little data on isotopic frequency 
shifts were available when the original calculations 
were made, and most of the isotopic frequencies were 
estimated from the normal vibration frequencies. For 
simple diatomic molecules, the isotopic shifts may be 
calculated with a high degree of accuracy, but as the 
molecule becomes more complex this procedure be- 
comes less exact. Recently a considerable amount of 
isotopic data involving molecules containing N® has 
become available in this laboratory and elsewhere, and 
new partition function ratios have been calculated 
which are believed to be more exact. Although the 
deviations from the earlier values are often not large, 
the effects become appreciable in the calculation of 
isotopic equilibrium constants where one partition 
function ratio is divided by another to obtain a factor 
which is very close to 1. 


THEORY — 


The formula given by Urey? and Bigeleisen and 
Mayer’ for the partition function ratio of two isotopic 
molecules is 


_ pypeiexp(—mi/2)[1— exp(— mi) ] 
Qr0r/Qa= pom /DtIa exp(—2:) | 





(1) 


The equilibrium constant for the exchange reaction 
between the compound or species under consideration 
and the separated atoms is Q2/Q; where 1 and 2 refer to 
the different isotopic species, o; and a2 are the sym- 
metry numbers, u;=hew;/kT, and w; is the ith normal 
vibrational frequency. This expression is rigorously 


. © This pape Pima is based on work performed for the U. S. Atomic 


Energy Commission by Union Carbide Corporation. 
1H. C. Urey and D. Rittenberg, J. Chem. Phys. 1, 137 (1933). 
2H. C. Urey, J. Chem. Soc. 1947, 562. 
3 J. Bigeleisen and M. G. Mayer, J. Chem. Phys. 15, 261 (1947). 


correct at ordinary temperatures for a rigid-rotator 
harmonic-oscillator. Since the real systems always 
involve some anharmonicity which precludes an exact 
treatment of most molecules, the following procedure 
(which yields as accurate a result as can be obtained) 
was used. Zero- order frequencies, where known, were 
used to evaluate the factor u;/m;. This choice was 
made because this quotient was introduced into the 
formula by use of the Teller-Redlich product rule 
which holds rigorously‘ for zero-order frequencies. The 
factor []; exp(—w,/2)/ exp(—m,/2) involving the 
actual zero point energy difference was evaluated 
accurately from anharmonic data where such data 
were available. In the factors [1— exp(—w;) ], the 
observed vibrational frequencies were used in the 
calculation. For isotopic molecules, observed isotopic 
data have been used except in the case of N:” and 
N"N® where calculated values are quite accurate. 

The use of the data in this fashion yields a result 
which is rigorously correct for ideal gaseous molecules 
at normal temperatures as far as the rotation, transla- 
tion, and zero-point energy contributions to the parti- 
tion functions are concerned. The result is not precise 
as far as the vibrational contribution is concerned. 
Sample calculations for nitrogen and nitric oxide taking 
into account higher anharmonic correction terms, the 
effects of centrifugal distortion and vibration rotation 
interaction,‘ however, showed that even at 600°K no 
change in the partition function ratios by such correc- 
tions was produced in the fourth decimal place. There 
exists no rigorously derived expression to take into 
account the anharmonicity in polyatomic molecules, 
but it is doubtful that such corrections here would do 
more than slightly affect the fourth decimal place in the 
partition function ratio. A small correction in the fourth 
decimal place was made for nitrogen and nitric oxide 
at 100 and 200°K because of a very slight departure 
from classical behavior in the rotational motion. This 
correction was negligible for the other molecules. 

The spectral data used in the calculations are sum- 
marized in Tables I and II along with references to the 
sources. For molecules reported in Table I, anharmonic 


4G. Herzberg, Molecular Spectra and Molecular Structure 
(D. van Nostrand Company, Inc., Princeton, New Jersey, 1950), 
Vol. I. 
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Taste I. Data for molecules for which exact constants were used 
(cm), 








Zero-order Observed Zero point 
frequency frequency energy 


Molecule wi Mi €0 Reference 





NN" 
N¥N 
NUN’ 
N¥O 
N¥O 
N¥N¥O 


2359.6 
2320.1 
2279.8 
1904.03 
1869.98 1843.05 


1300.3 1285. 
596.5 588. 
2276.9 2223. 


1295.6 1281. 
582.8 (2) 575. 
2228.6 2177. 


1285.1 1220. 
$93.2 (2) S85 
2254.5 2202. 


1280.3 1266. 
578.9(2) 571. 
2206.3 2156. 


1842.6 1800. 
626.8 595. 
340.8 332 


2330. 
2292. 
2252. 
1876. 


1176.2 
1156.5 
1136.5 
948.52 
931.62 
2368.18 


_ 
= 
Y 


N¥N4O 2328.59 


NNO 2346.38 


MADR ARKO Com 
S 


N®N®O 2306.19 


nor 
—~ 
i) 


NOC] 1393.83 


rer) 


N*®OCI 1810.1 1769 
610.8 581. 


339.0 330. 


1369.05 


N“O, 1357. 1318. 
756. 749.8 


1665.: 1617.8 


1873.30 


N40, 1342. 1306.0 
747. 740.2 


1628. 1580.3 








® See footnote 4. 
b Calculated. 

© J. H. Shaw, J. Chem. Phys. 24, 399 (1956). 

4 W. H. Fletcher and G. M. Begun, J. Chem. Phys. 27, 579 (1957). 

© G. M. Begun and W. H. Fletcher, J. Chem. Phys. 28, 414 (1958). 

f L. Landau and W. H. Fletcher, J. Mol. Spectroscopy 4, 276 (1960). 

© FE. T. Arakawa and A. H. Nielsen, J. Mol. Spectroscopy 2, 413 (1958). 


BEGUN AND W. H. 


FLETCHER 


TABLE II. Observed fundamental frequencies (cm~). 








Observed frequency (») 
N# _ NB 


Species Reference 





NO:~ 1305 
805 


1208 
1049.2 


809.0 
1343.7 (2) 
714.8 (2) 


1360 

797 

264 

150 

1672 

478 

420 

654 

1707 

380 

1262 1251 
750 739 


1326 

808 
1232 
1049.2 
830.9 
1375.6 (2) 
716.8 (2) 








* G. M. Begun, aqueous measurements made in this laboratory. 
b G. M. Begun and W. H. Fletcher, J. Mol. Spectroscopy 4, 388 (1960). 


data were available, while only observed frequencies 
are known for those in Table II. For the latter mole- 
cules, the partition function ratios are less accurate. 
Table III gives the partition function ratios calculated 
for the various species at selected temperatures. These 
numbers Q%/Q" are the equilibrium constants for the 
exchange reaction between the separated atoms and 
the species in question. To calculate the isotopic 
separation factor between any two of the species 
listed, the Q2/Q; values for the two species should be 
divided. The free atoms thus cancel out. The N*® 
tends to concentrate in the species with the largest 
QO» ‘0 ratio. 


DISCUSSION 


Calculations of partition function ratios for molecules 
containing nitrogen have been made previously by 


TABLE III. Partition function ratios for molecules containing nitrogen isotopes. 








N45N40 N“N45O N45N40 


N4N“O 


NO. N40.- 





N20," 
T° K NO, N5N¥4O N"“N¥O N*«N50O 


N¥N4“O 


NN N.5 ; 
NO, No N.i N"0.- 





100 ; 6850 
200 ‘ 2505 
273.16 . 1580 
298.16 . 1383 
.0873 
-0604 
0441 





1.3243 
1.1328 
1.0874 
1.0772 
1.0507 
1.0360 
1.0269 


1.3043 
1.1324 
1.0905 
1.0811 
1.0553 
1.0406 
1.0311 


1.3074 
1.1336 
1.0913 
1.0818 
1.0557 
1.0409 
1.0313 


1.3579 
1.1427 
1.0915 
1.0803 
1.0506 
1.0348 
1.0252 











PARTITION FUNCTION RATIOS FOR MOLECULES 


Urey,’ Leifer,> Bigeleisen and Friedman,* McCrea,’ 
Spindel,’ Weston,® Weston and Brodasky,” and 
Schaeffer." Detailed examination where comparisons 
are possible shows that most of the differences in the 
ratios are in the third and fourth decimal places in the 
case of the simple (N2, NO, NO) molecules. With the 
more complex molecules, deviations are somewhat 
larger because of differences in frequency data. We 
believe that our selections in the case of NO, and 
NO;- are the closest to the actual conditions of these 
ions in aqueous solution that can be made at present. 

A commonly used formula for the calculation of 
isotopic partition function ratios is that derived by 
Bigeleisen and Mayer,’ 


(Q2/Q1) (¢2/o1) =1+ DUG Au; (2) 
where G;= {3—(1/mei)+1/[exp(mi—1) ]} and Au;= 
%i—U2;. The subscript 2 denotes the heavy isotope 
and 7 is summed over all of the vibrational frequencies. 
A few examples of differences encountered in using the 
G function or in using observed frequencies only are 


TABLE IV. Partition function ratios at 298.16°K. 








G function 
with obs. 
frequencies 


Eq. (1) with Eq. (1) with 
obs. frequen- anharmonic 
cies only data 





NO 


NvO 1.0618 1.0640 


1.0656 


N™N«O 
NENKO 1.0756 
N"O,- 
N¥0,- 


N#0;~ 
N"0;- 








5 E. Leifer, J. Chem. Phys. 8, 301 (1940). 

6 J. Bigeleisen and L. Friedman, J. Chem. Ho Ay 18, 1656 (1950). 

7 J. M. McCrea, J. Chem. Phys. 19, 48 (1951). 

8 W. Spindel, J. Chem. ~~— 22, 1271 (1954). 

9R. E. Weston, J. Chem. Phys. 26, 1248 (1957). 

1 R. E. Weston, T. F. Brodasky, J. Chem. Phys. 27, 683 (1957). 

1 R. Schaeffer, Semi-Annual Summary Report in Chemistry, 
Towa State College, ISC-976, p. 28 (March 15, 1958). 
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TABLE V. Observed and calculated separation factors. 





Temp. Calculated Measured 
°K a 


Exchange a Reference 





N“O+N"O;- = 298 1.080 1.073 


1.065 
1.023 
1.028 


1.013 
1.005 


298 
298 


223 
298 


1.027 
1.040 


1.024 
1.014 


N¥02.+N4N4Q, = 
N¥O0+N*0, 2 
N%0+N"OCl = 








® Kauder, Taylor, and Spindel, J. Chem. Phys. 31, 232 (1959). 

> L. L. Brown and G. M. Begun, J. Chem. Phys. 30, 1206 (1959). 
© G. M. Begun, J. Chem. Phys. 25, 1279 (1956). 

4 G. M. Begun and C. E. Melton, J. Chem. Phys. 25, 1292 (1956). 
° LL. B. Yeatts, Jr., J. Chem. Phys. 28, 1255 (1956). 

f See footnote 11. 


given in Table IV. The greatest part of the difference 
arises in the zero point energy term which cannot be 
predicted reliably with a harmonic potential function. 
The G function will suffice for many estimates of isotopic 
fractionation, but for precise calculations isotopic 
frequencies and anharmonic data can be quite valuable. 

Table V contains the comparable published values 
for the cases where the separation factor has been 
reported along with the values calculated from Table 
III. As can be seen, the agreement is far from good. 
At the present stage of experimental work, the separa- 
tion factors for gaseous molecules can be calculated 
considerably more accurately than they can be meas- 
ured. For condensed phases and ionic species in solu- 
tion, the molecules can no longer be regarded as perfect 
gases and differences between observed and calculated 
values can be expected to exist. The isotopic fractiona- 
tion between NO and NO;~ ion may be such a case as 
the equilibrium constant has been measured several 
times by different investigators and good agreement 
obtained between the different sets of experimental 
data. The question always arises as to whether the 
species for which the equilibrium constant is measured 
are pure or mixed species. Thus the measured separa- 
tion factor may be due to a combination of several 
equilibria. It is hoped that with better experimental 
methods and a better understanding of the chemical 
systems, closer agreement will be found between 
experiments and theory in the future. 
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The x-ray scattering by a cellular model of a liquid is characterized in terms of a cell-center pair distribu- 
tion function and a function descriptive of the cell model employed. Presented also are cell-center pair 
distribution functions for liquid argon as calculated by inverting the theoretical formula for the scattered 


intensity. 


INTRODUCTION 


F the many methods that have been used for calcu- 

lating thermodynamic and equilibrium properties 
of liquids, the cell model has been one of the most 
fruitful and amenable to mathematical calculation. 
As developed by Lennard-Jones and Devonshire,’ 
Wheeler’ and others, the assumption that each molecule 
moves inside a cage formed by its nearest neighbors 
and with negligible correlation between its motion and 
that of its neighbors is certainly an over-simplication. 
The modification of the cell model by Lennard-Jones 
and Devonshire to allow the molecule in its cell to 
move, not freely, but in a spherically symmetric po- 
tential due essentially to interaction with nearest 
neighbors, is a somewhat more realistic picture. After 
an independent determination of the parameters in the 
intermolecular interaction, the calculation of the par- 
tition function is relatively simple, and reasonably 
good agreement with experimental values of thermo- 
dynamic properties of liquids can be found. 

Such a cell model can be used too in the theoretical 
calculation of the scattering of x rays or neutrons by 
liquids.* However, in such a treatment, it is advan- 
tageous to describe the structure of the scattering 
material by a cell-center pair distribution function 
rather than by the conventional molecular pair dis- 
tribution function. In what follows, the calculation is 
made for the case of x-ray scattering with the molecule 
characterized by the atomic structure factor. The case 
of elastic neutron scattering would be the same except 
for the substitution of the neutron scattering length 
for the x-ray atomic structure factor. 


THEORY 


Let the liquid of V identical monatomic molecules be 
spanned by a virtual lattice of N cells each of volume A 
and consider single-cell occupancy only. Now consider 
the liquid to be irradiated by a collimated, mono- 
chromatic x-ray beam of wavelength \, and let the 
- directions of the incident and scattered beams be 
characterized in the usual fashion by unit vectors S 


1 J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy. Soc. 
(London) A163, 53 (1936); A165, 1 (1938). 

2 T. S. Wheeler, Indian J. Phys. 8, 521 (1935); Proc. Indian 
Acad. Sci. 1, 165 and 795 (1935); 2, 1 and 466 (1936); 4, 291 
and 298 (1936). 


3L. H. Lund, J. Chem. Phys. 21, 1722 (1953). 


and So. Then the coherent part of the electric field 
scattered in the direction S for a particular spatial 
configuration of the molecules is 


= 

E=f >) exp(ik-r,), (1) 
i=l 

where fr; is a vector from an arbitrary fixed origin to the 

ith atom, k=2r/A(S—So) with 26 the angle between 

S and So and the magnitude of k =4/) sin#. The atomic 

structure factor of the molecule is f. The total scattered 

intensity from this configuration and for fixed k is 


I(k) =f? 20D exp(ik- 1), (2) 


where rj; is the vector separation of the ith and jth 
molecules. 

Now to effect the averaging of the intensity, still for 
fixed k, over all spatial configurations, let us denote the 
position of the jth cell by R; and the position of the jth 
molecule relative to its cell-center by r; and write 


rk) ) =f? ore 4 P(t), tor * tw) 


Xexplik-(Ri+r;—r;) J] dm, (3) 
k 


where P(t, ***fy) is the normalized configuration 
probability density for the molecular assembly and 
where the integrations are over the configurations 
accessible to the N molecules in their cells, subject to 
single-cell occupancy. 

Evidently the simplest cell model will be one that 
ignores correlation effects between the motions of the 
molecules in their cells. Thus one can begin with 


N 
P(n, si *ry) =[[p(r), 
i=l 
where p(r;) is the normalized configuration probability 
density for a molecule in its cell and a function only of 
the distance of the molecule from its cell-center. Sub- 
stitution of this product in Eq. (3) gives first 


(I(k) )=npe| + [ [ 3 exp[ik: (Riu +n—1,)] 


X p(n) p(ra)dnde,), (4) 
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where the summation extends from an arbitrary 
molecule labeled 1 and R,, is the position vector of the 
sth molecule relative to the first. Now let us define a 
function p.(R) as the probability per unit volume of 
finding a cell-center at R from the first molecule and 
change R,, to the continuous variable R to get 


(I(k) 
=p] 1+0X(H)? [ “Ae RTo(R)—moJexp(ik-R)<R 
with 


X(k) = | p(r’) exp(ik-r’)dv’, (5) 
4 

just the Fourier transform of p(r) and integrated over 
the cell volume A. Also the usual procedure has been 
followed in deriving Eq. (5). The upper limit in the 
integration over R (i.e., the largest linear dimension 
of the sample) has been replaced by infinity, and po, the 
average number of cell centers per unit volume, has 
been introduced into the integrand with subsequent 
neglect of the po contribution of the added compen- 
sating integral.‘ Equation (5) may now be averaged 
over all k to give 


(I(k) ) 


=Np140X(H)} [Re -o* 


;R aR| (6) 
Thus the scattered intensity is characterized, not by 
the usual molecular pair distribution function p(R), 
but by p.(R) a cell-center pair distribution function 
and the function X(k) obviously dependent on the cell 
model chosen. 

It is important to note that the integrations over 
the cells in Eq. (3), with or without correlation effects, 
bear a distinct similarity to the mathematics leading 
to the temperature-dependent e” factor as originally 
introduced by Debye’ in his theoretical treatment of the 
effect of thermal molecular motion on the intensity of 
X rays scattered by a crystal. In the Debye work, the 
factor, e“, appears in the expression for the scattered 
intensity as the mean value of an exponential term 
containing the random thermal displacements of the 
molecules. Here, in the uncorrelated case, the function 
[X(k) } appears, too, as the result of an averaging of 
an exponential term in the expression for the scattered 
intensity and appears as an averaging of the displace- 
ments of the molecules in their cells. Of course, due to 
the method used to handle the double sum in Eq. (3) 
and the independent product assumption for 
P(n, +*+ry), the averaging for fixed Ri, (or R) appears 
as the product of two independent integrals, one the 
complex conjugate of the other. In the general case 
corresponding to correlation in the motion of the 


«N. S. Gingrich, Revs. Modern Phys. 15, 90 (1943). 
8 P. Debye, Ann. Physik 43, 39 (1914). 
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molecules such as implied in a normal mode treatment 
of the displacement of the molecules, one can draw on 
the Debye result for the average of the exponential 
term involving r;—r; in Eq. (3). This will be done 
later. 

Now it is possible to calculate the [X(&) ? function 
directly for two simple illustrative cases corresponding 
to no correlation. 

Case 1. A Spherical cell, radius a and uniform proba- 
bility so that 


b(r) =[gra® > 
p(r) =0 


r<d, 


r> ad, 
and 


[X(k) P= {[3/(ak)*](ak cosak—sinak) }?. (7) 


Case 2. An Einstein liquid with the molecule an inde- 
pendent isotropic oscillator of frequency v=kT s/h, 
Tz=Einstein temperature, k=Boltzmann’s constant, 
h=Planck’s constant, so that 


(r) {I fy 
Wi) Nash’ 1tteh 


z=exp(—/hv/kT), 


with m the mass of the molecule and T the absolute 
temperature of the substance, and 


—kh coth(hv/2kT) 
8x?mv . 


{Here, the & in the exponential is [41/\ } sin’@, not 
Boltzmann’s constant.*} 

Case 3. In reality, the molecules are not trulyJinde- 
pendent, and one might improve the liquid model by 
assuming the displacement of a molecule in the liquid 
from its equilibrium site to be a superposition of normal 
modes approximately as in the case of the correspond- 
ing solid. The average of the exponential term for 
fixed R;; in Eq. (3) involving r;—r; has been evalu- 
ated by Debye for such a crystal model, and one can 
thus write at once 


(k) yang item [seR(R)-0] 


where 


where 


a=4rmv/h, 


[X(k) P=e 





(8) 


sinkR 
dR}, (9 
rnaR|, (9) 


_ 1208 sito (2) 
~mkTp Bx 


Here h is Planck’s constant, m the mass of the molecule, 
k Boltzmann’s constant, Tp is the Debye temperature 
of the crystal, x is equal to Tp/T, where T is the abso- 
lute temperature of the crystal, and ¢() is a function 
of x defined by 


(10) 





1088 


Equation (10) is Debye’s approximate function® (with 
correction factor of “2” as found by Waller)’ and valid 
at all temperatures. It is, of course, strictly applicable 
to the thermal effect (ignoring zero-point energy) in a 
crystal containing identical atoms on the lattice corners 
of a simple translatory cubic lattice. Considering, how- 
ever, the cellular model of the liquid and the isotropy 
around any cell in the liquid, the above expression for 
—M is at least approximately true for the liquid. 

Finally, to conclude this section, it is interesting to 
consider the case where correlation is presumed to be 
present between cell centers. It will be useful here to 
consider a “‘Debye”’ model in which the vector separa- 
tion of two atoms is equal to the vector separation of 
the cell centers about which they oscillate plus a vector 
Gaussianly distributed about their separation. The 
average implied in Eq. (3) over r;—r; for fixed R,; 
now gives, after averaging over all vector k 


I(k) 
im np + / “exp[—6?(R) Ma R'[p.(R) — alee aR|, 
0 kR 


(11) 


where 6*( R) is the average of the square of r;—r; and 
has been calculated by Frenkel® as 


VkT kmaxRsj 
6*(R) =—— 5 bow e i a 
m RJo u 


(12) 


with V the volume, » the velocity of the normal vibra- 
tions and kmax=¥1/2D with D approximately the 
average spacing between atoms. 


APPLICATION 


It is clear that in this last expression for the intensity 
one cannot extricate p.(R) from the integral by the 
usual Fourier integral inversion procedure, and that 
now one would have to solve the integral equation for 
pe(R) by other means. However, for example, from 


Eq. (6), one has at once by the Fourier inversion 
theorem 


1 fe G(k)k 


pe( R) — po ~ sinkRdk, 


“Ie [X(B) P 8) 


with 
G(k) =[1(k)/Nf*]—1, 


and one can calculate p,(R) for the uncorrelated model 
from known experimental scattering data. The presence 
of [X(k)_? in the denominator of the integral, how- 
ever, presages the appearance of a certain phenomenon 
in the calculations and a few remarks should be made 

6 See footnote reference 5 Eq. (56). 

TI. Waller, Z. Physik 17, 398 (1923); Dissertation, Uppsala 
University, Uppsala, Sweden (1925). 

8 J. Frenkel, Kinetic Theory of Liquids (Dover Publications, 


New York, 1955), p. 124. Actually Eq. 12 as given by Frenkel is 
incorrect and should be divided by 87". 


L. H. LUND 


concerning this point. Just as in the Warren and 
Gingrich® procedure which multiplies the intensity 
curve by 1/f? thereby increasing considerably the 
resolving power, but also increasing the diffraction 
effect, one can expect a similar diffraction effect here 
due to the appearance of [X(k) F in the denominator 
of the integrand of Eq. (13). The difficulty lies, of 
course, in the fact that one does not truly use infinity 
as an upper limit in Eq. (13) but must use a k corre- 
sponding to the largest scattering angle for which the 
coherent scattering is discernable. The diffraction 
effect is due to the sharp “edge” in the intensity func- 
tion which, in effect, terminates a Fourier series while 
the terms are yet appreciable. This effect was noted 
and examined in the case of crystal structure deter- 
mination, for example, by Bragg and West’ among 
others, and an exponential convergence factor was used 
by Havighurst" to hasten the convergence of such 
terminated Fourier series employed in crystal structure 
determination. Recently, Thompson and Gingrich” 
in their determination of atomic distribution curves for 
liquid sulfur, have employed an exponential conver- 
gence factor in the integrand of the Fourier inversion 
integral analogous to Eq. (13) .’* C. Finbak"™ has demon- 
strated, using liquid mercury at —38°C and liquid tin 
at 280°C, how several types of systematic errors lead to 
the appearance of specious peaks in the atomic dis- 
tribution functions of these liquids. More relevant to 
the case where absorption errors are less important and 
incorrect adjustment of the experimental intensity 
curve less likely, Finbak’s second paper shows the 
subsidiary peaks observed in the distribution curves 
for a series of liquids to be spurious. Removal of 
these false peaks shows the distribution curves for the 
series to be remarkably similar and relatively simple in 
shape. Some of the error introduced in these distribu- 
tion functions was shown to have arisen from the fact 
that an error in a narrow interval of the intensity 
curve, &g., an extraordinarily large maximum, intro- 
duces a periodic term in the Fourier transform and 
thus a sequence of small periodic maxima of equal 
amplitude. The diffraction effect of a cutoff in the 
intensity also contributed to the error in these dis- 
tribution curves. 


®B. E. Warren and N. S. Gingrich, Phys. Rev. 46, 368 (1934). 

© W. L. Bragg and J. West, Phil. Mag. 10, 823 (1930). 

1 R. J. Havighurst, Proc. Natl. Acad. Sci. U. S. XI, 489 (1925). 
( 2 3 W. Thompson and N. S. Gingrich, J. Chem. Phys. 31, 6 

1959). 

13 This problem of convergence is not restricted to x-ray scatter- 
ing by liquids and gases. A complete and important reference 
concerning convergence problems in electron diffraction by gases 
is that by J. Waser and V. Schomaker, Revs. Modern Phys. 25, 
671 (1953). A discussion of the modification of the experimental 
intensity function in the case of x-ray scattering by amorphous 
solids and liquids along with some relevant references may be 
found on page 680 of this same reference. A summary of con- 
vergence problems in Fourier series determination of crystal 
structure may be found in J. Lipson and W. Cochran, The De- 
cnet of Crystal Structures (G. Bell and Sons, London, 
1953). 

4 C. Finbak, Acta Chem. Scand. 3, 1279 and 1293 (1949). 
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A somewhat more mathematical approach due to 
Sugawara" has shown that when the main peaks in the 
liquid atomic distribution function are diffuse, the 
error involved in cutting the intensity function in the 
usual Fourier-inversion for the liquid distribution func- 
tion to be relatively small. False detail appears when 
some of the peaks are sharp. Thus the effect would be 
expected to be small for a monatomic liquid such as 
argon and perhaps large for a liquid of polyatomic 
molecules. Nevertheless, all of the foregoing indicates 
the strong possibility of the introduction of spurious 
maxima into the calculation of p,.(R) from inversion of 
the experimental scattering data. That the p.(R) may 
be expected to be more sharply delineated than the 
usual p(R) is considered in the Appendix and the 
“smoothing” of p.(.R) to give p(R) is shown in some 
detail. One, however, can note that a connection be- 
tween the integral defining p.(R) in Eq. (13) and in 
integral involving p(R) may be succinctly brought 
out by writing this equation in a form so that the 
usual Fourier convolution theorem may be employed. 
Thus 


4a R°p,( R) = [yma exp(—ik-R)dk 


= [sxe p(t) y(R—Ddi, 
0 
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Fic. 1. P-T diagram for argon with data points corresponding 
to x-ray scattering patterns. 
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Fic. 2, Effect on shape of p.(R) —po at T=84.4°K a=0.1 A 
with change in upper limit in the integral of Eq. (13). 


with Y(k)=1/[X(k) P, y(R—J) the Fourier trans- 
form of Y(k) and G(k) the experimentally known 
intensity function whose Fourier transform is 4x R’p( R). 
It is clear that if y(R—J) is quite sharply peaked at R 
the smoothing of 4r?p(/) in the integral on the right 
hand side of Eq. (14) is over a small interval and 
4m R*p.(R) will not differ too much from 4rR%p(R). 
Also, if one is willing to accept, for example, diffraction 
error already present in p(R), previously determined 
by inversion of scattering data, one can readily calcu- 
late p.(.R) starting from Eq. (14). Clearly, if [X(k) P= 
1, then p.(R) is identical with p(R) since then 
y(R—1) =6(R—-l). 

The uncorrelated model selected for calculation was 
that corresponding to uniform probability density 
for a molecule in the cell with [X(&) ? as given by 
Eq. (7). The x-ray scattering data of Eisenstein and 
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Fic. 3. Effect on shape of pe(R)—po at T=84.4°K, a=0.3 A 
with change in upper limit in the integral of Eq. (13). 


Gingrich" was used in the calculations, and cell-center 
pair distribution functions were calculated for scatter- 
ing patterns corresponding to data points 1 and 2 in 
Fig. 1. Since the mathematical treatment employed 
here in the cellular scattering model can be viewed as 
an artifice to sharpen the conventional atomic or 
molecular pair distribution function p(R), the calcu- 
lations were set up to examine the effect of the in- 
tensity cutoff as well as a variation in cell size on the 
shape of p.(R). Thus, the upper limit in the Fourier 
inversion integral was extended and Figs. 2-5 show 
curves corresponding to upper limits for k from ko= 
0.7 A+ to 1.0 A. Values of a equal to 0.1 A and 0.3 A 
were used for each temperature and thus Figs. 2-5 show 
the variation of p.(R) due to this change in cell size. 
All the calculations were performed at the Missouri 
School of Mines and Metallurgy computer center on a 
Royal McBee LPG-computer. 


DISCUSSION 


It is convenient to consider the curves corresponding 
to each temperature separately. Evidently the curves 


16 A. Eisenstein and N. S. Gingrich, Phys. Rev. 62, 261 (1942). 


LUND 


for 84.4°K and with a=0.3 A show what certainly must 
be construed as a series of false peaks not indicative of 
real structure. The periods of the subsidiary maxima 
for ko=0.9 A“ and ko=1.0 A“ are 0.56 A and 0.49 A, 
respectively. These are the values to be expected if the 
corresponding function kG(k) /[X(k) ? showed a large 
maximum at k=0.9 A“ and k=1.0 A~. Inspection 
of curves drawn of kG(k)/[X(k) ¥ indeed show large 
peaks at k=0.88 A“ and k=0.96 A. The spacing of 
the maxima occurring in the curves corresponding to 
ko=0.7 A and ky =0.8 A is somewhat irregular, but 
again is essentially that to be expected, since very large 
intensity maxima do occur in the corresponding inte- 
grands at k=0.66 A~! and k=0.74 A~!, where again 
[X(k) ? has become very small. Thus, it seems safe to 
assume that the small period oscillation shown in these 
cell-center distribution functions is due mostly, if not 
entirely, to the extremely small size of [X(k) F at the 
end of the integration interval. Inspection of the 84.4° K 
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with change in upper limit in the integral of Eq. (13). 








X-RAY SCATTERING BY A CELL-MODEL LIQUID 


curves for a=0.1 A shows what appears to be a sub- 
sidiary maximum occurring at about 5.5 A in all the 
curves. Numerous small-period maxima, such as oc- 
curred for a=0.3 A, seem to be absent. This is reason- 
able, since now [X(k) ? does not become as small in the 
range of integration as occurs in the case for the 
larger value of a. Inspection of curves of kG(k) /[X (k) ]? 
show a series of peaks, but here the peaks steadily, 
and rather quickly, diminish as & increases. Now 
Sugawara” has shown that the positions of the most 
important diffraction peaks due to an edge or cutoff 
in the experimental intensity function are symmet- 
rically displaced an amount $k on either side of the 
main peak, where & is again the upper integration 
limit for siné/A. Calculation with this last equation 
shows that this subsidiary peak is located farther to the 
right of the first main peak than predicted, and further, 
its displacement from the first main peak is sensibly 
constant at about 1.75 A. It seems unlikely that this 
peak is a diffraction peak belonging to the second 
main peak. Its persistance when the upper limit of 
integration is extended makes it plausible to conjecture 
that it may be due to some error occurring at smaller k 
in the experimental intensity curve. Shown also with 
kyo=1.0 A p.(.R) curve is p( R) as calculated by Eisen- 
stein and Gingrich.’* The first main peaks do not quite 
agree, the p(R) first peak being at 3.75 A while the 
p.(R) first peak is at 3.65 A. The second peak for 
p-(R) appears at 7.1 A, for p(R) at 7.2 A, and the 
increased resolution in p(R) produced by the ap- 
pearance of [X(k) } in the inversion integral is fairly 
noticeable. For ko=0.7 A, approximately the Eisen- 
stein-Gingrich experimental intensity cutoff, the agree- 
ment between the positions of the main peaks of p,( R) 
and p( R) is again quite good, and the increase in resolu- 
tion of structure apparent. 

Consideration of the 91.8°K p.(R) curves with 
a=0.3 A shows the periods of the maxima to be 0.5 A 
for both kyo=0.9 A and kyp=1.0 Am, which would 
correspond to large maxima of the kind just considered 
in the respective integrands at k=1.0 A~'. Curves for 
kG(k)/[X(k) ? show for ko=0.9 A a very large 
maximum at k=0.85 A“ and for k)>=1.0 A an ex- 
traordinarily large and narrow peak at k=0.97 A“. The 
spacing of the p.(R) curves for kj)=0.7 A and ko= 
0.8 A“ is somewhat irregular with an average spacing 
of 0.65 A and 0.55 A, respectively, which would suggest 
large maxima at k=0.77 A“ and 0.91 A. These are 
beyond the actual limits of integration, but the oscilla- 
tion is most likely due to large maxima in the corre- 
sponding integrands, which do occur at k=0.68 A7 
and 0.75 A“. Again, for a=0.3 A, the small-period 
oscillation in p,.(R) may be attributed to the rapid 
decrease of [X(k) F in the integrand of the inversion 
integral resulting in large peaks in the integrand. 


17 See footnote reference 15. 
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Fic. 5. Effect on shape of pe(R)—po at T=91.8°K, a=0.3 A 
with change in upper limit in the integral of Eq. (13). 


As in the case of the smaller a at 84.4° K, there is 
considerable improvement in the shape of p,(R) at 
91.8°K for a=0.1 A. These curves are little changed 
with increase of upper limit of the integral and the 
persistent peak at about 4.7 A is, if anything, more 
sharp with increase of upper limit. Whether or not its 
presence is due to an error in the experimental intensity 
function at smaller k would be purely conjectural. A 
curve of kG(k)/[X(k) ? does show a large maximum 
at k=0.44 A~ which would give a periodic contribution 
of period 1.1 A to p.(R). Actually, a not too pronounced 
oscillation of 1.3 A is discernable for the ko=0.7 A 
curve along with what might be a small amplitude 
ripple of period 1.1 A for the ko=0.8 A and ky= 
0.9 A curves. Again comparison of p(R) as calculated 
by Gingrich and Eisenstein with p.(R) for kb:=1.0 A 
show both curves showing second main peaks at 7.05 A. 
The p,(R) first peak distance, just as in the corres- 
ponding case at 84.4°K, is somewhat smaller at 3.65 A 
than the 3.70 A shown by p(R). The p,(R) curve for 
ko=0.7 A, essentially the Eisenstein-Gingrich in- 
tensity cutoff, shows the same good agreement with 
p(R) with regard to peak positions and again better 
resolution. It could perhaps be noted that at 91.8°K 
with a=0.1 A, there is not only a maximum at 0.44 A“ 
in kG(k)/[X(k) ? but also another maximum almost 
as large and sharp at k=0.29 A~. Thus, there is the 
possibility of a super-position of periodic terms giving 
somewhat irregular ripple in p,(R). 
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SUMMARY AND CONCLUSIONS 


A theoretical expression for the coherent x-ray or 
slow-neutron elastic scattering by a liquid is developed; 
it is based on a formal cellular model for the liquid. 
In the uncorrelated model case, it is possible by in- 
version of the scattering intensity formula to determine 
a cell-center pair distribution function descriptive of 
the liquid structure. This, of course, bears a resem- 
blance to the atomic or molecular pair distribution 
function p(R) familiar in liquid scattering theory. It is 
in fact, possible to view the result achieved here as an 
attempt to improve the resolution in the molecular pair 
distribution function by the rational introduction of 
[X(k) ? in the integrand of the usual Fourier integral 
for p(R). An attempt in improvement of such resolu- 
tion with the cell model used here plainly can lead, as 
the calculations show, to the introduction of false 
structure. Obviously, a cell-size too large gives great 
weight to the intensity function at large k and possibly 
false structure of the kind shown at both temperatures 
for a=0.3 A. Thus, even if diffraction effects are slight, 
the situation in this case is made worse by extending 
the upper limit of integration in the inversion integral 
as a periodic contribution of fairly small period to 
p-(R) may be brought about by a large maximum 
in the integrand at large k. 

Diffraction effects, due to an edge or cutoff in inten- 
sity, will be augmented by use of [X(k) ?, and, of 
necessity, the question of the extension of the upper 
limit of integration becomes important. However, the 
diffraction effect probably will be no worse using 
[X(k) P, and extended upper limit, than with the 
original limit without [X(&) } and the resolution quite 
possibly improved. This seems to be true for the calcu- 
lations presented here. Using in the integrand a com- 
bination of [X(k) and, say, an exponential con- 
vergence factor, in order to suppress the integrand at 
lagre k, is a possibility not treated here. It appears that 
a judicious use of such a combination would be fruitful 
but does not seem to be worthwhile at this time. 
The other uncorrelated models will also present mono- 
tonic decreasing functions of & in the denominator of 
the integrand of the Fourier inversion integral, and 
results with these would be generally similar to those 
presented. Interesting and informative, too, would be 
the application of the methods here to some cases of 
slow-neutron elastic scattering, where the scattering 
extends with considerable certainty to much larger k 
than in the usual x-ray scattering case. Finally, in 
any case, it would seem that a fortuitous combination 
of cell-size, upper limit, and exponential convergence 
factor, would lead to a worth while increase in resolu- 
tion of the structure, and without the introduction of 
specious structure. 
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APPENDIX 


The fundamental relationship between the two 
functions p(R) and p,(R) may be derived in another 
way. Using the same cell picture of the liquid as before, 
let us call p(x), the probability per unit volume of a 
vector displacement for a molecule relative to an 
arbitrary origin. Let (x) be the Fourier transform of 
g(k) so that 

p(x) = [e(k) exp(ik-x) dk, (A1) 


where the integration is over all vector k. Now the 
probability density of a vector displacement R between 
two molecules of the liquid is the volume integral 


p(R)=N-[p(x)p(xtR)dx. ——(A2) 
Using Eq. (1), this becomes 


p(R) =N-! if Ce(k) Pexp(ikR)dk. — (A3) 


If we choose for p(x) the following, 


N 
p(x) =20(1)), 


where p(rj) is zero outside the jth cell, 


g(k) = / p(x) exp(—ik-x)dx 
~ / SC) exp(—ik-x)dx. 
x=R;+1;, 


g(k) = f p(s) expl—ik- (Ry +15) ex 
a= yk exp(—ik-R,) X(k). 


[e(k) P= Do exp[—ik- (Rj;—Rm) [X(k) P (AS) 


[e(k) PEN i (R)X(k) Pexp(—ik-R)dR.  (A6) 


Then 


o(R) =f foiRO LX)? exp(—ik-R’)R’] 


Xexp(ik-R) dk. 


(A7) 
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And the Fourier transform theorem gives 


[X(k) ¥ foe(R) exp(—ik-R)dR 


= [o(R) exp(—ik-R)dR. (A8) 


This last may be written 


[X(k\ } [ Coe(R) — ox] exp(—ik-R)dR 


= [fo(R)- 0] exp(—ik-R)dR, (A9) 


where the subtraction of the two dissimilar pp integrals 
from both sides of the equation is justified since 


[X(k) } fon exp(—ik-R) dRe [ov exp(—ik-R)dR 
because 
J po exp(—ik-R)dR=20, 
except at k=0, and here X(0) =1. Equation (A9) may 
be inverted to give 
p(R) —po= (2x)-* [LX (&)P exp(—ik-R)dk 
x [[o-(R”) — on] exp(ik-R))aR’ 


= [[o(R) —iJF(R’—R)aR’ 


= | p.(R+8)—p]F(s)ds, with R’—R=s 


(A10) 


and 
F(s) = (2x) if [X(k) Pexp(ik-s)dk. 


In the case of isotropic arrangements, where p,(R) = 
pe(R), P(r) =p(r) will mean p(R) =p(R) and X(k) = 
X(k), Eq. (A9) will become after averaging over k 


[X(k) i “de RL pe ( R) pede 


kR 


sinkR 
iR dR. 
This is the basic relationship between the two functions 
p-(R) and p( R) in the uncorrelated case, and it is the 
left-hand side of Eq. (A11) appearing in Eq. (6) which 
replaces the usual integral term involving p(R). 

The “smoothing” of the p,(.R) function to give p( R) 
as implied in Eq. (A7) may be more clearly brought 
out by rewriting Eq. (A10) without the pp subtraction 
artifice. 


= [4 R1(R)— m1] (All) 


p(R) = | e-(R+s) F(s)ds. (A12) 


Now letting @ be the angle between R and s and 
setting 


dow i “stds [ 2x singdé, 
0 0 


p.(R+8) =p.(| R+8 |), 
| R+s| =(R?+s°+2Rs cos)! 
and F(s) = F(s). Then 


p(R) = I  OmstF(s)ds "pf (R-+3°-+2Rs cosp)* inde, 


Thus, this last equation shows how to calculate p(R) 
from an arbitrary p,(R). 
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A theory of ESR linewidths for substances in which the magnetic anisotropy is small and for which the 
orbital magnetism has been essentially quenched is developed. Nuclear quadrupole moments, zero field 
splittings, anisotropic Zeeman terms, and intramolecular electron-nuclear dipolar interactions, as well as 
motional and exchange effects are considered in the strong field case. The theory is developed in a manner 
that is particularly adaptable to the study of liquids but it is also applied to crystals since the resulting equa- 
tions, though only applicable for small anisotropies, are particularly simple. The theory provides an exten- 
sion of previous theories on ESR spectra in liquids. Several applications of the theory are discussed with 
particular emphasis on V‘+ chelates. The theory of exchange in liquids, a phenomenon which is complicated 
by the noncommutivity of the motional and exchange Hamiltonians is considered in special detail. It is shown 
that this theary can be used to explain Hausser’s results—the existence of an optimum viscosity for the 


observation of hyperfine structure. 





I. INTRODUCTION 


HE ESR spectra of free radicals are characterized 

by g values close to 2 and by relatively small 
anisotropy. Recent experiments on the linewidths of 
hyperfine components of free radicals in solution have 
shown a dependence upon the nuclear quantum 
numbers,!~* upon the anisotropy of the g factors,?* and 
fine structure splitting. There is also a marked de- 
pendence upon exchange effects.‘ In this paper the 


theory of the line widths of free radicals in diamag- 
netically “diluted” crystals *’ and in dilute liquid 


solutions is developed in considerable detail. Only 
cases in which the orbital angular momentum has been 
almost entirely quenched will be considered. The theory 
is restricted to high (room) temperatures, strong 
applied fields, small anisotropy, and no relaxation 
through chemical reactions. Spin-orbit interactions as a 
mechanism of relaxation will not be dicsussed. It will 
be assumed that the principal mechanism for nuclear 
relaxation arises from the interaction of the nucleus 
with the unpaired electrons. Intermolecular electron- 
electron and electron-nuclear dipolar interactions have 
been treated elsewhere*’ and will not be discussed here. 
The effect of fluctuating magnetic fields arising from 
rotating charges” will also be neglected. 


*Supported in part by a grant from the National Science 
Foundation and one from the Research Corporation. 

+ This work was partially completed while the author was a 
John Simon Guggenheim Fellow at the Centre d’Etudes Nuclé- 
aires de Saclay, Gif-sur-Yvette, France. 
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In the next two sections, the general theory is de- 
veloped. The theory is then applied to diamagnetically 
“diluted” crystals. Although the theory of the ESR 
spectra of crystals has been thoroughly developed 
elsewhere, the approximate treatment explicitly given 
here is useful in situations where the magnetic aniso- 
tropy is small. The next sections are devoted to the 
theory of ESR spectra of those liquids for which the 
magnetic anisotropy is also small; the theory is de- 
veloped in considerable detail with consideration given 
to various competing effects and to nonequivalent 
interacting groups of nuclei. 

In Sec. VII, a theory of exchange effects in liquids is 
presented; the principal problem in this theory arises 
from the noncommutivity of the motional and exchange 
Hamiltonians. In the remaining sections several ex- 
amples are described. 


Il. HAMILTONIAN 


The Hamiltonian KH» which describes the interaction 
of the electron spins of paramagnetic molecules with 
an applied magnetic field B is given by the relation 


Ho=—h>_S,-G,-B (1) 
k 


where S, is the spin operator for the kth magnetic 
molecule and @, is the gyromagnetic ratio tensor. The 
nuclear Zeeman terms will be neglected. The intra- 


molecular “dipolar” interactions give rise to the hyper- 
fine terms of the Hamiltonian, Hrs 


His=h > Ia-Bu'Ss, (2) 
x 


where xa is the hyperfine interaction tensor for the 
Ath group of equivalent nuclei in the kth molecule, and 
Jia is the nuclear spin operator for the Ath group of 
equivalent nuclei in the kth molecule. 


Jn= les, (3) 
7 
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where I; is the nuclear spin operator for the jth 
nucleus in the Ath group of equivalent nuclei within 
the kth paramagnetic molecule. In molecules where the 
electronic spin is greater than } one must include the 
effects of electronic spin-spin interactions; these inter- 
actions give rise to the fine structure terms 3p, 


Hp=h> Sy-D:-S,. (4) 
k 


®, is the fine structure tensor for the kth molecule. If 
there are nuclei with spin greater than } one must 
include quadrupole interaction terms Ke, 
Koe=h> MajTajlas, (5) 

kj 
where 3, is the quadrupole interaction tensor for the 


jth nucleus in the Ath equivalent group of nuclei in the 
kth molecule. The exchange terms &, are given by the 


relation 
K.= hid? dA ii Sj, (6) 


where A ;; is the exchange integral connecting the ith 
and jth molecules. And finally there is a motional 
Hamiltonian %,, which will be treated classically." 
Since A,; is a function of intermolecular distance, it 
does not commute with ,,.° 

The gyromagnetic ratio tensor can be written as the 
sum 741+, where 1 is the unit tensor, +; is the scalar 
gyromagnetic ratio tensor, and I, is the traceless 
gyromagnetic ratio tensor. The y,1 term gives rise to 
the isotropic Zeeman effect, the I, term to the aniso- 
tropic one. The hyperfine interaction tensor can be 
written as the sum —a,1+@,, where a, is the iso- 
tropic hyperfine constant and @, is the anisotropic or 
traceless hyperfine interaction tensor.'? D, and ¥xqj are 
traceless tensors. 

The various tensors described above can best be 
evaluated in a molecular coordinate system because the 
electronic wave functions can be expressed most con- 
veniently in this framework. On the other hand, it is 
usually preferable to represent the spin operators in a 
laboratory system, a system that is at least partially 
determined by the direction of the applied field B. 
The procedure is, therefore, to evaluate the tensors 
in a molecular coordinate system (r, s, ¢) and then to 
transform the tensors into a laboratory system (x, y, 2). 
It will be assumed that the ©, tensor is diagonalized in 
the molecular framework; the other tensors need not be 
diagonal in this framework although they often will be. 
In all the work below the explicit display of the sub- 
script & and the sum over & will be dropped from all but 
the exchange terms. 


"N. Bloombergen, E. Purcell, and R. Pound, Phys. Rev. 73, 
679 (1948). 

12 qy=-yynh(3)8(t,) +Sax, where Sq, is the contribution from 
ae interactions. In organic free radicals Sq, is normally 
small. 
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It is convenient to define the following quantities: 
= (9) (ve +1e+70) (7) 
Ay=1i1- 3 (Yr +s) (7a) 
§y=3(%—¥). (7b) 


Yr) Ye, and y, are components of & in the molecule-fixed 
coordinate system, and ¥ is the isotropic gyromagnetic 
ratio discussed above. In this paper the laboratory- 
fixed coordinate system will be chosen so that B lies 
long the z axis; thus S, J, and I will all be quantized 
along the direction of the applied field. If Ay and dy 
are small compared to y, and if the applied field is 
sufficiently strong to make the isotropic Zeeman terms 
the dominant ones in the Hamiltonian, then the axis of 
spin rotation lies almost along: B." This choice of 
coordinate system yields a numberof off-diagonal terms 
in the Hamiltonian which can be:treated by perturba- 
tion theory provided the contributions from the 
anisotropic terms are small compared to those from 
the isotropic terms. The choice of the z axis along B 
rather than along G- B+-%,- J, enables one to write the 
transformations from the molecular to laboratory 
coordinates in terms of simple functions of orientation 
angles, functions that have sensible orthogonality 
properties and can easily be handled when one discusses 
liquids. Such would not be the case if the usual repre- 
sentation were used." 

In the molecular coordinate system the five com- 
ponents of the traceless (anisotropic) hyperfine inter- 
action tensor ® are: 


1—3 cos 
b= ml (0 ee 0)+ Su (8) 


sin*6, exp( — 2i¢y) | o)+5 
x a eR cd 


r3 


aoe) vn (0 


(8a) 
cosh sind, exp(— i) 
73 0)+ sa 
(8b) 


6, a, and 7, are the polar coordinates of any one of the 
nuclei in the Ath group, relative to the unpaired elec- 
tron, in the molecular framework; 7, is the gyromag- 
netic ratio of any member of the Ath group of equiva- 
lent nuclei; (0 || 0) indicates the expectation value of 
the enclosed operator between ground-state orbital 
electronic wave functions. Sx, Sa, and Sa are second- 
order contributions arising from spin-orbit interactions; 





d,=— (3/2/rmAl (0 


Tf &y=0, Jo is usually diagonalized and z then does not lie 
~_ Bo. If 2’ is the z axis in the 3€o representation, then JQ,.= 
—7'BS,y where y"=~y? cos*t+7, sin. If 

| vee IK (4) | vet 2re |, y’~y+ (4) Ay (3 cos——1)++-++. 


This expansion in Ay is equivalent to the perturbation technique 
used in obtaining Eqs. (12) and (18). 
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these terms are normally very small in organic free 
radicals but may be significant in complexes of transi- 
tioa metals. The anisotropy of G has been neglected; 
this restriction is not serious provided | Ay | «| y |. The 
anisotropy of the nuclear gyromagnetic ratio is neg- 
ligible. 

The tensor ®, can be transformed into the laboratory 
system by means of Eulerian rotations. If ¢, £, and » are 
the three Eulerian angles relating the molecular and 
laboratory systems, and if the notation 


cy’ =e exp(—2in) 


(9) 


dy’ =d, exp(—in) (9a) 
is introduced, then the components of @, in the 
laboratory basis, are: 


,, =4b,(3 cos*—1) —sin*é(2 Rec’) 


+sin’é(2Imd,’) (10) 


@,, =[ (3/8) iby sin2&+siné(Im+i cos§ Re) (c’) 


+ (cost Re+i cos2é Im) (d)’) ]exp—if (10a) 


— (3/8) dy sin’é 


6,,%= 
+1/2{ (1+cos*é) Re+2i cost Im} (¢’) 


+sint{ (—cost Im+i Re) }(d’) ]exp—2if. (10b) 
All vectors will be expressed in terms of 2 and + com- 
ponents where the latter represent the raising and 
lowering operators x-tiy. The ansiotropic hyperfine 
Hamiltonian can be conveniently divided into secular 
terms A®,,S,J,, pseudosecular terms A®,,S,J+, and 
nonsecular terms h(,,J,+4,,J+—}4,,J—)S*; of 
course, the \’s, k’s, and the appropriate summations 
should be included as well as all the terms for which — 
and + are interchanged. 

In liquids where all the Eulerian angles must be 
averaged over a sphere, the ® tensor vanishes. Since all 
the other traceless tensors transform in the same way, 
they, too, will average out in liquids, and only the 
isotropic terms will remain. The isotropic contributions 
to hyperfine structure can be divided into secular 
haJ,S, and nonsecular (1/2)aS+J-— components; the 
isotropic contribution of the Zeeman terms —fyS,B are 
all secular. The fine structure tensor D can be treated 
in a fashion exactly analogous to that used with the 
hyperfine structure tensor; Du, Di, and Ds + replace 
b, d, and c¢, respectively, while Dz, D.,, and Dz + re- 
place ,,™, ©,,, and , ,™, respectively.“ The same 

4440p in the molecular framework, assuming axial symmetry, 


is often written as D[S2— (4) S(S+1)]+ £(S?—S). In this 
case D= 3D,, and E=2Re(D, +). 
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is true for the quadrupole interaction tensor T for which 
the components in the molecular system are: 


Qo 
~ 61y(2h—1) 


Chinois 4 — 2 
G+ + 6(2h,—1) ° /4) (0 | [(8/ar) —i(8/ds) JV | 0) 


gu™ (0 | —1+3(#V/d#) | 0) (11) 


(11a) 
eQo™ 
DD cig eeensciitedonntieiiens 
oe * Ghi(2h=)) 


X (3/2) (0 | (0/at)[(8/ar) —i(8/as) JV | 0), 


(11b) 


where Qo™ is the electric quadrupole moment of any one 
of the equivalent nuclei with spin J,, and V is the elec- 
trostatic potential at the nucleus in question arising 
from all other nuclei and electrons, provided the 
contribution from within a small sphere surrounding 
the nucleus is excluded. 

The anisotropic Zeeman terms can be treated by 
substituting (2/3)hAy for b, and (1/2)héy for c in 
Eqs. (10)—(10b). The field B must also be substituted 
for the spin operator J); this causes the Py , terms to 
vanish in the Hamiltonian since B has only a z com- 


ponent. The secular contribution to the anisotropic 
Zeeman terms is 


Ho(anis) = —AL(1/3) Ay(3 cos*é—1) 
— dy sin" cos2n ]S,B; (12) 


the nonsecular contribution has the form —AI,,S*B. 

The dipolar transitions are induced by an rf field 
directed along the laboratory x axis. The x component 
of the dipole moment P, is AS-G-B’ where B’ is the 
magnetic component of the rf field. The isotropic con- 
tribution to P, is of the form f(1/2)ySt*; the aniso- 
tropic contribution has the form A(T, 4+T_+)S+t+ 
(T.4+T._)S,. There are additional terms where S- 
replaces St. The S, terms will be neglected. 


Ill. GENERAL THEORY 


The procedure followed in this article is based upon 
the work of Kubo and Tomita*; many of the details 
of the calculations have been discussed previously® and 
will be omitted here. Kubo and Tomita write the 
Hamiltonian as the sum of three terms, H,+H,+H’, 
where H, represents the zeroth-order terms, H, the 
“modulation” terms, and H’ the perturbing terms" 


(Hi, H,]=(P., H,]=0. (13) 


16 N, are Nuclear Moments (John Wiley & Sonc, Inc., 
New York, 1953) 


16 For atoms b= Q,sp, c=Q,4p, and d=Q,,p where p= —y76] 
(2I,—1) /eQo. 

17 (P, H: ]0 when P is a function of orientation and H; repre- 
sents the motion. However, the results are not affected by this. 
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At temperatures large compared to the resonance 
energies the autocorrelation function G(#) can be 
approximated, to second order, by the relationship": 


Gi) = (1/204 (P,+()P.-) 


—h- 


CLP.) ’ H’,(r) 1 H’,(0) t JP." (t—r) dr 


ay a (P+ (1)H’s(r)H’s(0) tP.- 
0 
+H’,(0)H’(r) tP.+(t) P= )(t—1) dr 
i [ dh "dts CCP*(0), Hy’), Hy (a) Ph 


(14) 
where 


Q=Tri=[](2S+1)*(244+1)9*™ (14a) 
and m, is the number of equivalent nuclei of spin J, in 
any one of the V paramagnetic molecules with spin S. 
T indicates the Hermitian conjugate of an operator. 
The time-dependent operators are expressed in a 
representation that diagonalizes Hi+H. H,’ repre- 
sents those terms in H’ that obey the relation: 


Tr{ {LP.*, H’(t) J, HW’) }P.-} 
=Tr{{[P.*, H’(0) ], H’(0)}P.-}. (15) 


H;’ represents terms in H’ that do not obey this rela- 
tionship,’ and H,’ represents terms in H’ that com- 
mute with H,. The brackets { ) indicate the trace 
of the enclosed operators summed over all quantum 
numbers not required to specify the transition fre- 
quencies; if the motional and exchange effects are 
treated classically, the brackets indicate stochastic 
averages. 

In the calculations below it will be assumed that the 
spectral lines are well separated; that a strong field B 
is applied so that AyB is by far the largest term in the 
energy; that the anisotropy of the g factor is small, 
| Ay|<«|y|. In the case of exchange or motional 
narrowing it will be assumed that f-*(| H’ )72«1 
where 1, is the correlation time; this guarantees that 
the line shapes will be approximately Lorentzian near 
the line peaks. 


IV. CRYSTALS: WEAK EXCHANGE 


The hyperfine structure of free radicals in crystals can 
often be seen by diluting the radicals in an isomorphic 
diamagnetic host. In this article it will be assumed 
that all paramagnetic sites are identical. The theory of 


18 First-order terms all vanish in the “ae described be- 
low and so have been omitted from Eq. ( 

19 These conditions are equivalent to Kubo and Tomita’s re- 
quirement that w°=—w:, cf footnote reference 8. 
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the spectra of paramagnetic crystals has been worked 
out in great detail,”-*! and in this article only a simpli- 
fied first-order treatment applicable to systems with 
small Ay will be presented. The quadrupole and fine 
structure terms, which enter when J and S, respec- 
tively, are greater than 1/2, will be omitted from this 
discussion; they have been treated extensively else- 
where.” ! The quadrupole terms alter the frequencies 
somewhat while the fine structure terms split the 
electronic transitions. Since only first-order terms will 
be retained, the H, Hamiltonian in the Kubo and 
Tomita theory will be composed of the secular and 
pseudosecular components of Hp and 3s. The pseudo- 
secular terms are off-diagonal terms but the corre- 
sponding energy levels are separated only by a gap of 
order a,, while for the nonsecular terms this separation 
is of the order of yB>>a). Hyg can be rewritten as 


Kis=— h>-a’'S.J5, (16) 
x 


where 2’ indicates the axis of precession (quantization) 
of J, and 


ay? = { (Be —ay)?+4 | O,,™ [7]. (17) 


Note that S and J, are not quantized along the same 
axis, and that ay, is a function of the orientation angles. 

The H, term of the Kubo and Tomita formulation 
vanishes in this case and H’ =3¢,.” If a procedure com- 
pletely analogous to the one described in reference 9 is 
applied here, the frequency w of each hyperfine line 
is given by the following relation”: 


w=[y+ (1/3) Ay(3 cos*t— 1) — dy sin*é cos2n ]B 


+ Qe’ Ma— (1/3) S(S+1)K, (18) 


where M) is the quantum number corresponding to the 
z’ component of the spin angular momentum for the Ath 
group of equivalent nuclei in a molecule: 


K=A® D> gw[ doa’ (Miy—My’) 
M!#4M » 
NAt= >> As? 


i ij 


gu=T]W(m, M,, Ih) /(2H4+1)™. 


(19) 


(20) 
(21) 


*S. Weissman, T. Tuttle, and E. de Boer, J. Phys. Chem. 61, 
28 (1957). 

21 B. Bleaney and K. W. H. Stevens, Repts. Progr. in Phys. 
108 (1955); A. “can Be e Electronique (Centre d’Etudes 
Nucléaires de Saclay, France, 1956). 

2 Note that [He, H,}=0 and 3¢’ is thus an 5C,’ operator, ci. 
Eq. (14). For one equivalent group 





cto fan fancy sis+) exp (amt) 
X[1+ exp{ia(m—m’) (4—t2) } 
—exp{ia(m’—m)h} —exp{ia(m’—m) 2} J. 
ve “pe [H2, H.]0 and G;(t) is modified. See Eqs. (61) and 
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W(m,, My, Jy) is the degeneracy of an M) spin state 
which is composed of m, equivalent nuclei of spin J,; 
for n=1, ie., for one nucleus, W(1, M, J)=1 and 
gar = (27+1); for J=1/2, 


W (n, M, 1/2) =n!/[ (1/2) (n—M) ]![(1/2) (n+M) ]}. 
(22) 


It should be noted that the expression for K is valid 
only if the relation >oa >.,ax(M,—My) =0 implies 
that M,=M)’; if this condition does not apply the 
degeneracy factor must be altered. 

The second moment (Aw*) of each spectral line is 


(Aw) = (1/3) S(S+1) A?(1—gu). (23) 


The integrated intensity of the line is proportional 
to guy’. 
For the special case n=1, 6¥=Q=d,=0": 


w=[y+Ay(1/3) (3 cos*t—1) ]B+a’M 


— S(S+1) A? >> [3a’(27+1)(M—M’)}* — (24) 
M'#M 


a” =[—a+(1/2)b(1—3 cost) P4908? sin?2é (25) 
(Aw) = $(.S+1) A?27/3(2I+1). (26) 
The integrated intensity 9 is given by the equation 
$=[NS(S+1) /3(2I+1) }’ 
X(1+2(Ay/y) (sin sing—1/3) ]. (27) 


It should be remembered that all these relationships are 
valid only if | a’/yB | 1 and | Ay/y |«1. 


V. CRYSTALS: STRONG EXCHANGE 


Strong exchange exists when A*>a? and extreme 
exchange exists when A*>7’B*>a’. By increasing the 
concentration of radical in the diamagnetic host 
crystal, the exchange effect can be increased. In the 
presence of strong exchange the hyperfine and fine 
structure is obliterated and a single, approximately 
Lorentzian, line results. Of course, when the concen- 
tration of unpaired spins becomes large enough for the 
exchange effects to be appreciable, one must consider 
the intermolecular electron-electron dipolar interac- 
tions; this has been done elsewhere and the contribu- 
tions to the linewidth from these dipolar interactions 
will not be included here.’:* The secular Zeeman terms, 
both isotropic and nonisotropic, constitute the zeroth- 
order Hamiltonian, H;. The exchange terms are to be 
identified with H2, and the remaining terms can be 
treated as perturbations H’. The nonsecular Zeeman 
terms and the quadrupolar terms both commute with 
x. and hence are not affected by the exchange; they 
affect the frequency in second order and will be neg- 

If Ay=0=b, Eqs. (24)-(27) are identical with those given 
in footnote reference 9. 


2 P. W. Anderson and P. R. Weiss, Revs. Modern Phys. 25, 
269 (1953); P. W. Anderson, J. Phys. Soc. Japan 9, 316 (1954). 
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lected here. The frequency of the absorption line is 
equal to w—A where A is the small nonsecular shift 
discussed below and 

wy=[y+ (1/3) Ay(3 cos*t—1) — dy sin®€ cos2n]B. (28) 


The effects of Hs on the spectrum can be calculated 
by a procedure similar to that of reference 9. The ex- 
change terms are replaced by a classical Gaussian 
relaxation function,®** exp(—4w7?), where w, is the 
exchange frequency: 


w= (2/3) S(S+1) A*. (29) 


If 27,’—! is the secular line width and 27,’ the non- 
secular linewidth, the total linewidth 27;-' is equal to 
the sum of the two. If | @ |?/w,?<1, the line shapes are 
approximately Lorentzian in the frequency range close 
to the line peak, and® 


Ty(IS) = (42)! om (+1) 
XL (bee —ay)?+4 | $,,% |?"|/3w- 
Ti'(1S) = (40)? ml +-1) [$e +0)? 
+2 | b™ [2+-4 | &, .™ |?) ] exp(—c?/ 2,7) /3u.. 
(31) 


Note that the results depend upon the angles & and », 
but not upon ¢. For extreme exchange, the analog to 
extreme motional narrowing: 


T3\(1S) = (40)! 2 ml (Dr +1) ((5/4) | bee 
— ay®,. + 2a)?+6 | $,, 2-4 | $, |?" 1/ 3a. (32) 


The contribution to the nonsecular shift A arising 
from Kis is 


(30) 


A(IS) =Ty'(I5) i wm exp(st/2)du. (33) 
0 


The special case for which 6y=cq.=d,=0 and for 
which the exchange is extreme will be considered. 


w=7+(1/3) Ay(3 cos*é—1) —A(TS). 
Ts(1S) = (49)! > omIx( +1) [(3 cos*é—1) 
X (by?2/8—byay/2) +b2+2a,?1/3u,. (35) 


The fine structure terms 3p are “modulated” by the 
exchange terms. The various exchange frequencies 
could be calculated systematically by means of Eq. (87) 
in reference 8, but since the assumption of a Gaussian 
relaxation function *** exp(—wr?/2) is only an ap- 
proximate procedure, it will be assumed, in analogy 
with the treatment of motional effects," that one 
exchange frequency will suffice to characterize the 
relaxation. It will also be assumed that the exchange 
frequency is given by Eq. (29). The secular and 
nonsecular half-linewidths 7,’-1(D) and Ti'(D), 


% Since w,* | @ 2&1, the pseudosecular terms can be treated 
by perturbation theory. 


(34) 
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respectively, that arise because of the presence of 3p 
terms are: 


T2!(D) = ($4) 4(4°+-4S—3) (27/20) D?/3w.; (36) 
Ty'(D) = (44) (4 +-4S—3)6[| Daz |? exp(—we?/2w.*) 
+(2/5) | Dy + [ exp(—2u0?/w2) 1/3w.. (37) 


For the special but important case that D,, =D, ,=0 
and the exchange frequency is very large, w.>>w», 


T3*(D) = (9) *(4,5?+4.S—3) (27/40) 
X (1—cos*) D,?/3w,. (38) 


It should be noted that the fine structure effect vanishes 
for S=}. 

The contribution to the nonsecular shift A(D) 
arising from the 3p terms is 


A(D) = Gntas+4s—3)o] Dee [ 


exp(—wat/2a2) [” exp(4u8)dut (2/5) |D.+ 


10 |e 
Xexp( — 2u?/w,?) 'y exp(}u*)du / 3a, (39) 


VI. LIQUIDS: WEAK EXCHANGE 


In low viscosity liquids the motion of the molecules 
averages out all the anisotropic contributions to the 
frequency but if the exchange effects are small the 
isotropic hyperfine contributions remain. The aniso- 
tropic interactions are “modulated” by the motion and 
although they do not contribute much to the frequency 
they do give rise to line-broadening.** The nonsecular 
part of the isotropic hyperfine terms will be neglected; 
if strong magnetic fields are applied these terms merely 
affect the frequency in second order. The zeroth order 
Hamiltonian H, is composed of the isotropic secular 
terms arising from the Zeeman and hyperfine Hamil- 
tonians. All the anisotropic terms are treated as per- 
turbations H’. The motional Hamiltonian &,, is treated 
classically by means of a relaxation function 
exp(—|7|/r-), and a single correlation time 7, is 
assumed.® 

The frequency w is equal to w—A where A is the 
nonsecular shift discussed later: 


wo= B+ 2/a,My— (1/3) S(S+1)K’. (40) 


K’ is the same as the K defined in Eq. (19) except that 
a’=a in the present case. The integrated intensity of 
each line is given by 9 where 


$= (1/3) NS(S+1) yeu (41) 


and gu is the degeneracy factor discussed in Sec. IV. 
The anisotropic terms can be divided into three 
groups: the Zeeman and hyperfine contribution, the 
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fine structure components, and the quadrupole inter- 
actions. In the second-order theory used to determine 
linewidths these anisotropic terms enter quadratically 
into the results and, furthermore, there are no cross 
terms between members of the three different groups. 
This enables one to treat each group of terms indi- 
vidually. Attention will first be turned to the Zeeman- 
hyperfine interactions. The secular and nonsecular 
linewidths, respectively, arising from these interactions 


are”; 
T2! (IS) =1(4/15) (AyB?/3+-5y°B*) 
+2 (3/20) (2S9°+-2S+1)o?L(Sa( Jax +1) uw — M7] 
+( Lon*M, My) 
— (4/15) (Ayb,BM)+ 26yBLaQ+c,*]My)}] (42) 
and 
Ty-\(1S) = (re/[1-ben?r 2) [Ay B?/15-+5y2B?/5 
+(1/5) XI (7/8) (8S°-+8S—1)o.2 
XO(Sa( Sa +1) a Mi? 4+ (20 (15/4) on? My) 


ides (Ay, BM)+ 26yBLatea* |My} ]. 


In these equations 


(43) 


oy? = (1/5) (dybyr + Len * ey tency * +-dydy*+-dy*dy: ]8/ 3) 
(44) 


and (Jx(Jx+1) )a is the average value of Jx(J,+1) 
for a given value of M): 


(Jx( Jr +1) )u = >In’ (Jn’+1)[W(m, Jy’, Th) 
—W(m, Jy’ +1, Nh) VW (m, M,, qh). (45) 


The summation extends from J,’=M) to J)’=mJh. 
For J=} and only one group of equivalent nuclei 


(Jx( Jn+1) ue =3n+-M? (46) 


where is the number of nuclei in the group. If there is 
only one nucleus of spin J, (J(J+1) )w=7([+1). 
For n=2, I=1, (cf. DPPH), (J(J+1) )am is 6, 4, and 
8/3 for M equals 2, 1, and 0, respectively. 

In deriving Eqs. (42) and (43) it has been assumed 
that 7201 and a*<v7*B*. Furthermore, since r2a*<1 


and o*<v+*B*, the pseudosecular terms in Hs have been 


combined with the nonsecular ones. The condition 
t2o°<1 also assures that the line shape will be approxi- 
mately Lorentzian in the region around the peak.® 
These rather complicated formulas can be better 
understood in a number of special situations. For 
most free radicals S=}, and in many cases there is 
only one group of equivalent interacting nuclei. Under 


% The pseudosecular terms are Hg’ terms. See Eq. (14). 
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Taste I. 72’-1(JS) in units of 7,0 
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*/8 and T,'"(JS) in units of r.0*/8(1+e*r2) in the case of motional narrowing, weak exchange, 


negligible g-factor anisotropy, and only one group of equivalent interacting nuclei. The values of 7;’~!(7.S) are in parentheses. 





= 


M 


3/2 1/2 





38 (38) 
38 (38) 
38(38) 
41(55) 


Orn WHER 


81(75) 


22. 
22. 


3.5(5) 
11(13) 
11(13) 
5(24) 


12.5(26) 
5(24) 


7.25(13.75) 
23(41) 
17(27) 
14(20) 
17 (27) 








these conditions, 
T:' (1S) =re{ [3 (J+1) )w+5M? ]o?/8 
+ (4/15) [(Ay)*/3+ (dy)? B* 
— (4/15) [bAy+2(c+c*)8y]BM} (47) 
=[r./(1+wer2) {£7 (J (J+1) )w— M*Jo*/8 
+[(Ay)?/3+ (67)? ]B?/5 
—[bAy/5+2(c-+c*)y/5JMB}. (48) 


If the anisotropy of the © tensor can be neglected, 
Ay= éy=0, it is readily seen from Eqs. (47) and (48) 
that the linewidths have a symmetrical dependence 
upon the nuclear quantum numbers M, i.e., the line- 
width is a function of M*. Table I gives values of 
T:'(I1S) and T;'"(1S), in the case that Ay and dy 
vanish, in units of 7.07/8 and 7,07/8(1+a?r2), re- 
spectively. If the anisotropy of the hyperfine interac- 
tion terms are negligible, it can be seen from Eqs. (47) 
and (48) that the linewidths do not depend upon the 
nuclear quantum number M. If the anisotropy of both 
tensors is appreciable, then the linewidth has an 
unsymmetrical dependence upon M, i.e., a linear as well 
as a quadratic one. The most common situation is the 
one for which 6y=c=d=0; then o?=8?/5. The for- 
mulas easily obtained under these conditions from 
Eqs. (47) and (48) represent an extension of the theory 
of McConnell for paramagnetic ions,’ and a correction 
to Eq. (101) of reference 9. 

The nonsecular shift arising from these dipolar terms 
is A(IS), 


T(1S) 


A(IS) =raT (IS). (49) 


It should again be noted that terms of the order (Ay/7) 
smaller than those appearing in the above theory have 
been omitted. For organic free radicals the usual 
situation is | Ay/y | <0.005; thus the omitted terms 
are insignificant. For Cu+ + ions | Ay/y | =0.1 and the 
theory is only an approximate one. 

The other factors contributing to the linewidth must 
also be considered. The slight broadening due to weak 
exchange has been discussed in Sec. IV. The secular 
quadrupolar terms commute with both H; and P, 


and so do not contribute to the linewidth. The non- 
secular terms contribute the following”’: 


T'(Q) =1-(3/4) Le'Lm2h?(r+1)*—m3(h+1) 
+ 2" u (5am ?— 


where 
x= (1/5) qu [2+ (16/3) (| gs - P+] ge 4 FI 
(51) 


>>*» represents the sum over all values of each m,;, the 
quantum number corresponding to the z component of 
the nuclear spin operator of the jth nucleus in the Ath 
equivalent group, subject to the condition that 
, pay ». Remember that J, and M) are quantum 
numbers for an equivalent group of nuclei while J, is 
the quantum number for any one of the m, nuclei in the 
group.” The assumption has been made that p’*r?<1. 

The fine structure terms Hp obey the conditions of 
Eq. (15). 


TD) =1.(3/10) 


2m) /TIW(m, My, Iy)} (50) 


u2(4S2-+4S—3) 
[(3/2) + (5/2) /(1+ee’r2) +1/(1+4w0'r? 


where 
=(1/5)[| Du |?-+(16/3) (| Dy —~ P+] Dy 2). (53) 


The assumption that y*r.21, which is used in deriving 
Eq. (52), is often not valid.” This represents a 
generalization of the theory of McGarvey.* 

The results obtained above can be combined into the 
relation 


*)] (52) 


Tz" (M) =a+8M+eM?+«M* (54) 


where a, 8, € and x are parameters that are independent 
of the nuclear quantum numbers M." The following 
7 tpn 
% A(Q)= Ty’ (QO) raw 
aOtL Gre, (4.52 +45 —3) ol (5/2) (1+-wo?r*)- + (1+ 


%S. Weissman, J. Chem. Phys. 29, 1189 (1958). 
% Note the absence of M® terms. Even for relatively large 
values of a, as for vanady] ions, this form is correct. 
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assumptions have been made in obtaining these 
results: 


Ty 7-1 

eK’ B* 
T2K | yB | 
(Ay/y)*<1. 


Equation (54) is valid even if relaxations through 
spin-orbit interactions are included; these modes of 
relaxation merely alter the value of a provided they 
can be characterized by an exponential decay. If 
T;"(M) is subtracted from 7;'(—M), one obtains 
the interesting quantity A7;"(M); 


AT;"(M) =— 26M. 


(55) 
(55a) 
(55b) 
(55c) 


(56) 


If the condition given in Eq. (55) applies, the line 
shape is nearly Lorentzian. If the opposite condition 
holds, y*B*r2>>1, [cf. Eq. (55b) ] and the 7,’- con- 
tribution to the line width becomes negligible. 


Vil. EXCHANGE: ISOTROPIC HYPERFINE 
INTERACTIONS 


The problem of exchange effects in liquids is compli- 
cated by the noncommutivity of the exchange and the 
motional terms. Some of the effects of this noncom- 
mutivity were discussed in a previous article.® Recently 
Hausser’s anomalous dependence of line widths upon 
viscosity were ingeniously explained by Tuttle and 
Pake in terms of exchange effects.” It, therefore, seems 
desirable to develop the theory of exchange effects 
in liquids in somewhat more detail. In this section the 
discussion will be limited to the interaction between 
the exchange forces and the isotropic hyperfine inter- 
actions. 

In dilute solutions the average distance between 
paramagnetic molecules is great, and the exchange 
term A is very small at this distance since the exchange 
integral drops off very rapidly with increasing distance. 
However, in liquids of low viscosity, the paramagnetic 
molecules are in motion and spend some time in close 
proximity to eath other. It will be assumed that the 
exchange integral has the large value Ao when two 
paramagnetic molecules are next to each other and that 
it vanishes when the two molecules are separated. It 
will also be assumed that the characteristic time that 
two molecules are adjacent is 7; and that 72 is the 
characteristic time between “collisions” of paramag- 
netic molecules. For dilute ideal solutions 72>>7:. 

By means of the theory of Brownian motion,” one 
can write down approximate expressions for 7; and 72, 
assuming ideal solutions. If 9 is the viscosity of the 


® K. Hausser, Ampere Conference, London, 1959; Z. Natur- 
forschg. 14a, 425 (1959). 

% J. Frenkel, Kinetic Theory of Liquids (Dover Publications, 
New York) ; S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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solvent, M the molar concentration, and \ the interac- 
tion radius, 


71 =a? /kT (57) 
72=750n/RTM. (57a) 


d is also approximately the length of molecular “jumps”’ 
in the liquid and it is taken to be about equal to the 
molecular “equivalent spherical radius.” 

The theory of magnetic relaxation®""* involves the 
rms averaging of a stochastic process. Thus if A is the 
process 


(AAC+) )=(1/27) [| AC Payer). (58) 


f(r) is a relaxation function. T should be chosen to be 
very large for the theory to apply; the error in line- 
width introduced by the use of finite values of T is of 
the order of 1/7. Therefore, T should be chosen such 
that T>>T>. On the other hand, the average should not 
be taken over a time that is longer than the lifetime of 
the states involved; this lifetime will be of the order 
of T; which is often of the order of T2. Thus the choice 
of T=T? seems to be a reasonable one. In the case of 
simple motional narrowing in low viscosity liquids 
T>>71, and the averages over a time T=T7> or over 
T—« are identical. However, if r>>T72, the average 
must be taken over a time T~T, and it should be 
remembered that an error of order 1/7: will appear in 
the expression for the linewidth. 

Consider first the situation in which exchange broad- 
ening takes place; this occurs if the effective exchange 
is relatively weak and the linewidths 7;"'(e) of the 
individual hyperfine lines is less than their separation a. 
The exchange terms are treated as perturbations H’ 
which are modulated by the motional terms. The cor- 
relation time of the motion is 7;, the time of contact. 
Aside from normalization terms, the autocorrelation 
function G(¢), for the secular contributions, is 


G(t) = 1-['U-») (A”) exp(—1/n)dr (59) 


where the effective exchange integral A’ is 


A”?= (1/3) S(S+1) A’. (60) 


[Cf. Eq. (29).] If A’r>>1, the motion is relatively 
slow, that is, the time of contact 7; is sufficiently large 
to allow exchange to take place on each collision since 
A’ is the exchange frequency. Equation (59) requires 
that A” be time averaged and according to the discus- 
sion below Eq. (58) the average should be taken over a 
time 7,(e), approximately equal to the lifetime of a 
spin state. Thus, 


(A®)=[(T2—12)/T2](1/3) S(S+1) Aé, (61) 


( ous) C. Wang and G. E. Uhlenbeck, Revs. Modern Phys. 
1945). 
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where 7:—72 is a measure of the average lifetime of a 
state after a collision. The upper limit in Eq. (59) can 
be replaced by T2 where T2>>7 


G(t) =1—| t|(A?)n=exp(— | ¢|(A?)n). 


The spectral density is the Fourier transform of G(?) ; 
thus the line width 7;-'(e) is given by the relation 


T2"(e)m=fe=1/r2, 


where f, is the effective exchange parameter. This equa- 
tion holds provided 7;/721 and a>>1 where 


o = (1/3) S(S+1) Ar. 


Equation (63) is essentially the formula given by Pake 
and Tuttle‘ provided their collision factor p is equal to 
unity. According to Eq. (63) the line width increases 
with increasing concentration and decreasing viscosity. 

If the exchange is weak and the interaction parameter 
a1, the situation is quite different. In this case the 
relative phases of two precessing spins are shifted only 
slightly upon each encounter; it, therefore, requires 
many encounters to destroy the correlation between 
two spins. In this case 


(A”)= (1/3) S(S+1) A’ri/r2 (65) 


provided 7:>>72>7;. G(t) is again given by Eq. (62) 
and 


(62) 


(63) 


(64) 


Tz"(e) M =f.=a*/t2. 


This can be cast into the form of the equation given by 
Pake and Tuttle provided their collision factor p=a’. 
Note that a? depends quadratically on the viscosity 7; 
hence, the linewidth in Eq. (66) is proportional to 7 
while in Eq. (63) it is inversely proportional to 7. 
These formulas give the secular linewidth of each of 
the broadened hyperfine lines. 

Now consider the situation in which exchange 
narrowing takes place; this occurs if the exchange is 
strong and the effective exchange frequency f, is greater 
than the hyperfine frequency a. The hyperfine lines 
coalesce into a single narrowed line of width 7 ". 
The hyperfine line terms are treated as perturbations 
H’, the exchange terms as a modulation effect Hp, and 
the motional terms modulate the exchange. A general 
derivation of G(t) for such a situation is given in the 
Appendix. Let 


(66) 


a= > ay2mly(1,+1) /3, (67) 


[cf. Eq. (30) ]. By means of Eq. (A-9) in the Appendix, 
one can obtain, neglecting multiplicative factors, the 
following autocorrelation function for the secular terms 


G(t) ~exp| —a"[ exp |r| fe) (-r)dr (68) 


In deriving this relation (A”) is obtained by averaging 
A” over the time interval 1/f,., the lifetime of the 
individual spin state. f, is given by Eqs. (63) and (66). 
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The upper limit of integration in Eq. (68) can be 
replaced by 7:2, the inverse half-width, and since 


TrfK1, 
G(t) =exp(— |¢| a”/f.). 


T31(IS) ;=a"72, 


(68a) 
If a>, 

(69) 
and if a1, 


T31(1S) ;=0"12/c?. (70) 


The condition 72 f<1 can be shown to hold if one 
remembers that, for exchange narrowing to hold, 
a’'T.>1. Equations (69) and (70) can also be related 
to the formulas given by Pake and Tuttle provided 
p=1in Eq. (69) and p=a? in Eq. (70). The linewidth 
is proportional to the viscosity in Eq. (72) and in- 
versely proportional to the viscosity in Eq. (70). 

If the nonsecular terms are to be considered, it is 
readily seen that for strong exchange, (exchange 
narrowing) 


Ty*(1S) =[1+f2/( fe+w?) Je”/f.. (71) 


Cf. Eqs. (68a), (69), and (70); also Eq. (A~9) in the 
Appendix. For f2>>w’, the case of extreme exchange, 


Ts*(IS) ;=2a?/f (71a) 


which is twice the secular result [cf. Eq. (68a) ]. This 
is the 6/3 effect obtained previously by the author? 
and independently by Pake.® It is to be contrasted 
with the more usual 10/3 effect. For weak exchange 
(exchange broadening) the linewidth for each hyper- 
fine line, including the nonsecular terms is 


Tr"(e)u=fel1+ Lg /[Li+e(M—M')'re}}, (72) 


where gw is the weighting factor defined in Eq. (21). 
For short 7, a?7°1, 


T4(¢) w= (72a) 


This again is a 6/3 effect. Note that in the derivation 
of Eq. (72) the perturbation operator H’ is the exchange 
operator and it is of the form H,’; cf. Eqs. (14) and 
(15). On the other hand in the derivation of Eqs. (18) 
through (23), the exchange operator is of the form 
H,’ since the motional effects are excluded. 

The intermediate coupling case a~1 is more difficult 
to treat since it is then not a simple matter to average 
A’, Equations (71) through (72a) are, however, quite 
general. The formula for f, in the cases a1 and a>1 
connect continuously at a=1. In lieu of an exact treat- 
ment it can, therefore, be assumed that Eq. (66) for f. 
holds in the region a<1 and Eq. (63) in the region 
a=1; this is at least qualitatively correct. According 
to this picture f, has a maximum at a=1, the point at 
which 72 is minimized subject to the condition that 7 
be long enough to permit effective exchange with each 
collision. At very low viscosity, a1, the hyperfine 


%G. E. Pake, Bull. Am. Phys. Soc. 5, 252 (1960). 
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lines are observed, f. is given by Eq. (66), and the 
widths by Eq. (72). As the viscosity, increases the line- 
widths increase and, provided Ag>a, the lines finally 
coalesce into a broad single line of width a’. At higher 
viscosity the single line narrows if the condition a1 
still holds, f, is still given by Eq. (66) and the linewidth 
by Eq. (71). As the viscosity increases still further, 
the single line narrows more and when a>>1, the width 
of the single line is given by Eq. (71), but f, is deter- 
mined by Eq. (63). With increasing viscosity, the line- 
width increases and finally the hyperfine lines reappear. 
At this point the linewidth of each of the hyperfine 
components is given by Eq. (72), and f. by Eq. (63). 
As the viscosity increases the lines, therefore, become 
sharper. For still higher viscosities the exchange effect 
becomes negligible but the dipolar interactions may no 
longer be motionally narrowed and, hence, broadening 
would be expected. These results are, at least qualita- 
tively, in agreement with the data of Hausser and of 
Pake and Tuttle. At very high temperatures, low vis- 
cosities, spin-orbit interactions may contribute to the 
linewidths. 

If the solutions are nonideal there may be no simple 
relationship between 7, and r2. Furthermore, the model 
of very short-range exchange forces may not always be 
valid and there may also be complicated interactions 
between the unpaired electron and the solvent. Another 
difficulty arises because of the expressions obtained 
for 7; and 72; Eqs. (57) and (57a) are subject to 
criticism, in particular, the free radical may be sol- 
vated and it may require more energy to penetrate the 
solvation layer than to make an ordinary jump in the 
liquid. 

For very large 72, rx, the expression in Eq. (72) 
reduces to the appropriate result for solids, T3“'(e) w—0, 
provided the concentration is very low 7:/721. If the 
concentration is low in solids, exchange narrowing or 
broadening does not take place; most of the molecules 
are too far away from their nearest paramagnetic 
neighbors to be affected by exchange. The few that 
are close enough are in interaction with only one 
paramagnetic neighbor and so merely form a singlet- 
triplet combination. At higher concentrations the 
average distance between paramagnetic molecules 
becomes small and one must consider all the free 
radicals in a solid in interaction with each other; this 
gives rise to exchange modulation. See Secs. IV and V. 
It is also clear that the above theory for liquids holds 
if only pair exchange interactions are important; this 
condition holds if the solution is sufficiently dilute to 
reduce the probability of a three-particle free radical 
“collision” to a negligible value. The probability of a 
three-particle free radical “collision” is roughly Z’X 
less than that of a two-particle free radical “collision” 
where Z’ is the number of nearest or “interacting” 
neighbors and X is the mole fraction; therefore, the 
theory described above is probably quite good for mole 
fractions X <0.01. 
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The theory of exchange in liquids becomes very 
complicated as X increases over 0.01; however, if the 
concentration is high enough so that all the paramag- 
netic molecules are connected through exchange inter- 
actions, then the exchange problem in liquids becomes 
similar to that of exchange in solids, cf. Secs. IV and V. 
Of course, in liquids it is assumed that all the aniso- 
tropic terms are averaged out by “motional narrowing.” 
For strong exchange, (exchange narrowing), a single 
line of width T;-'(e) should be observed 


T=*(e) =(m/2)'a°[1+exp(—ax?/2(A*)) / (A), 
(73) 


where (A”) is an average taken over the distribution of 
free radicals. A’, of course, still decreases rapidly as the 
intermolecular distance increases. [Cf. Eqs. (30) 
and (31) ]. Under the same conditions of high concen- 
tration, in the presence of weak exchange (exchange 
broadening) the second moments of the hyperfine lines 
are given by Eq. (23) except that A? is replaced by 
(A?). 

The effect of exchange on anisotropic hyperfine 
interactions is difficult to treat except in the high 
concentration limit (cf. the Appendix) ; this is done in 
the next section. 


VIII. LIQUIDS: STRONG EXCHANGE AT HIGH 
CONCENTRATIONS 


The problem of paramagnetic liquids in which ex- 
change effects are strong is similar to the strong ex- 
change problem in crystals except that in liquids the 
anisotropic terms must be averaged over all orienta- 
tions and modulated by both motional and exchange 
effects. The hyperfine structure vanishes in concen- 
trated solutions, X=1. The zeroth-order Hamiltonian 
H, is composed of the isotropic secular terms arising 
from the Zeeman Hamiltonian. The motional and ex- 
change terms are identified with H, while the isotropic 
hyperfine and all the anisotropic terms are averaged 
over all orientations and treated as perturbations H’. 
The linewidth arising from the isotropic hyperfine terms 
was discussed in the preceding section. The linewidth 
arising from the anisotropic hyperfine and Zeeman terms 
is given by the relations 


T2'"(1S) a= (4/15) [(Ay)*/3+ (87)? Bere 
+(5/6) Len'ml (+1) Ey (74) 


Ty-(1S)a= (1/5) [(Ay)?/3+ (87)? Be?re/ (1-+-ar?r2) 
+(5/6) Lowtmls(-+1) E, (74a) 


wo = 7 Bo. (74b) 
we is defined in Eq. (29). If w,7.>>1, 


Ex=[(1/2)*/we] exp(— Man?/2u,”) (75) 
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while if w,.7-«1 


Ex=te/ (A+R wr). (75a) 
The resonance frequency is w—A where A(JS) is 
given by Eq. (33). If w.r-~1 the problem is rather more 
complicated.® See the Appendix. 

The Hp terms can be treated as in the “crystal 
strong exchange” case except that averages over all 
orientations must be taken, and thermal relaxation 
must be included. Then 


Ts (D) =p?(49°+4S—3) (3/10) ($Ao+3Ai+E:). 
(75b) 


IX. EXAMPLE: EXCHANGE EFFECTS IN DPPH 


Pake and Tuttle* studied a 0.14M diphenyl picryl 
 hydrazil (DPPH)-toluene solution at 28°C and at 
—41°C. They estimate, from studies on the solid, that 
4X10" sec< Ap<10" sec. The effective hyperfine 
constant a’ [cf. Eq. (67) ] is about 2.4X10* sect. 
At 28°C they observed a single narrowed line with a 
half-width of 6.410’ sec; at —41°C they observed 
a barely resolvable fine structure. At —41°C, 7=0.017 
poise and 72, according to Eq. (57a), is approximately 
4.5X10- sec; at 28°C »=0.0053 poise and 72 is ap- 
proximately 1.2X10- sec. At —41°C Eq. (72a) 
applies while at 28°C Eq. (71) is valid. Since f, can be 
written as p/72, it is, therefore, possible to solve for p: 
p=0.27 at —41°C and p=1.3 at 28°C. 

According to the above theory, for a1, p=a* and 
varies as (n/T)*; for a>1, p=1. It is not possible for 
p(—41°)<«p(28°) ; however, a large error is not sur- 
prising in view of the many assumptions in the theory. 
It may be that an activation process is required to 
penetrate the layer of solvent surrounding the free 
radical; this should account for a decrease of p(—41°) 
over p(28)°. 

The hyperfine structure of DPPH is just barely 
resolvable at 28°C in 0.015 M benzene solution and in a 
0.007 M acetone solution. An analysis similar to that 
described in the preceding paragraph yields p=0.65 
(a=0.8) and p=0.8 (a=0.9) for benzene and acetone 
solutions, respectively: »(benzene)=0.58 cp, n(ace- 
tone) ~0.3 cp. Again one would expect a(acetone) < 
a(benzene) or else to have both a’s be unity. 

Perhaps the difficulties in the theory lie in the use of 
the Stokes-Einstein equation, perhaps in the non- 
ideality of the diffusion process, or perhaps the free 
radical-solvent interactions affect the exchange ap- 
preciably. In any case the agreement between theory 
and experiment, as indicated by Pake and Tuttle, is 
quite good considering the number of approximations 
implicit in the theory. 


X. EXAMPLE: EXCHANGE EFFECTS IN BPA 


Hausser carried out linewidth measurements with 
0.001M a-y-bisdiphenyl f-phenyl allyl (BPA) in 
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hexane, ethanol and in dimethyl sulfoxide; a’ =0.5 < 108 
sec! for BPA, considerably less than for DPPH. 

In hexane the BPA hyperfine structure is just barely 
resolvable at approximately 0°C, (n=0.0039). In 
ethanol the BPA hyperfine structure is just barely 
resolvable at approximately —40°C (n=0.027). Haus- 
ser has aiready commented on the anomalous fact that 
at room temperature BPA gives rise to a sharp hyper- 
fine spectrum in dimethyl-sulfoxide (n~1.1). An 
analysis similar to that given in the last section yields 
p(hex) =2, p(etOH) = 20, p(DMS) <7, at 0°C, — 40°C, 
and 25°C, respectively. The ethanol value, and not the 
dimethyl sulfoxide one, seems furthest out of line. 
If \, the interaction radius is greater than the “equiv- 
alent spherical radius,” rz and hence the values of p 
would be smaller than those obtained previously. 

For the present one can only attribute the dis- 
crepancies between theory and experiment to specific 
solvent effects. It should be noted that both for hexane 
and for ethanol solutions of BPA, the two studied in 
detail, the hyperfine structure improves at higher 7. 
At very low temperatures, very high 7, the lines start 
to broaden again, presumably due to dipolar interac- 
tions. 


XI. EXAMPLE: ON(SO;)." 


Peroxylamine disulfonate is a free radical (S=1/2) 
that has been studied in crystals diluted with dia- 
magnetic material” and also in liquid solution.*-® 
The nitrogen nucleus (J=1) is the only interacting 
nucleus and there are thus three hyperfine components; 
the isotropic hyperfine interaction constant @ is 2.2 108 
sec and ¢, d, Ay, and dy can be neglected. Weissman 
et al.” found that 6, which is given by the relation 


b=trywih(0 | | 0) (76) 


is about 2.5X10® sec. In dilute liquid solutions ex- 
change effects are negligible. The line breadth arising 
from intramolecular dipolar effects is® 


2731 =3.2X 10%r,{[6+5M?] 
+[14—M?][1+3.7X1072}7} 
+$7.Q.°[2+3 | M |]. 


Equation (76a) predicts that the M=-1 lines are 
much broader than the M=0 line; experimentally all 
three lines have the same width (~6X10* sec“). 
From this and other information Landesman® has 
concluded that 7, must be small; i.e., 7.<5X10-” sec. 
Hence none of the relaxation mechanisms described 


(76a) 


% J. P. Lloyd and G. E. Pake, Phys. Rev. 94, 579 (1954). 

37S. Weissman and D. Banfill, J. Am. Chem. Soc. 75, 2534 
(1953); Pake, Townsend, and Weissman, Phys. Rev. 85, 682 
(1952) ; 89, 606 (1953). 

*8 A, Landesman, J. Phys. radium, 20, 937 (1959). 

%® Eric Chow (private communication). 

It has been assumed that (1/4)a*r2<1. 
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above would appear to be significant in ON(SO;).7." 
BPP" give the relation 

te = 4a R°/3kT (76b) 
for t. where 9 is the viscosity of the medium and R 
the effective tumbling radius of the molecule, assumed 
to be a sphere moving according to Stokes’ law. For 
H.0, 7=10 mp at 300°K. For R=4 A, a conservative 
lower limit for ON(SOs3)2", 7-=7X10™ sec. This is 
considerably greater than the measured upper limit for 
te. Since the radical ion probably is associated with 
several H,O molecules the value of R and hence of 1, 
should be larger, not smaller, than the one calculated. 
It is possible that the value of 6 is greatly reduced in 
liquids, perhaps because of the presence of some 
internal motion such as a rotation of the O—N bond. 
This would account for the observed inefficiency of 


electronic-nuclear relaxation without requiring that 
Te<5X10-" sec. 


XII. EXAMPLE: TRIPLET STATES 


Hutchison and Mangum’ have measured the triplet 
state ESR spectrum of naphthalene diluted in a durene 
crystal. D,,=—3X10 cps; Dy, ,=D__=—0.21XK10° 
cps; g= 2.0133. It can readily be seen from Eq. (52) 
that in liquid solution, even with 7,.=10-" sec, a small 
value for a large molecule like naphthalene, 7;-! would 
be greater than 200 gauss. It would thus not be a simple 
matter to see the naphthalene spectrum in solution. 
Weissman™ has discussed this problem. 

McGarvey’ has applied a similar, but more approxi- 
mate theory to various metal complexes. The experi- 
mental data do not warrant a more detailed analysis 
at this time. 


XII. VANADYL COMPLEXES 


The ESR spectrum of vanadyl etioporphyrin in low 
viscosity solutions consists of eight nearly equally 
spaced hyperfine lines of unequal widths.“ The hyper- 
fine lines arise from the isotropic intramolecular dipolar 
interactions between .the electron (S=1/2) and the 
vanadyl ion (J=7/2). The magnetic constants were 
determined by O’Reilly by studying the ESR spectrum 
in highly viscous solutions.** He obtained: g= 1.974, 
a=2.62X 108 cps, Ag = —0.039+0.01, b=2.13X 10° cps, 
and éy=c=d=0. Q,, is not known. The ESR line- 
widths of vanadyl etioporphyrin in benzene solution are 
given in Table II.“ These data have been used in a least 


“ Perhaps spin-orbit interactions are effective in relaxing the 

spins. This effect might also help to explain Hausser’s results 
cf. footnote 32). 

“1D. E. O’Reilly, J. Chem. Phys. 29, 1188 (1958). 

4 The nuclear-electronic interaction is often written as A:IS;+ 
B(1S,+1LS,); then in the present notation a= —3-!(A+2B) 
and 3b=2(A—B). 

‘4 T, has been determined from O’Reilly’s spectrum, footnote 
42. Lorentzian lines of equal intensity have been assumed, and 
corrections for overlap have been made. 


Taste II. Data for vanadyl etioporphyrin.“ 





M T:" (grams) 





—1/2 
—3/2 
—3/2 
—4 
5 
3/2 
5/2 
7/2 








squares calculation to obtain values for the parameters 
in Eq. (54): 


a=17.6 gauss 
8 =0.66 gauss 


e=0.88 gauss. (77) 
x, and hence the quadrupole contribution to the line- 
width, is assumed to be negligible. The data are not 
accurate enough to provide an accurate check of Eqs. 
(47) and (48), or even of Eq. (56). a, 8, and € can also 
be calculated in units of r. by means of Eqs. (47) and 
(48) and the magnetic parameters obtained by O’Reilly. 
Other relaxations mechanisms such as_ spin-orbit 
interactions would contribute to a but probably not to 
6 and ¢; therefore, a will be written as a’++-a’’ where a” 
is the contribution from unspecified sources. Then, in 
(gauss X10"), a’ = 12.17, 8B=2.37., €= 1.27, if we'r2>1; 
and a’ =33.77., B=4.17., e=0.97r, if wer2K1. These 
values and those given in Eq. (77) are not compatible; 
however, if one allows for errors of up to 100%, it is 
seen by a comparison of the experimental and calcu- 
lated values of ¢ and 8 that 7, must lie between 2.5X 
10 sec and 8X10~" sec. If 7.>5X10-" sec, the 
T,' contribution to the linewidth is negligible and® 


a=a"’+re[ats(AyBo)*+7ol(I+1)] (78) 


B=—r-Ly's(bAyBo) + {FsAyBoa/y} ] 


e= 7 0+ {a's (Ava/y)*+1'sbaAy/y} J. 


(78a) 
(78b) 


If these equations are used in conjunction with the data 
in Eq. (77), one obtains the results a’ =8.5 gauss and 
AyB)/b=0.35. O’Reilly’s parameters yield 0.89 for the 
ratio AyBo/b. If r-=6X10-" sec in benzene (n= 
0.006p), the conditions of Eqs. (55) apply and R, the 
effective molecular radius of the complex is 4.65 A, 
a not unreasonable result [cf. Eq. (76b) ]. 

The experimental data could not be fitted exactly 
with Lorentzian shaped curves; in fact, the “apparent” 


& Bo=wo/¥ and B= (wo—aM) /y. 

In Eq. (78) the terms in braces { 
neglected. 

47 G. Pake and R. Rogers J. Chem. Phys. 33, 1107 (1960). 


} are small and will be 
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intensity, peak height times line width squared, is not 
the same for all the lines. It is not surprising, therefore, 
that Eqs. (54) and (56) do not fit the data exactly. 
Rogers and Pake“ report that these formulas, as well as 
the Lorentzian fit with constant intensity, seem to 
apply acceptably in the concentration range near 0.05 
M. The differences in the ratio AyBo/b obtained by 
O’Reilly and by the method above may be due to the 
difficulties mentioned or they may be real differences 
arising from the dependence of Ay and b upon the 
solvent. Further work at lower concentrations, where 
exchange and intermolecular dipolar interactions are 
not important, should be carried out. 

The second-order shifts in frequency can easily be 
included in the theory but they have very little effect 
upon the linewidths. 

The theory may not hold too well for Cu complexes 
since the ratio | Ag/g| =0.1 for Cu acetylacetone.’- 
Experiments on Cu complexes are currently being 
carried out. 
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APPENDIX 


By means of the procedure described by Kubo and 
Tomita, the autocorrelation function G(t) can be 
obtained for the isotropic hyperfine interaction H’ 
modulated by the exchange H, which in turn is modu- 
lated by the motion H,,. 


G(t) =4y exp iad) "| S+8-+ ((S*+, H’JS-) 


— [i-n)de(ES*, HLH) 15>}. (A) 


The time dependence of H’ is taken relative to the basis 


Hy)+H,,.+H.. 
(Hb, H, ]=([Hb, H.]=(H’, H,,]=0 
but [H,., H.]#0. The exponentials exp[i(H o+H,.+ 


H.)i/h] that enter into H’(r) can be expanded in 
powers of H,. The second-order term G,(t) in Eq. 


(A-2) 


“8 A. H. Maki and B. R. McGarvey, J. Phys. Chem. 62, 31 
(1958). 
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(A-1) can be written, after suitable rearrangement, as 
G2(t) =—}7* exp (tot) 


x [2d exp(—iomer) CCLS*, Haw’ 


fr. [ de'(r—7) Ha! HA) aj}s>. 


(A-3) 


H,,,’ is equal to (m | H’ | 2) and homn=(m | Hy | m)— 
(n | Hy | 2); H.(7) is given by the relation 


H.(r) =exp(iH.7/h)H, exp(—itHar/h). (A-4) 


The motion is approximated by the usual form of the 
relaxation function 


(H..(r)H..(0) )= (| H.(0) |?) exp(— |r| /:). 
If T2/7>1 


(A-S) 


Ga(t) ~—4y? exp (iant) > I (—n)ér exp(— tare) 


X (CLS*, Hien”), (Hnm’— | 7 | i[[Ham’, HJ, HJ} ]S-) 
(A-6) 

while if 72/1 

G2(t) = —437° exp (iat) Qf (t—r)ar exp ( —iw@mnT) 


x (CS*, Hann’ J, {Ham’— $7°[[Ham’, H.j, H. ]} jJs- ). 
(A-7) 


Equation (A-7) is the expression given by Kubo and 
Tomita for G2(t) in the presence of exchange but the 
absence of motion. They further assume that the 
exchange relaxation function can be written as a 
Gaussian and Eq. (A-7) can be re-expressed as 


G,(t) =—4}7* exp (iw) f(r dr 


Xexp(—iwmnt) ((LS+, Hn’ J, Hin’ JS~) exp(—}w2r*). 
(A-8) 


Equation (A-6) can be handled analogously; it gives 
rise to the relationship 


Gil) =— Hr exptios) 0 one 


Xexp( an 1WmnT ) ({LS*, H...’ |, Hin’ |S~ ) 
Xexp(—|7| 702). (A-9) 


Equations (A-8) and (A-9) give rise to the line 
widths determined in Eqs. (73) and (68), respec- 
tively. 

If H’ represents anisotropic interactions, [H’, H,, ]~0 
and the problem is more difficult to handle. 
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The ESR spectrum of vanadyl ion in solutions has the interesting feature that the linewidths of the indi- 
vidual hyperfine components depend on the nuclear spin orientation, my. We have determined that the 
origin of the effect is the mechanism proposed by H. M. McConnell, namely, the existence of a ‘“micro- 
crystal” about the VO*t* ion which gives rise to anisotropies in the g tensor and hyperfine interaction. By 
comparing the results of linewidth measurements made at 9.25 kMc and at 24.3 kMc with the results of 
calculations made by D. Kivelson, we were able to conclude the validity of the microcrystallite model. 





I, INTRODUCTION 


HE nuclear hyperfine structure of the electron spin 

resonance of VO+* in liquid solutions was first 
observed by Garif’ianov and Kozyrev' and by Pake 
and Sands.? The observed spectrum arises from the 
flipping of the unpaired electron of the ionic 3d' con- 
figuration and has eight fairly well resolved components, 
corresponding to a nuclear spin of 7/2. The positions 
of the lines are well understood and are given by an 
effective spin Hamiltonian of the form ° 


=—fS-G-B—il-A-S 


as will be discussed in Sec. IV. An interesting feature of 
the spectrum first noted by Pake and Sands is the 
variation of the line width of the individual lines with 
the nuclear quantum number m;. Spectra with the 
same characteristic variation have also been observed 
in solutions of organic compounds containing the VO* + 
ion’ (Fig. 1). 

McConnell‘ first proposed a mechanism which could 
lead to a variation of the electron linewidth with 
nuclear orientation. It is well known that many ions, 
especially those of the transition groups, tend to exhibit 
relatively stable short-range order between the ion 
and the nearest surrounding solvent neighbors.’ 
McConnell’s hypothesis was to assume that this short 
range solvent order produces a “microcrystal” about 
each ion thus giving rise to anisotropies in the g tensor 
and in the hyperfine interaction tensor. He assumed 
axial symmetry, a well-founded assumption from the 
symmetry properties of VO** ion in aqueous solu- 
tions.’ By treating the random Brownian tumbling of 
the microcrystallite and in the same manner as Bloem- 


t Supported by the Air Force Office of Scientific Research. 

1N. S. Garif’ianov and B. M. Kozyrev, Doklady Akad. Nauk 
S.S.S.R. 98, 929 (1954). 

2G. E. Pake and R. H. Sands, Phys. Rev. 98, 266(A) (1955). 

*D. E. O'Reilly, J. Chem. Phys. 29, 1188 (1958); H. M. 
McConnell, W. W. Porterfield, and R. E. Robertson, J. Chem. 
Phys. 30, 442 (1959); W. A. Anderson and L. H. Piette, J. 
Chem. Phys. 30, 591 (L) (1959). 

4H. M. McConnell, J. Chem. Phys. 25, 709 (1956). 

5R. A. Robinson and R. H. Stokes, Electrolyte Solutions 
(Butterworth’s Scientific Publications, Ltd., London, 1955). 

6C. K. Jorgensen, Acta Chem. Scand. 11, 73 (1957). 


bergen, Purcell, and Pound’ treat the dipole-dipole 
interaction of nuclei in a liquid, he obtains the follow- 
ing results, showing a dependence on my 

1/Ty’ « (AgBo+3bmy;/2)?r./(1-++-w0"r.*) 

1/Ts' « (AgBo+3bm;/2)? tan“(2r./T2’), 
where 

Ag=(gii—g1) 
b=2/3(A\;— A) 
By=dc magnetic field. 

Recently Kivelson,®® using the formalism of Kubo 
and Tomita,” has encompassed McConnell’s ideas in 
extensive calculations concerning electron spin relaxa- 
tion times. In the present paper, experimental evidence 


will be given supporting Kivelson’s results and thus 
confirming the McConnell mechanism. 


CONCENTRATION =.05 F 





Vo = 24.3 KMC 








Vo = 9.25 KMC 


Fic. 1. Electron paramagnetic resonance hyperfine spectra of 
VO** in aqueous solution. These curves are typical spectra, 
showing signal-to-noise levels encountered, and also showing the 
shift of minimum width between 9.25 and 24.3 kMc. 


™N. Bloembergen, E. Purcell, and R. Pound, Phys. Rev. 73, 
679 (1948). 


8D. Kivelson, J. Chem. Phys. 27, 1087 (1957). 

a Kivelson, J. Chem. Phys. 33, 1094 (1960), (preceding 
paper). 
1 R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 
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II. BRIEF THEORETICAL RESUME 


In this section a brief presentation will be made of the 
pertinent portions of Kivelson’s calculations. For de- 
tails on the application of the general theory of Kubo 
and Tomita, Kivelson’s papers should be consulted.* 

The Hamiltonian for the system is written as the sum 
of three terms: 3#=H,+H,+H’ where Hi represents 
the zeroth-order terms, Hy, the modulation terms, and 
H’ the perturbations. The required commutation 
properties are [H,, H, ]|=[M., H, ]=0, where M, is the 
x component of the total magnetic moment operator 
M= )_.M,. The terms of the Hamiltonian for dilute 
ionic solutions may be identified as follows: 


H, =30)° +H75“, 


the isotropic Zeeman interaction plus the secular 
hyperfine interaction; 


H, =Krmn, 


the modulation term. It is treated classically by means 
of a correlation function of the form exp(— | ¢|/7-) with 
a single correlation time 7. 


H’ = 3 +300 +315, 


the anisotropic secular and nonsecular terms, and the 
anisotropic dipolar interaction. 

The explicit form of these terms is given in the 
Appendix. 

From footnote reference 9, the relaxation times are 
found to be 


1/T2’ =r 44, (AyBo)?— ;bAyBom1+30'm? 
+501 (I+1)] 
1/Ty =[re/ (1+? 2) I's (Ay Bo)?— $bAy Bom 
— (8/40) mP +501 (I+1) ], 


where 

Ay=711— 71 = (8/f) (gii— 1). 
The conditions necessary for the validity of Eq. (3) 
are as follows. 

(1) The spectral lines are well separated so that the 
apparent linewidth will not be affected by the overlap 
of the tails of adjacent lines. 

(2) The Zeeman term yBp is the largest term. 

(3) The anisotropy of the g factor is small so that 


ly | >| Ay|. 


(4) The line shapes are considered to be Lorentzian 
implying the relation 


r2( | H! 2)«i?. 


(5) The effect of interionic interactions and of spin 
orbit interactions have been ignored with the under- 
standing that such contributions to the line width 
may be lumped together in an additive constant as 
discussed in the following. 
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III. COMPARISON OF THEORY WITH EXPERIMENT 


From Eq. (3) it is seen that the expression for the 
linewidths may be written as a polynomial in m 


1/T2=2v3 (a.+-a2m;+agm;’) , 
where the constants may be identified as 
a,=7,{7/45( AyBo)?+6387/16} +K 
d2=—r-{ (7/15) bAyBo} 
a3=7-{b?/10}. 


The constant K is added to take account of contribu- 
tions from spin-orbit coupling from interionic inter- 
actions and in general from all mechanisms not sensitive 
to the nuclear orientation, my. 

In order to check the predictions of the microcrystal- 
line model as calculated by Kivelson, the line widths 
of samples of VO+* in aqueous solutions were meas- 
ured at frequencies of 9250 and 24 300 Mc correspond- 
ing to By equal to 3300 and 8670 gauss, respectively. 
The constant coefficients a; were then determined from 
a plot of linewiuth versus my. In Figs. 2-4 the results 
of the line width measurements are plotted along 
with the predicted K-bandwidths as calculated from 
the coefficients determined from the X-band data. 
It is seen that there is agreement within the limits of 
experimental error for the measured solutions of con- 
centration 0.050-0.075 F in VO* + ion. 

The experimental linewidths were determined by 
measuring the width of one of the component lines 
directly and then determining the relative width of the 
rest of the components from their derivative heights 
by use of the equality 


(derivative height) X (derivative width)? =constant 


for lines of equal intensity. This relation would be 
anticipated on the basis that the population differ- 
ences of the different m; levels should be small corre- 
sponding to nuclear Boltzman factors nearly equal to 
unity. The validity of this assumption was checked from 
experimental spectra first by performing a double inte- 
gration by means of a servo integrating machine to 
check directly the assumed equality of intensities," 
and second by forming the products #w* using widths 
determined directly by means of a proton resonance 
gauss-meter. The first method gave a constant answer 
to the order of 20%, while the second was constant to 
the order of 10%. Considering the inherent difficulties 
in both methods the agreement seems quite adequate 
to justify the indirect method of linewidth measure- 
ment. 

Furthermore, sources of disagreement of experiment 
with theory arise through the violation of conditions 
(1) and (4) of the previous section. It can be seen 
from Fig. 1 that the line components do in fact overlap; 


1 We wish to thank Professor R. E. N: rberg of Washington 
University for the use of the differential analyzer. 
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FrG. 2. Plot of linewidth versus m;. The points marked X and 
K are the linewidths found at 9.25 kMc and 24.3 kMc, respectively. 
The solid curve represents the predicted variation of linewid 
at 24.3 kMc as given by Eq. (4) and Eq. (5) where the constants 
a; have been determined from the 9.25-kMc widths shown. For 
0.075 F concentration of VO*+ the constants (in gauss) deter- 
mined at 24.3 kMc are( a, 13.6; a2, 2.8; a3, 0.47. The values pre- 
dicted from the 9.25-kMc data are: ai, 13.6; a2, 3.1; a3, 0.42. 


and it is also found that the lines deviate somewhat 
from a pure Lorentzian shape. No attempt was made to 
correct for these factors. 


IV. g VALUE AND HYPERFINE CONSTANT 


Assuming axial symmetry, the effective spin Hamil- 
tonian may be written as 


x =B[g\B,S,+g1(BySp+BeSq) J+A iS, 
+A1(IpSp+IoSq) 
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Fic. 3. Plot of linewidth versus my. The points marked X and 
K are the linewidths found at 9.25 kMc and 24.3 kMc, respectively. 
The solid curve represents the predicted variation of linewid 
at 24.3 kMc as given by Eq. (4) and Eq. (5) where the constants 
a; have been determined from the 9.25-kMc widths shown. For 
0.064 F concentration of VOt* the constants (in gauss) deter- 
mined at 24.3 kMc are: a, 12.9; a2, 2.8; as, 0.48. The values pre- 
dicted from the 9.25-kMc data are: a;, 13.1; a2, 2.9; a3, 0.41. 
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Frc. 4. Plot of linewidth versus m;. The points marked X and 
K are the linewidths found at 9.25 kMc and 24.3 kMc, respectively. 
The solid curve represents the predicted variation of linewidths 
at 24.3 kMc as given by Eq. (4) and Eq. (5) where the constants 
a; have been determined from the 9.25-kMc widths shown. For 
0.050 F concentration of VO** the constants (in gauss) deter- 
mined at 24.3 kMc are: a, 13.1; a2, 3.2; a3, 0.62. The values pre- 
dicted from the 9.25-kMc data are: a:, 13.4; a2, 2.6; a3, 0.37. 


where ?, q, r, refer to the x, y, z coordinates fixed in the 
microcrystallite. Transforming to the laboratory frame 
and keeping only the terms independent of time 


3¢= (¢)8By:S-+-(a)I-S, 


(g)=3(gi+2g1) 
(a@)=$(A\ +241). 
The eigenvalues of Eq. (7) to second order are 
(cP 


hu = (g )BBo+ (a mr BBE (I+1) —m;*]. 


where 





(KC/ SEC) 


FREQUENCY 





1 1 L 1 L I 
i-2 2-3 3-4 43 S-6 6-7 


i] 


7-8 








LINE INTERVAL 


Fic. 5. Variation of the spacing, as measured in proton fre- 
quency units, with the successive intervals in the eight line 
spectrum. Line 1 has m;=+7/2 and line 8 has mr= —7/2; a 
given line interval, for example that between lines 2 and 3, is 


designated 2-3. The slope of the line gives a the hyperfine con- 
stant. 
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For a positive magnetic moment, (a) will be positive 
and the component with my; equal to +7/2 will be 
found at the low-field end of the spectrum. By means 
of Eq. (8) the g value for 0.1 molar aqueous solution of 
VO ++ ion was calculated and found to be g=1.9624(8) 
in excellent agreement with Garif’ianov and Kozyrev! 
who found g=1.962. This is also in excellent agreement 
with the g value measured in the crystal VOSO,-:2H;O 
by Hutchison and Singer” who found g=1.96. 

The hyperfine constant (a) was also measured for 
this solution (see Fig. 5) and was found to be in agree- 
ment with Sands and with Kozyrev. The values are: 
Kozyrev, 116 gauss; Sands, 120 gauss; present data, 
118(1) gauss. 


V. DISCUSSION 


The assumption of a microcrystallite model to ex- 
plain the variation of width of m; components of VO* + 
has been confirmed. Two further features of the vanadyl 
spectrum still remain to be explained quantitatively 
although qualitatively at least one of these is explained 
by the microcrystalline model. The two features, first 
reported by Pake and Sands,? are: (1) the magnitude 
of the hyperfine constant varies with the solvent used; 
(2) the individual component lines are asymmetric 
with respect to the baseline. The first effect can be 
qualitatively explained by the change in solvents 
causing a change in the structure of the microcrystallite 
thereby perturbing the electronic wave function and 
hence the hyperfine interaction. The explanation of the 
second effect is obscure. At first one might consider the 
effect to be due to the incomplete averaging of the 
anisotropic g tensor or hyperfine tensor. This view 
would seem to be supported by the observation of 
Sands that lower viscosity and higher temperature 
solutions exhibit a greater component symmetry, and 
also by observations made in the course of the present 
work that component symmetry increases with de- 
creasing values of the resonant frequency. However, 
estimates of the factors AyBo and bm; give Aw-7.<1, 
thus indicating complete motional averaging for terms 
arising from these sources. Furthermore, for the con- 
tributions to arise from such terms, one would expect 
the symmetry to vary with my, since bm;> AyBo. The 
experimentally observed symmetry ratio (the ratio of 
the baseline to maximum amplitude derivative heights) 
does not show such a dependence, remaining constant 
for different m; components within the limits of experi- 
mental error. At present, no other feasible mechanisms 
for this asymmetry have been found." 

Finally, it should be made clear that the relaxation 
mechanism considered here deals only with that part 

2 C, A. Hutchison and L. S. Singer, Phys. Rev. 89, 256 (1953). 

13 R. H. Sands, thesis, Washington University, 1954. 

4 Note added in proof. W. Tank and M. W. P. Strandberg 
(private communication) have made experimental studies which 
indicate that the conductivity and dielectric absorption of these 
solutions provide sufficient mixing of the real and imaginary parts 


of the resonant magnetic susceptibility to account for the asym- 
metry of individual lines in our spectra. 
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of the interaction that contributes to the variation of 
hyperfine linewidth. Any contributions from other 
possible interactions, such as spin-orbit coupling, are 
not calculated. The McConnell theory is thus not 
applicable to the calculation of total linewidth nor to 
the variation as a function of frequency of the width of 
unresolved spectra. Hence, the observation made by 
Al’tschuler and Valiev® that the data of Kozyrev'® 
disagree with the McConnell theory is due to the 
inapplicability to the cases Kozyrev measures. 


APPENDIX. EXPLICIT ping OF THE HAMILTONIANS 
-2 


Zeeman Terms 
The Zeeman term is 
Hy =hS-G-B, 


where S=)°,S,, the total electron spin operator; 
B is the dc magnetic field; and G is the gyromagnetic 


‘ratio tensor, which, diagonalized in a molecule-fixed 


coordinate system, has components 7p, Yq, Yr. It may be 
broken up into the following terms: an isotropic term 


3H = LhnSuBo 
k 


and anisotropic secular term 


Ho = DAFA (3 cos*’.— 1) — dye sin’ cos2m JSxBo 
k 


and an anisotropic nonsecular term 
Ky” = DAB AY (Sit Rut S.-Ru) 
k 
+oy.(Si+Rat+S.- Rx) ], 


where 
Ru=i exp(—ifx) cosé, sing, 
Ry =exp(—it;) sing (sin2m-+-i cos& cos2m), 
y=}TrG, 
5y=3(¥2—70)5 


and where & is the angle between the molecular z axis 
and the Bo axis for the kth molecule, 7 is the angle of 
rotation about the molecular z axis, and ¢; the angle of 
rotation about the By axis. The subscript & refers to the 
kth molecule. 


Hyperfine Terms 
The hyperfine term may be written as 
Hys=—hl-A-S, 
where I= >], (assuming one paramagnetic nucleus 
per molecule); and A is the hyperfine interaction 
6S. A. Al’tshuler and K. A. Valiev, Soviet Phys. JETP 4, 661 


(1959). 
6B. M. Kozyrev, Bull. Acad Sci. U.S.S.R. 21, 828 (1957). 
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tensor. This can be broken up into the isotropic hyper- 
fine term 


Ks = —hal -S, 


which may be written as the sum of a secular and non- 
secular term 


Hrs“ = —hal S, 
Kis“ =hia(1+S-+I-S*) 
and an anisotropic hyperfine, or dipolar, term 
His =h1-®-S, 


where ® is the anisotropic dipolar interaction. The 
dipolar term may be written as the sum of four terms: 


(a) a secular term 
Kis =h,LS., 
(b) a “pseudosecular” term 
is =h(,,S,1++6,S,1-), 
(c) and two nonsecular terms 
Hrs 
cs h(,,1,S++,1S-) + (6, ,fSt+¢__S-) 
KRys°*~ = —hje,,(I¢+S-+I-S*), 
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where the symmetric tensor ® has the components 


,,=3b(3 cos*—1) —siné(ce?*"+-c*e?*") 
+sin2é(ide~*"—id*e") 
$,, =%,_*= { (3) bi sin2é 
+4i siné[c(1+-cost) e?*"—c*(1—cosé) e'"] 
+4[d(cos*t-+cost— 1) e 
+d*(—2 cos’t+cost+1) Je}e~* 
$, ,=b__={—(§)b sin’é 
+4[c(1-+cost)%e-*#*-+-c* (1 — cost) *e*"] 
+i} sing(d(1+cost) e-"-4+-d*(1—cost) e"]} e*%, 
and where 
b=yrnh (0 | (1—3 cos*@) /r* | 0) 
c=—}(3yynh) (0 | sin%e**/r* | 0) 
d=—}(3y7ynh) (0 | cosd sind e~‘*/r* | 0), 


6, @ and r are the polar coordinates of the nucleus, 
relative to the unpaired electron, in the molecular 
framework; y, is the gyromagnetic ratio of the nucleus; 
(0 | |0) indicates the expectation value of the 
enclosed operator between orbital electronic wave 
functions. 
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By comparing the infrared (7000 to 11 000 A) and vacuum ultraviolet (1050 to 1350 A) nitrogen afterglow 
emission to the visible (5300 to 6500 A) afterglow it has been determined that: (1) all these portions of the 
afterglow spectrum decay identically with time; (2) the predominant emission in the vacuum ultraviolet 
between 1050 and 1350 A may be attributed to the Lyman-Birge-Hopfield bands from the 6, 5, 4 vibration 
levels and that the population of these levels is collisionally deactivated by molecular nitrogen with a proba- 
ability of 1X10-*/collision; and (3) that apparently half the intensity of the first positive infrared bands 
with v’ <6 are excited through an intermediate state or complex whose lifetime is no shorter than 10-7 sec 
and which, in the absence of collisions, does not contribute to the emission in the regions between 1050 and 


11 000 A that have been monitored. 





INTRODUCTION 


HERE have been many investigations of the 

spectral distribution of the 1st positive bands of 
nitrogen excited in active nitrogen. The most complete 
of these is that of Bayes and Kistiakowsky! which 
supports the excitation mechanism proposed by 
Berkowitz ef al.,? for the 1st positive bands. This 
mechanism which involves the collision induced non- 
radiative transfer from the weakly bound 52 state of 
nitrogen to the B ‘Il, radiating state, has been enlarged 
to include the several excited states of molecular nitro- 
gen whose potentials cross that of the 52 state. The 
excitation in the afterglow of new infrared bands* 
overlapping some of the first positive bands, the temper- 
ature variation of the first positive vibrational distri- 
bution,’ and the selective effects of impurities on this 
distribution! all substantiate this mechanism. 

Though evidence exists for a pressure dependence 
of the vibrational distribution in the 1st positive bands 
at high pressure in the afterglow,‘ the experimental 
evidence at lower pressures' indicates that the spectral 
distribution is not pressure-dependent. However, the 
region below 1 mm Hg has not been investigated in this 
respect. One of the purposes of the present investigation 
is to make such observations at very low pressure 
(=0.1 mm Hg) particularly in the infrared portion of 
the spectrum which is most sensitive to experimental 
conditions. 

A second purpose of the present work 1s to ascertain 
if the Lyman-Birge-Hopfield (L-B-H) bands which are 
normally observed in active nitrogen® are excited in a 

* Now at Stanford Research Institute, Menlo Park, California. 
asa Bayes and G. B. Kistiakowsky. J. Chem. Phys. 32, 992 

2 J. Berkowitz, W. Chupka, and G. B. Kistiakowsky. J. Chem. 
Phys. 25, 457 (1956). 

*M. Brook, Science Rept. No. 2, contract of the U. S. Air 
Force Geophysics Directorate with the University of California 
at Los Angeles (1951); G. B. Kistiakowsky and P. Warneck, 
J. Chem. Phys. 27, 1417 (1957); F. LeBlanc, Y. Tanaka, and A. 
Jursa, J. Chem. Phys. 28, 979 (1958). 

‘C.R. Stanley, Proc. Roy. Soc. (London) A241, 180 (1957). 


5 Y. Tanaka, A. Jursa, and F. LeBlanc, The Threshold of Space, 
edited by M. Zelikoff (Pergamon Press, New York, 1957), p. 89. 


manner compatible with the mechanism proposed by 
Bayes and Kistiakowsky. 


EXPERIMENTAL 


The formation and containment of active nitrogen 
have been dealt with in previous papers.® The means of 
investigating its spectral character with high-speed 
spectrographs and efficient light collection has also 
been reported.*” It is sufficient for our present purposes 
to state that either a pulsed high-current arc or.a con- 
densed ring discharge produced the active nitrogen 
which was confined in a 12-liter bulb isolated from the 
remainder of the vacuum system by magnetically oper- 
ated glass valves. The interior of the bulb was coated 
with deliquescent phosphorus pentoxide and the exterior 
with magnesium oxide. Nitrogen was generated from 
sodium azide and continuously trapped with liquid 
nitrogen. Spectroscopically observed contaminants were 
atomic oxygen and cyanogen. The time dependence of 
their emissions is markedly different from that of the 
ist positive bands of nitrogen.® 

A silicon solar cell, which is an almost ideal detector 
for the infrared 1st positive bands, was used for this 
purpose. It spectral response peaks at about 8000 A, 
dropping to a negligible value above 11000 A. The 
short wavelength response below 7500 A was reduced 
sufficiently by a Corning colored glass filter. Using a 
small chip from such a solar cell located at the focus 
of a 2-in. diam. mirror and measuring its output 
with a chopper stabilized dc amplifier, the decay of 
the infrared afterglow was followed over a factor of a 
thousand while being displayed on a Varian recorder. 

The visible first positive bands were measured with a 
standard photomultiplier having an $11 photocathode 
response. Such a photocathode is relatively insensitive 
beyond 6500 A and was limited to wavelengths above 
5300 A by a Corning colored glass filter. A high stability 
power supply (0.01% regulation) provided the dynode 


pe A. Young and K. C. Clark, J. Chem. Phys. 32, 604, 607 
( ‘ 
TR. A. Young, J. Opt. Soc. Am. 50, 627 (1960). 
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voltages through a voltage dropping resistor string. The 
photomultiplier output was amplified by a chopper 
stabilized amplifier and applied to a second Varian 
recorder. 

Iodine Geiger counters® with lithium fluorite windows 
and various gas filters® were utilized to detect the very 
weak vacuum ultraviolet radiation. The short wave- 
length response was limited by the transmission of the 
windows to above 1050 A and the long wavelength 
response was limited by the ionization threshold of 
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Fic. 1. Representative simultaneous decays of different spec- 
tral regions of the nitrogen afterglow: ©, 1050-1350 A; X, 7 
11 000 A; A, 5300— A. At 8.8 mm Hg recombination is the 
predominant loss while at 0.11 mm Hg diffusion from the ob- 
servation bulb is most important. The similarity of the vacuum 
ultraviolet decay with the first positive bands of nitrogen indicate 
that the major radiation in this region is the Lyman-Birge- 
Hopfield bands from, high-vibration levels (v’=6, 5, 4.) 


iodine at 1350 A. These limits were verified by measure- 
ments on a vacuum spectrograph. The compounded 
variation of a weak vacuum ultraviolet source and the 
iodine Geiger counter im situ was less than +10% over 
a period of time comparable to that required for the 
present measurements. 


RESULTS 


The observed vacuum ultraviolet emission was found 
to center about 1300 A from the absorption produced 


§R. Brackman, W. Fite, and K. Hagen, Rev. Sci. Instr. 29, 
125 (1958). 
9T. A. Chubb and H. Friedman, Rev. Sci. Instr. 26, 493 (1959). 


R,=0.15p +.01 


(VISIBLE AFTERGLOW) 
TugH (VACUUM ULTRAVIOLET) 





Ig 





* 


PRESSURE (mmHg) 


Fre. 2. The ratio of the visible first itive bands (v'>6) to 
the vacuum ultraviolet Lyman-Birge-Hopfield bands from the 
v'=6, 5, 4 vibration levels as a function of pressure indicating 
vibrational deactivation. The dashed curve with somewhat 
smaller slope is that derived from the points below 1 mm Hg 
shown in Fig. 3. 


by nitrous oxide.” Of the species detected by their 
visible radiation, O, NO, CN, and Nz, only atomic 
oxygen (the 2p**P—3s*S transitions near 1302 A) 
and molecular nitrogen (the 6-1, 5-0, 4-0 L-B-H 
bands) have observed emissions near 1300 A. 

Figure 1 is a plot of the simultaneous decay of all 
detectors arbitrarily normalized and shown for three 
representative pressures. At the highest intensity the 
Geiger counter is seriously overloaded. Note that all 
bands including those in the vacuum ultraviolet decay 
together. 

Figures 2 and 3 show that, relative to the visible first 
positive bands, the ultraviolet intensity increases 
approximately inversely as the pressure. 

Figures 4 and 5 indicate an anomalous behavior of 
the infrared bands. In agreement with Bayes and 
Kistiakowsky' no change is observed above 1 mm Hg, 
but below 1 mm Hg the infrared bands decrease in 
intensity relative to the visible bands. Spectrograms 
taken with a fast spectrograph of the afterglow at 1 
mm Hg and at 0.1 mm Hg show that, in fact, the 
infrared portion of the spectrum (v’<6) decreases 
relative to the visible portion (v’>6), and that this 
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Fic. 3. The ratio of the visible first positive bands (v’>6) to 
the L-B-H bands from v’=6, 5, 4 as a function of pressure indi- 
cating vibrationa! deactivation. 


0M. Zelikoff, K. Watanabe, and E. Inn, J. Chem. Phys. 21, 
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Fic. 4. The ratio of the infrared first positive bands (v’<6) to 
the visible first positive bands (v’>6) as a function of pressure. 
The dashed curve is that of ~/2p+1 with the addition of a 
normalizing constant. 


reduction is approximately that recorded by the in- 
frared detector. 


DISCUSSION 


1. Lyman-Birge-Hopfield Bands 


From the congruence of the decay curves of the differ- 
ent afterglow detectors in Fig. 1, one may conclude 
that the observed emission near 1300 A is the 6-1, 
5-0, and 4-0 L-B-H bands and that they are excited by 
the process suggested by Bayes and Kistiakowsky. 
The L-B-H bands are expected to follow the first posi- 
tive bands if they are excited through the *2 state 
while the atomic oxygen lines, which would most prob- 
ably be excited by a Chapman reaction involving atomic 
oxygen and nitrogen,® would be expected to decay more 
rapidly than the first positive bands. Since the L-B-H 
bands from low v’ levels of the a ‘Il, state are the only 
emissions observed from the afterglow in the vacuum 
ultraviolet,’ it is not surprising that one should find 
an extension of this system near 1300 A. 

As a first step in analyzing the pressure dependence 
of the vacuum ultraviolet to the visible afterglow in- 
tensity ratio of Figs. 2 and 3, one notes that the visible 
afterglow intensity J, has been found? to be proportional 
to the square of the nitrogen atom concentration 


I,=apLN f, (1) 


where @ is an experimental constant and # is the total 
pressure. If, as Bayes and Kistiakowsky suggest, the 
various levels of molecular nitrogen are populated 
through the °2 state at a relative rate independent of 
pressure and determined only by the details of the po- 
tentials in the crossing regions, the rate at which the 
a'Il, state is populated will be proportional to the 
visible intensity. At equilibrium the population rate is 
balanced against losses caused by radiation of the 
L-B-H bands and collisional deactivation processes, 
i.e., 


al,=[kp+ (1/7) ][N2(a"M,) J, (2) 


where a@ is a constant independent of pressure, 7 is the 
lifetime of the a "Il, state, and kp is the collisional de- 


activation rate constant. However, the L-B-H band 
intensity Jz, is equal to r~*N2(a "Il,) ] and we find 


I,/In=C(rkp+1), (3) 


where C is a constant (a!) but may be considered to 
include the sensitivities of the detectors if J, and J, 
are interpreted as their outputs. From the slope and 
intercept of the straight line resulting from a plot of 
I,/I, vs pressure one can obtain kr. The radiative 
lifetime 7+ has been measured by Lichten" as 1.710 
sec allowing the collision deactivation rate to be com- 
puted. Since the iodine counter is only sensitive to 
transitions from v’=6, 5, 4, the measured deactivation 
rate applies only to these vibrational levels."* 

Figures 2 and 3 show that J,/I;, does indeed vary 
approximately linearly with pressure through a small 
change in slope occurs near 1 mm Hg pressure. Using 
the slope and intercept of the straight line fitting the 
points below 1 mm Hg one finds that approximately 
400 collisions are required to transfer molecules in 
v’=6, 5, 4 vibrational levels of the a 'Il, state to vibra- 
tional levels lower than the fourth. 

Though it is conceivable that impurities present in 
the nitrogen are responsible for the observed deactiva- 
tion rather than nitrogen itself, a later discussion of 
the rate of rise of impurity concentration during these 
measurements will imply that such an impurity, if 
present, must be in the nitrogen generated from sodium 
azide. There is evidence that nitrogen from this source 
does not contain significant impurities.” 

It is doubtful if electronic quenching would have as 
high a probability as found here. Recent measurements 
of Noxon” indicate that 10° collision with nitrogen are 
necessary to deactivate the A *2,* state of this mol- 
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Fic. 5. The ratio of the infrared first positive bands (v’<6) to 
the visible first positive bands (v’>6) as a function of pressure 
showing, on an expanded scale, the decrease of this ratio below 1 
mm Hg. The dashed curve is that of p/2p+1 with the addition of 
a normalizing constant. 


1 W. Lichten, J. Chem. Phys. 26, 306 (1957). (a) Because the 
radiative lifetime varies as the cube of the frequency and Lichten’s 
measurements refer to the »’=0 level of the a 'II, state, the lif>- 
time appropriate to the higher v' states is 1.1 10~ sec. Variation 
of the electronic transition moment with internuclear distance 
has been ignored in this and succeeding calculations. _ 

12 J. Noxon, “Active nitrogen at high pressure” thesis, Harvard 
University, Cambridge, Massachusetts, 1957. 
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ecule. Various atomic mestastable states also require 
about the same number of collisions to be quenched.” 
Although collision-induced vibrational relaxation of 
the v’=1 levels of both the A *2,+ and X '2,* states 
are found to be as improbable as electronic quench- 
ing, +18 the higher vibrational levels may be more easily 
deactivated by collision processes because of their 
smaller vibrational level spacing. The theoretical and 
experimental results, concerning collision induced 
vibrational relaxation, have recently been reviewed 
by McCoubrey and McGrath.“ Without further 
evidence to the contrary the roughly measured collision 
deactivation probability of 1X10~* per collision is 
attributed to collision induced vibrational relaxation. 
Using measurements made by Stanley‘ of the product 
of the collision deactivation probability P(B *II,), and 
the ratiative lifetime of the v’ = 11 vibrational level of the 
upper state of the first positive bands [(P(B ‘Il,)rs= 
1.37X10-" sec/collision ], and a theoretical relation for 
the ratio P(B*II,)/P(a'I,), it is possible to deduce 
the radiative lifetime of the B Il, state of nitrogen. 
Schwartz et al.,"° using the approach of Landau and 
Teller, have derived a formula describing the collision 
induced vibrational deactivation probability which, 
for the present purposes, may be written as 
P(a) =[AE, (a)/A (a) Jexp[— B(a) (AE, (a)?/T)*] 
=[AE,(a)/A(a)]exp(—3y(a), (4) 
where A(a) and B(a)' contain the parameters of the 
interaction potential suitable to the electronic state 
a, and AE,(a) is the vibrational level spacing of the 
v, v—1 levels of the state a, and T is the absolute 
temperature. One may obtain the constant B applicable 
to the ground state of nitrogen from a plot of 
InP(X 'Z,+) versus 7- found from sound dispersion 
and shock tube measurements" pertaining to the »=1 
level and the known size of the »=1 to 0 vibrational 
quantum. Because of the very small difference in the vi- 
brational level spacing of the v’ =6, 5, and 4 levels of the 
a ‘II, state and the v’= 11 and 10 levels of the B II, state 
of nitrogen (to which Stanley’s work refers), the ratio 
of deactivation probabilities P(BIl,)/P(a'Il,) is 
2.3. The constant A(q@) varies slowly with changes of 
electronic state and is considered constant as has 
B(a). When combined with the present value for 
P(a'l,) this gives P(B Il,) =2.3X10-*/collision 
which, with sng result for P(B ‘Il,)rp, leads to 
Tp=6X10~ sec 
a S. Lukasik and J. E. Young, J. Chem. Phys. 27, 1149 
a pc. McCoubrey and W. D. McGrath, Quart. Revs. 11, 87 
' ib The measured deactivation probability for the group of levels 
v'=6, 5, 4 has been divided by three to obtain an approximate 
value for single quantum st 
16 R, Schwartz, Z. Slawsky, and K. Herzfield, J. Con. Phys. 
20, 1591 (1952). (a) These meters really d d upon the 
electronic states of both molecules involved in the deactivating 
collisions. However, since in all the situations to be discussed one 


of the molecules is in the ground state, only the excited molecular 
state is indicated. 
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Several points in the previous calculation of 72g 
need clarification. It is, of course, incorrect to use 
B(X '3,*) in place of the constant appropriate to the 
excited state concerned. Vanderslice ef al.,” have shown 
that a reasonable approximation to intermolecular 
potentials can be found using combinations of intra- 
molecular potentials derived from the possible molecu- 
lar states which may be formed from the dissociation 
products of the state in question. Thus the coeffi- 
cient B for the B *II, and a ‘Il, states which dissociate 
into excited atoms would differ from that of the ground 
State. 

Using the measured values of P(X 'Z,+) and 
P(aIl,) and Eq. (4), one finds that B(a@'II,)= 
4B(X '2,+). The aI, state dissociates into two 7D 
nitrogen atoms while the B “II, state dissociates into one 
4S and one 7D atom. For want of a better approxima- 
tion B(B*Il,) may be taken as intermediate between 
these extremes, i.e., B(B *Il,) ~3B(X !Z,+). With these 
data Eq. (4) gives P(B Il,)/P(a M,) =5.7X10- or 
P(B ,) =3.5X10-*/collision and tg=2.4X10~ sec, 
while the assumption that B(B ‘Il,)=B(a'll,)= 
4B(X 'Z,+) leads to rg=1.1X10-* sec. It must be 
remembered that 7, refers to the 11th vibrational level: 
the zero vibrational level would have a lifetime approxi- 
mately 14 times that of the m’=11 level due to the 
difference in transition energy. Because the B ‘Il, 
and a@4II, states have the same molecular orbital 
configuration, their B values are probably closer to- 
gether than those used in computing rg=2.4X10-* 
sec though they are not identical as assumed in com- 
puting rg=1.1X10-* sec. Thus the radative lifetime 
of the B ‘Il, state derived from collision deactivation 
probabilities of vibrational levels of the B ‘Il, and 
a'Il, states is consistent with the value of ~10~* sec 
computed by Bates® when the limitation imposed by 
the inaccuracies both in form and parameters of Eq. 
(4) are taken into account. 

The anharmonic nature of the high-vibrational levels 
concerned in the present calculations have not been 
explicitly considered. Nikitin” has shown that a correc- 
tion factor of y should be applied to Eq. (4) where 
v= exp[$¥(a)e] and e=AE,(a)/4D and D is the 
dissociation energy. For high-vibrational levels of 
oxygen this correction amounts to a factor of 10. 
However, our final results depend either upon direct 
experimental determinations of the exponential factors 
or on rough extrapolations from these measurements. 
Explicit computations of y are thus unwarranted. 
However, the B(B*II,) and B(a'Il,) defined by Eq. 
(4) are not, in fact, that found from the experimental 
results, but’ rather [y(a) —$y(a)eV ]T*/AE, (a)!. 


wy; eaten, E. Mason, and E. Lippincott, J. Chem. Phys. 
30, 129 (1959). 
DR. Bates, Ann. Geophys. 8, 194 (1952). 


19 E, Nikitin, Proc. Acad. Sci. U.S.S. 


R., Phys. Chem. Sect. 
124, 161 (1959) (English translation). 
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Oldenberg and Carlton” have experimentally re- 
lated the radiative lifetime 74 of the A *2,+ state to the 
lifetime rp of the B*Il, state (now referring to the 
v’=0) level in all cases in the following manner: r4= 
1.6X10-*rg). Our measurements thus restrict 74 to 
0.036<74<5.0 sec. The lower limit is approximately 
that computed by Wilkinson and Mulliken” from 
absorption measurements. 


2. Infrared first Positive Bands 


There are at least two alternative possible causes for 
the decrease of the infrared first positive bands relative 
to the visible bands. If the concentration of an impurity 
comes into equilibrium with its sources rapidly enough, 
the impurity partial pressure will remain fixed and its 
mole fraction will increase as the nitrogen pressure is 
decreased. At low impurity concentrations the mole 
fraction would then be approximately inversely pro- 
portional to the total pressure, and if the relative in- 
frared reduction is proportional to the mole fraction of 
impurities, a linear decrease of the relative infrared 
intensity would occur with decreasing pressure. As 
Figs. 4 and 5 show, such a linear dependence approxi- 
mately fits the data. Above 1 mm Hg pressure the mole 
fraction of impurity would have to be too small to pro- 
duce a noticeable spectral shift or quenching. 

Measurements of the pressure rise in the system as a 
function of time indicate that the approach to the 
equilibrium impurity pressure of 5X10-* mm Hg was 
so slow (2X10~* mm Hg was reached after 11 hours) 
that the impurity mole fraction would not have become 
larger than 7X10-*. When the actual impurity pres- 
sure rise curve, elapsed time of the observations, and 
the pressure intervals used are employed to reconstruct 
the mole fraction versus pressure curve, it is found to be 
far from linear, rising at an almost exponential rate 
as the pressure was reduced. The impurity was found 
to be uncondensable at liquid nitrogen temperature 
which indicates that it is either molecular nitrogen 
dissolved in the metaphosphoric acid wall coating or 
molecular hydrogen derived from the same material.” 
From spectral observation and the behavior of the 
afterglow decay it is known that negligible amounts of 
oxygen are present. From the recent measurements of 
Kistiakowsky and Bayes! molecular hydrogen in these 
concentrations would not be expected to effect the 
visible spectral distribution. However, if hydrogen was 
as effective as ammonia (the best quenching agent 
known) in selectively quenching the infrared bands and 
if half the total impurity were hydrogen, the observed 
magnitude of quenching would occur though its pres- 
sure dependence would differ from that found. Although 
the discharge and the reactive nature of active nitrogen 


2 Q. Oldenberg and N. Carlton (private communication). 

21 P, G. Wilkinson and R. S. Mulliken, J. Chem. Phys. 31, 674 
(1959). 

* Spectrograms of a Tesla discharge through the gas evolved 
over a months time showed predominantly nitrogen bands and 
atomic hydrogen emission. 
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may effect the mole fraction vs pressure curve, it is be- 
lieved that a linear variation would not hold, though 
some cleanup of the impurity may occur. That the de- 
pendence of the infrared reduction on the impurity 
mole fraction would be of such a complementary nature 
to the nonlinear variation of mole fraction with pressure 
as to effect the observed variation of the infrared 
reduction with pressure is considered improbable. We 
conclude from these observations, that the reduction 
in the infrared first positive bands relative to the 
visible first positive bands is not due to impurity 
quenching. 

Alternatively, the experimental results under discus- 
sion may be related to additional excitation process, 
other than those directly involving the 5 state. Bayes 
and Kistiakowsky find evidence that a portion of the 
infrared bands (designated by them as group 3b) are 
excited by a process involving two consequentive 
precursors. On the assumption that a fraction of the 
infrared 1st positive bands (the 3b group) of intensity 
I; are excited in a collision induced transition from a 
second precursor N2(a) at a rate k(a) p and that, in the 
absence of collisions, this precursor has a lifetime ta 
and does not radiate within the sensitive regions of our 
detectors and is formed at a rate proportional to the 
visible first positive bands, we may write the following 
equations: 

T;=k(a) pN2(a) (5) 
uly=[k(a) p+ (1/ta) JN2(a), (6) 


where yu is a constant. Dividing Eq. (5) by Eq. (6) we 
find 


T3/Ig= C[R(a) tap/(k(a) tap +1) }. (7) 


The dashed curves shown in Figs. 4 and 5, which fit 
the data quite well, were computed from Eq. (7) with 
k(a)ta=2. If the probability per collision R(a) for 
inducing the transition from N2(a) to N2(B Il,, v’ <6) 
is unity and the collision rate for ground state N, is 
appropriate to collisions between N2(a) and N2(X 'Z,*), 
the minimum lifetime of N2(a) is t2=2X10~ sec. 

Bayes and Kistiakowsky have suggested that N2(a) 
be identified with N2(A *Z,*). Our previous computa- 
tions of 74 through collisional deactivation of vibra- 
tional levels of the a II, and B "Il, states restricts 74 
and this in turn limits the probability per collision of the 
electronic state transfer under discussion to 4X 10> 
R(A *3,*+) >5.5X10-7. The lower limit is unrealistic 
since the actual lifetime of the A *Z,*+ state is con- 
siderably shorter than its radiative lifetime. This is 
implied by the absence of the Vegard-Kaplan bands in 
these afterglows. 
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Magnetic rotation spectra of the 3-0 band at 1.8 u and a portion of the 2-0 band at 2.7 u of nitric oxide 
have been observed and recorded. Rotations in excess of 10° in fields of 2400 gauss have been observed in 
some cases. The P and R branch lines arising from the *II, states show negative rotation (counter clockwise 
when looking against the incident light) while the P and R branches from the *I]; states show positive rota- 
tion. The Q branch signals are more complex and both positive and negative rotations are observed. Certain 
anomalies in the magnetic rotation spectrum of the 3-0 band are noted. 





INTRODUCTION 


HE magnetic rotation spectrum of a gas is the 

spectrum of the radiation transmitted through 
crossed polarizing elements when the magnetized gas 
is placed between them and arranged such that the 
light traverses the gas in the direction of the field. For a 
gas, a magnetic rotation signal or line occurs only if the 
frequency of the incident radiation is close to an absorp- 
tion frequency or region of anamalous dispersion of the 
gas. In addition the absorption frequency must show 
an appreciable Zeeman effect. Thus the spectrum is 
essentially an enhanced Faraday effect observed only 
in the neighborhood of critical absorption frequencies 
in a longitudinal magnetic field. 

The effect was discovered for a monatomic gas by 
Macaluso and Corbino.' For a diatomic gas (Nag) it 
was first observed by Wood.” Magnetic rotation spectra 
have been found and investigated for a number of other 
molecules, including I, Bre, Ke, and Big. Loomis and 
co-workers** have used these spectra to extend the 
vibrational analysis of the spectra of the alkali metals 
to higher vibrational quantum numbers than was 
possible from the absorption spectrum. More recently 
Eberhardt, Cheng, and Renner® have obtained magnetic 
rotation spectra of IC] and IBr and show the applica- 
tion of the phenomena to structure analysis, isotope 
effects, and the determination of dissociation limits. 
A theoretical treatment of the Faraday effect in mole- 
cules was given by Serber® but as we shall see later, this 
is not directly applicable to the work presented in this 
paper. Carroll’ somewhat later extended Serber’s work 
and was able to justify certain anomalies observed in 
the magnetic rotation spectrum of I,. 

All the magnetic rotation spectra previously ob- 
served have been confined to the photographic region 
(visible and near ultraviolet) and were associated with 
electronic band systems in which the upper state alone 

* Supported by a grant from the National Science Foundation. 

1 P. Macaluso and O. M. Corbino, Compt. rend. 127, 548 (1898). 

2 R. W. Wood, Astrophys. J. 30, 339 (1909). 

3 F, W. Loomis and R. EY Nusbaum, Phys. Rev. 40, 380 (1932). 

4 F. W. Loomis and M. J. Arvin, Phys. Rev. 46, 286 (1934). 

5 W. H. Eberhardt, Wu-chieh Cheng, and H. Renner, J. Mol. 

pectroscopy 3, 664 (1959). 


®R. Serber, Phys. Rev. 41, 489 (1932). 
™T. Carroll, Phys. Rev. 52, 82 (1937). 


possessed magnetic characteristics or was perturbed by 
some close-lying state which exhibited magnetic 
characteristics. In general magnetic rotation lines were 
observed only for those bands where the heads occurred 
at low J values. The piling up of the lines at the heads 
gave more favorable intensities. In addition, lines 
arising from terms with low J values were sometimes 
favored because of their relatively large Zeeman 
splitting. It also appears that it was not possible, at 
least in the case of the alkali metals, to study in detail 
an individual magnetic rotation line. 

The improvement in infrared techniques in recent 
years has prompted us to look for magnetic rotation 
spectra in the near infrared, in:the hopes that, if suc- 
cessful, these phenomena might be studied in more 
detail than was possible heretofore. Nitric oxide was 
chosen since it is a stable diatomic gas, paramagnetic, 
and has relatively strong absorption bands in the 
near infrared. The fundamental (1—0) of nitric oxide 
is at 5.4 yw, the first overtone (2—0) at 2.7 uw and the 
second overtone (3—0) at 1.8 uw. The second overtone 
was particularly suitable in our case since it occurs in a 
region favorable for our spectrometer, requires only 
moderate absorption paths for good intensity and is in 
a region relatively free of water lines. The first over- 
tone was less favorable but still accessible. 

The ground state of NO is a *II with coupling inter- 
mediate between Hund’s case (a) and case (b) coupling 
schemes and consists of two narrowly separated sub- 
states. Transitions between these two substates do not 
occur with appreciable intensity so the absorption 
bands in the near infrared consist of two simple bands 
with single P, Q, and R branches which are almost 
superimposed. The ratio of intensities of the two bands 
is about 3 to 2 with the "II; substate showing the most 
intense absorption. 


FARADAY EFFECT ASSOCIATED WITH A SINGLE 
ABSORPTION LINE 


General Theory (Qualitative) 

Serber® has shown that the magnetic rotation near an 
absorption line depends only on the Zeeman effect, all 
other effects being negligible in comparison. Following 
Carroll,’ this fact may be used to show, in a qualitative 
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Fic. 1. Dispersion curves and Faraday rotations for light 
propagated along the magnetic field, for the case of a gas with a 
single absorption line which shows a normal Zeeman splitting. 
The solid vertical line shows the position of the center of the field 
free absorption frequency. The dashed vertical lines show the 
position of the Zeeman components. 


manner, the way in which a single magnetic rotation 
line arises for an absorption transition showing a normal 
Zeeman pattern. 

Light propagated along the field direction through a 
magnetized medium exhibits magnetic double refrac- 
tion. If the incident light is plane polarized, it may be 
considered as composed of two circular polarized 
beams, one right circular, the other left. On account of 
the longitudinal double refraction of the magnetized 
gas, these two beams are propagated through the 
medium with different velocities. The equivalent state 
of polarization at any point in the gas can be found 
from the phase difference of the two circular polar- 
ized beams arising from their unequal velocities and 
the relative absorption in the magnetized medium. If 
the absorption for the two components is small, or is 
equal in magnitude, the result after traversing a dis- 
tance / in the gas will be a plane polarized beam with 
its plane of polarization rotated through an angle 6 
given by 


al 
6=—(n-—n*), 
. (n~—n*) 


where n~ and n* are the indices of refraction for left 
and right circular polarized light, respectively. This is 
shown by the dotted curve in Fig. 1. Since the plane of 
polarization has been rotated there will be a signal 
passed by the analyzer and this signal is called a mag- 
netic rotation line. If this qualitative picture is ac- 
cepted, Fig. 1 also indicates that under low resolution 
and with weak fields, rotation signals corresponding 
to the wings of the line only will be observed. (The 
large absorption at the center will presumably mask the 
rotation.) On the other hand, with resolved or almost 
resolved Zeeman patterns a rotation of the opposite 
sign at the field free frequency may predominate. The 
sum total of these signals makes up the magnetic 
rotation spectrum of the gas. 


APPARATUS AND METHOD OF MEASUREMENT 


The experimental arrangement was simple and 
straightforward. Plane polarized radiation from the 
source (300-watt zirconium arc) passed through the 
absorption cell containing the gas, through an analyzer, 
and then to the spectrograph. The absorption cell was 
in the central third of an air core solenoid which pro- 
vided the longitudinal magnetic field. The arrangement 
of equipment exterior to the spectrograph is shown in 
Fig. 2. 

The vacuum grating spectrograph was of the Pfund 
pierced flat type equipped with a cooled (—50°) lead 
sulfide detector. The spectrograph is designed with a 
second optical train which includes a Fabry-Perot 
etalon and photomultiplier detector. Visible radiation 
from a second source (100-watt concentrated arc) 
traverses this system and the monochrometer simul- 
taneously with the infrared beam and thus Edser- 
Butler bands in a higher order of the visible are re- 
corded together with the infrared signal. These bands, 
which appear at constant frequency intervals, are then 
used in conjunction with argon emission lines from the 
source for calibration. In the 1.8-u region (5500 cm~) 
with the grating used in this work and with narrow slits 
(w<25 yu) so that the calibration system can be used 
the position of absorption peaks can be obtained to 
+0.02 cm~. A resolution of 0.1 cm is attained in this 
region. Less precise results are obtained at 2.7 u, where 
the spectrometer is energy limited. 

Type HR polarizers obtained from the Polaroid 
Corporation were used in the 1.8-u region and multiple 
plate silver chloride polarizers set at Brewster’s angle 
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Fic. 2. Arrangement of equipment exterior to the spectrograph 
to obtain magnetic rotation spectra of a gas. 





MAGNETIC ROTATION SPECTRA OF NITRIC OXIDE 


Fic. 3. Absorption 
and magnetic rotation 
spectra of the R and Q 
branches of the 2-0 vi- 
bration-rotation band of 
NO at 2.7 yw. (a) Ab- 
sorption trum ob- 
tained with an absorb- 
ing path of 1 meter 
atmosphere. (b), (c), 
(d) Magnetic rotation 
spectra with polarizer 
settings of +2°,0°, —2°, 
respectively, measured 
from the crossed posi- 
tion. The effective slit 
width was 0.28 cm in 
all cases. 


in the 2.7-u4 region. Since the monochrometer was 
polarization sensitive, the analyzer was oriented for 
maximum response. Thereafter the analyzer remained 
fixed and changes in polarization were made with the 
polarizer. This insured that the monochrometer would 
always see radiation in the same state of polarization. 

The air core solenoid was constructed of 36 pancake 
coils each with 90 turns of insulated copper strips 3 
inch wide and +’, inch thick. The coils were mounted on 
an aluminum frame with wood separators. The over-all 
length of the solenoid was 33 inches. The core diameter 
was 6.5 inches. The field in the center and within the 
central third of the solenoid was measured by nuclear 
magnetic resonance techniques and the variation over 
the central third found not to exceed 5%. Magnetic 
rotation spectra were obtained with a field of 2400 
gauss, 

In order to obtain suitable absorbing paths, a mul- 
tiple traverse cell of the White type was used. Previous 
work on NO in the 1.8-y region indicated the necessity 
for this. The cell was set for 24 traversals, giving a path 
length of 8 meters and the pressure of nitric oxide was 
varied from 1 to 56 cm. of mercury. The cell occupied 
the central third of the solenoid core. 

The magnetic rotation spectra were obtained as a 


function of the angle between the transmission planes of 
the polarizer and the analyzer. A rotation of the 
polarizer in a clockwise direction, as one looks against 
the incident radiation, was termed a positive rotation, 
counterclockwise, negative. The zero setting was taken 
as the crossed position since for this position neither 
magnetic rotation, positive or negative, would be aided 
or retarded. The direction and approximate magnitude 
of the rotation was obtained by noting the setting at 
which the rotation disappeared. For example, consider 
a particular frequency which is rotated 10° in the 
negative direction. Neglecting the absorption that takes 
place since the polarizers are no longer crossed, a rota- 
tion of the polarizer in’ the positive direction 10° will 
make the signal disappear. All of the magnetic rotation 
spectra were obtained in this manner. 


RESULTS 


A relatively complete magnetic rotation spectrum of 
the second overtone (3—0) band of NO at 1.8 w has 
been obtained, and in addition, the high, frequency half 
of the first overtone (2—0) band at 2.7 u. 


2-0 Band 


Only the Q and R branches of this band have been 
observed in magnetic rotation. This is largely due to 
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the progressive decrease in sensitivity of our instru- 
ment in this region, the signal being essentially zero 
immediately after the Q branch. It was, however, 
possible to observe the R and Q branches with wide 
slits (200-250 y» equivalent to 0.28 cm) and an 
absorbing path of 1 meter atmosphere. To avoid self- 
absorption, gas pressures less than 10 cm Hg were 
required. With the wide slits it was not possible to use 
the frequency calibration system and obtain measure- 
ments of the magnetic rotation frequencies. Conse- 
quently these frequencies were identified by comparison 
with the ordinary absorption spectrum /1% this region. 
The absorption spectrum and the magnetic rotation 
spectrum obtained in this region are shown in Fig. 3. 
The absorption spectrum, although contaminated with 
water present in the air path, is sufficient for identifica- 
tion and shows clearly resolved R components. Figure 


Fic. 4. Absorption and mag- 
netic rotation spectra of the 
3-0 vibration-rotation band of 
NO at 1.8 yw. (a) Absorption 
spectrum with an absorption 
path of 4 meter at res 
and an effective slit‘ width of 
0.12 cm™. (b) Absorption spec- 
trum with an absorption path 
of 0.5 meter atmosphere and 
effective slit width of 0.6 cm™. 
(c), (d), (e) Magnetic rota- 
tion spectrum with polarizer 
settings of +5°, 0°, —5°, re- 
spectively, measured from the 

crossed position. The gas sam- 
oe and’ slit widths were the 
same as’in (b)}above. 
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3(c) shows the magnetic rotation spectrum with the 


polarizers crossed. The angular notation on these 
figures indicates the angle between the transmission 
planes of the polarizers measured from the crossed 
position. Keeping in mind that deflection upward 
corresponds to absorption and that deflection downward 
corresponds to emission, it is apparent from the figures 
that the R components arising from the "Il; states are 
rotated in the negative direction and those from the 
"II; states in the positive direction. 

The fact that the Q branch signal remains large for 
the various polarizer settings indicates it is probably 
complex, having components showing both positive 
and negative rotation. It is also noted that there is a 
strong rotation signal for the R($) line. If the amount 
of rotation is dependent upon the magnitude of the 
Zeeman splitting and the intensity of the absorption 





MAGNETIC ROTATION SPECTRA OF NITRIC OXIDE 


line, neighboring lines, particularly R(}) should show 
a strong signal. Unfortunately this transition is masked 
by a strong water line at this frequency. 


3-0 Band at 1.8 u 


The 3—0 band of NO at 1.8 u was in a more favorable 
region and could be studied in considerably more detail. 
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Fic. 5. Magnetic rotation spectrum in the Q branch region of 
the 3-0 band of NO at 1.8 yu. The central portion of each 
shows the rotation signals for polarizer settings of +17.5, +7.5, 
0, —7.5, —17.5°, respectively. P and R branch lines on each 
hee were recorded for calibration purposes. Effective slit width 

12 cm™, 
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This study is divided into two parts: the study of the 
P and R branches, and of the Q branch. The weak 
magnetic rotation signals for the P and R branches 
were found to be greatly dependent upon the total 
absorption path. If the total absorption path exceeded 
2 meter atmospheres the signals disappeared com- 
plately. Best results were obtained with an absorption 
of 0.5 meter atmosphere (NO pressure of 5 cm of Hg). 
In addition, wide slits (~0.6 cm~) were necessary. 
The small absorption path combined with the wide 
slits resulted in a normal absorption spectrum showing 
a maximum absorption of about 5% and lacking in 
resolution. Again, the calibration system could not be 
used and the rotation signals were identified by com- 
parison with ordinary absorption spectra run at the 
same speed. The absorption spectrum at high resolution 
and typical magnetic rotation spectra for several 
polarizer settings with a single gas sample are shown 
in Fig. 4. 

Several things are immediately apparent from these 
spectra. First, with possibly two exceptions R(19/2), 
R(21/2), the relative intensity of the P and R com- 
ponents in the two sub-bands in magnetic rotation is 
essentially the same as that in the ordinary absorption 
spectrum. Second, the direction of rotation in the P 
branches is also apparent since they are resolved even 
with wide slits. The *Il,; components show negative 
rotation and the *Il; components positive rotation. 
Although the R components are not resolved, the 
absorption signal at the “missing line” R(19/2) may 
be used to deduce the direction of rotation of the R 
components. The absorption of the *II; components is 
greater than that of the *II; components. It follows, 
therefore, that the polarizer setting which gives the 
largest absorption signal for the R(19/2) line indicates 
a direction of rotation in the R component which is 
similar to that in the P branch component which is 
weaker in rotation for this same setting. This compo- 
nent is the P branch arising from the *II;—*I, transi- 
tion. Thus in the R branches the "II; components show 
negative rotation and the 7II; components, positive. 
The weak or near zero signal in rotation for R(19/2) 
and an observable, although small signal at R(4) 
will be commented upon later. 

The strong magnetic rotation signal and weak absorp- 
tion for the Q branch allowed us to make a more de- 
tailed study of the rotation in this region. Good signals 
were obtained with slits of ~27 microns (0.12 cm) 
and absorption paths of 6 meter atmospheres. In addi- 
tion, the fringe calibration system could be used and the 
frequencies at which absorption or magnetic rotation 
occurred, obtained with precision. 

Magnetic rotation spectra were obtained of the Q 
branch region with polarizer settings ranging from +25 
to —25 degrees. The procedure was as follows: with the 
polarizer set at +25° and zero field, several R branch 
lines were recorded. The polarizer was then set at the 
desired position, field turned on, and the Q region re- 
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TABLE I. Observed and calculated frequencies (cm) of the 
Q branches and the observed magnetic rotation signals for the 
3-0 band of NO. 





"1,1, 
J+3 Q1 


Calc. 





5544.12 
5543.97 





*T1; Ty 
Oz M.R.S. 


Obs. Calc. Obs. 





5543.30 


5543.04 
5542.66 
5542.13 
5541.57 
5540.83 


5543.29 


5543.03 
5542.65 
5542.17 
5541.59 
5540.89 


—5543 .39* 
+5543 .29 
+5542.99 
+5542 .64 
+5542.17 








® Algebraic sign indicates direction of rotation. 


corded. The field was reduced to zero, polarizer re- 
turned to original setting (+25°) and several P lines 
recorded. The P and R branch lines with the calibra- 
tion fringes allowed us to determine the frequency of 
the absorption or rotation signal with precision. Typical 
records of this region with several polarizer settings are 


shown in Fig. 5. 

The frequencies at which magnetic rotation signals 
were observed in the Q branch region together with the 
observed and calculated frequencies of the Q branch 
lines are shown in Table I. 

Comparison of these frequencies shows that with the 
exception of the signal at 5543.39 cm the magnetic 
rotation signals occur at the field free absorption fre- 
quencies to the precision of our measurements. The 
signal at 5543.39 cm™ may arise from the wing of the 
Q2($) absorption line. Consideration of the Zeeman 
patterns for the Q branches make these statements more 
plausible. 

No quantitative explanation of the above observa- 
tions can be given at the present time. Serber* has shown 
that the magnetic rotation near an absorption fre- 
quency depends directly upon the Zeeman effect. He 
has carried out the theory for a ‘2—‘II transition and 
obtained an expression for the Verdet constant as a 
function of the Zeeman splitting and of J. For the 
simple case which he treated the theory predicts that 
the R and P branches will be rotated in opposite 
directions, with the R branch being considerably more 
intense than the P branch for low J values, and that 
the intensity of the Q branch lines should fall off very 
rapidly. 

The situation in NO is considerably more complex. 
The coupling in NO is intermediate between Hund’s 
case (a) and case (b). This intermediate coupling has a 
pronounced effect upon the molecular magnetic mo- 
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ment and thus upon the Zeeman splitting. In a Hund’s 
case (a) coupling scheme the magnetic moment in the 
*1I, would be large (~2 Bohr magnetons) and close to 
zero in the *I; state. For the intermediate case an 
increasing amount of end-over-end nuclear rotation 
gradually decouples the spin from the nuclear axis. 
The wave functions become mixed and each pure state 
acquires an admixture of the other. The extent of this 
mixing and uncoupling depends upon the relative values 
of the spin orbit coupling constant A and the rotation 
constant B(A/B&73 for NO). The dependence of the 
magnetic moment on the total angular momentum 
quantum number J may be calculated from relations 
given by Dousmanis, Sanders, and Townes* or from the 
general formulas for the molecular Zeeman effect given 
by Hill. 

Using the relations given by Dousmanis, Sanders, and 
Townes, we have calculated the Zeeman energies for 
NO in the ground state. Hyperfine effects and A-type 
doubling have been neglected. These are shown for 
M=x J in Fig. 6. Although calculated for the lowest 
vibration state, v=0, they are essentially the same for 
states v=1, 2, 3 since the change in B is small. 


Me-J 


Fic. 6. Magnetic levels of the *I1 states of NO for a field of 
2500 gauss in units of Av,, the normal Zeeman splitting, as a 
function of K=J+4. Only the extreme levels M=+J are 
shown. The dotted lines indicate the s; gy be expected for 
a molecule with pure case “a” cou fog. e effects of inter- 
mediate coupling on NO are clearly shown. The *Ij state quickly 
obtains a magnetic moment with molecular rotation. 


8G. C. Dousmanis, T. M. Sanders, Jr., and C. H. Townes, 
Phys. Rev. 100, 1735 (1955). 
* E. L. Hill, Phys. Rev. 34, 1507 (1929). 





MAGNETIC ROTATION SPECTRA OF NITRIC OXIDE 


Q P 


\inol ug 























3 I 


Fic. 7. Comparison of theoretical and observed absorption and 
Zeeman patterns and observed etic rotation spectra for the 
Q branch region of the 3-0 band of NO. (a) Q branches without 
field. (b) Longitudinal Zeeman pattern (H=2500 gauss). (c) 
Calculated relative intensities of the Q branch lines. (d) Calcu- 
lated longitudinal Zeeman patterns for the first three members 
of the Q; branch. (e) Observed magnetic rotation signals. Positive 
rotations are drawn upward. Frequencies are given in Table I. 


The occurrence of magnetic rotation spectra for the 
*II,—*Il, transitions as well as the *I1;—*I; is not sur- 
prising, as a glance at these curves will show. With the 
onset of rotation, the *Ml, state immediately acquires 
a considerable magnetic moment. Very little informa- 
tion bearing on the magnetic rotation spectra can be 
obtained from the Zeeman patterns alone. However, 
the fact that the P and R branch lines arising from the 
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"II, states show negative rotation and those from the 
*II, states show positive rotation may be associated 
with the fact that in the “II; state the Zeeman splitting 
is an increasing function of J while in the “Il; state the 
opposite is true. 

No adequate explanation of the weak or missing 
signal at R(19/2) in the 3—0 band can be given at 
present. The appearance of the Zeeman patterns, and 
consideration of their relative intensities do not indicate 
anything unusual in this region. There are, however, 
small anomalies observed in the ordinary absorption 
spectrum of the 3—0 band in the neighborhood of 
R(19/2) and P(21/2). With the exception of this re- 
gion, the P and R branch magnetic rotation spectra 
are similar to the ordinary absorption spectra, the 
amount of rotation being roughly proportional to the 
relative population of the states involved. 

The appearance of a small but definitely real signal 
for the R(}) line of the 3—0 band is an indication of 
the possible use of magnetic rotation work in the 
infrared to detect small magnetic moments. A calcula- 
tion of the g factor associated with the J=$ level of 
the "Il, state gives g=0.0263, yet a signal is obtained in 
a field of 2400 gauss. 

The magnetic rotation signals obtained for the Q 
branches appear to verify the predictions of the classical 
case as illustrated in Fig. 1. The longitudinal Zeeman 
patterns of the Q branch lines are all normal doublets 
and although not resolved the first two members of the 
Q2 branch show considerable broadening at these fields. 
For comparison purposes the theoretical and observed 
Zeeman patterns and the magnetic rotation signals for 
the Q branches are shown in Fig. 7. 

A theoretical investigation of these problems and the 
general problem of the Faraday effect in gases with 
mixed states is being undertaken. We hope to report 
on this later. In addition, the experimental work is 
being extended to include the remainder of the first 
overtone and the fundamental. 
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The nonradiative energy transfer of an organic scintillating solution as a function of the solute concentra- 
tion has been determined by three independent methods: namely, direct measurements of the fluorescent 
lifetime, the light output of the solvent, and the light output of the solute. The efficiency of energy transfer 
ranges from 12% at 0.02 g/l, to 92% at 2 g/l of PPO in xylene. The results from the three methods agree 


within a few percent. 





INTRODUCTION 


HEN a scintillating solution is exposed to either 

ionizing radiation or short-wavelength ultraviolet 
radiation, the incident energy is primarily absorbed by 
the solvent, then partially transferred to the solute, and 
subsequently emitted in part by the latter as fluorescent 
radiation. Normally, an increase in solute concentration 
is accompanied by an increase in the fraction of the 
absorbed energy which is transferred to the solute. In 
this report the energy-transfer efficiency of an organic 
scintillating solution, diphenyloxazole (PPO) in p- 
xylene, has been determined as a function of the solute 
concentration. 

Several reports relating to energy transfer in various 
organic systems have appeared in the literature.’~* 
Conflicting views have persisted as to whether the 
energy transfer is radiative or nonradiative.*® The re- 
sults are difficult to interpret, since most of the studies 
were made with aerated solutions under conditions in 
which radiative transfer of energy could take place. 
In the present work, great care has been taken to 
minimize the radiative component and to measure only 
nonradiative transfer; namely, the component that 
competes with emission by the solvent. 

Three different and independent methods have been 
used. One method is based on the mean lifetime of the 
fluorescent light following stimulation by a pulsed 
electron beam, while the other two are based on the 
light output from the solvent and the solute, respec- 
tively, following ultraviofet excitation. The experi- 
mental results of each of these methods agree within a 
few percent. 


EXPERIMENTAL TECHNIQUE 


One of the more efficient scintillating systems, xylene 
plus diphenyloxazole, was investigated. The solvent, 
p-xylene, was purified with two distillations in which 


' *Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1S. G. Cohen and A. Weinreb, Proc. Phys. Soc. (London) 
B69, 593 (1956). 

2 J. B. Birks and A. J. Cameron, Proc. Phys. Soc. (London) 
A72, 52 (1958). 

3F. H. Brown, M. Furst and H. Kallmann, Discussions Fara- 
day Soc. 27, 43 (1959). 

4M. Furst and H. Kallmann, J. Chem. Phys. 31, 1134 (1959). 

5 J. B. Birks, J. Chem. Phys. 31, 1135 (1959). 


the first and last 20% of the distillate were discarded. 
After the second distillation, the solvent was nitrogen- 
ated by bubbling prepurified nitrogen through it. The 
solute, 2,5 diphenyloxazole (PPO), was used without 
further purification. Oxygen-free conditions were main- 
tained by storing and handling the solutions in a nitro- 
gen-filled glove box, through which nitrogen passed 
continually. The concentration of the solute was deter- 
mined by weighing and was accurately checked by 
absorption measurements on a Beckman DK-2 spec- 
trophotometer. 


a. Fluorescent Lifetime 


This method uses an electron accelerator® to excite 
the solution by pulses with a duration of about 10-” 
sec. The directly excited molecules of xylene can de- 
excite by radiating the energy, by internal quenching 
which converts the energy to heat, or by transferring 
some of the energy to the solute molecules. The excited 
solute molecules can emit, with their own emission 
spectrum, a portion of the transferred energy. 

In this lifetime apparatus a 1P28 photomultiplier 
and associated electronic equipment detects the emitted 
light, and an accompanying x~—y recorder plots its decay 
curve. An inherent feature of this equipment is that it 
responds primarily to the slowest component in the 
scintillation process and therefore allows the separation 
of the transfer time from the lifetime of the solute at 
low solute concentrations.*” 

For the lifetime measurements, the solution was 
contained in special quartz cells with the larger surfaces 
horizontal and about 1’; in. apart. The electron beam 
impinged on the solution through a ,°,-in. hole in the 
center of the top surface. To minimize absorption and 
re-emission of the fluorescent light, a stainless-steel tube 
with an inner diameter of ’, in. was inserted through 
the hole to confine the light, and the thickness of the 
sample was reduced by only partially filling the cell. 
Only the solution inside this insert was excited by the 
electron beam and was involved in the subsequent 
fluorescent process. To avoid quenching by oxygen, air 


®R. K. Swank, H. B. Phillips, W. L. Buck, and L. S. Basile, 
LR.E. Trans. on Nuclear Sci. NS-5, 183 (1958). 

7H. Kallmann, New York Univ. Progr. Rept. N-2560, p. 1 
(May 1959). 


1124 





ENERGY TRANSFER IN SOLUTION 


was excluded from the nitrogenated solution by two 
layers of aluminum foil 2.5X10~-in. thick. 

At the very lowest concentrations, a very small frac- 
tion of the emitted light comes from xylene. To deter- 
mine the effect of the emission from the solvent on the 
measured lifetime, a suitable glass filter was used to 
absorb the light from the solvent. Within the experi- 
mental limits and for the reported concentrations, the 
measured lifetime was unaffected by the use of a filter. 


b. Light Output from Xylene 


In the light-output experiments, ultraviolet from a 
Bausch & Lomb monochromator was used to excite 
solutions contained in standard 1-cm quartz absorption 
cells with quartz inserts to reduce the light path. The 
spectrum emitted from the solution was recorded by a 
Beckman DK-2 ratio-recording spectrophotometer. 
With this arrangement, it was possible to record the 
emission from either the solvent or the solute, or both. 

Theoretically, changing the concentration of the 
solute alters the magnitude of the spectral-emission 
curve of either the solvent or the solute, but does not 
affect its shape. Hence, the intensity near the peak of 
each spectrum was taken as the best measure of the 
fluorescent intensity. In the experiment where the 
measurements were made on the emission from xylene, 
this wavelength was 2920A, and in the experiment where 
the measurements were made on the emission from PPO, 
3820 A. Experimentally, however, the fluorescent 
spectrum of PPO is modified at the shortest wavelengths 
because of self-absorption. Selecting a wavelength 
(3820 A) longer than the absorption edge of PPO and 
using very thin samples reduces this effect to negligible 
proportions. 

In studying the light output from xylene, the xylene- 
PPO solutions were excited with 2650-A radiation. The 
intensity of the emitted light was measured as the solute 
concentration was increased, the intensities being 
expressed in terms of that for pure xylene. From the 
change in the fluorescent intensity of the xylene, it is 
possible to determine the efficiency of energy transfer, 
as is explained under “Theory.” 

In this experiment it was essential to have the small- 
est possible path length, in order that absorption of the 
xylene emission by both the solvent and the solute may 
be minimized. Hence, the solutions, contained in 
standard 1-cm quartz cells, were reduced to approxi- 
mately 0.05 mm in thickness by the use of suitable 
quartz spacers. 

From absorption measurements of PPO in cyclo- 
hexane, it is known that at a concentration of 1 g/I of 
PPO in xylene only about 1% of the 2650-A radiation is 
directly absorbed by the PPO molecules. Hence, at 
these wavelengths the radiation is almost completely 
absorbed by xylene. However, at the maximum of the 
xylene-emission spectrum, namely in the vicinity of 
2920A, the absorption coefficient of PPO molecules is 
larger. At these wavelengths, therefore, a correction 
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must be applied to take account of the absorption of 
the xylene emission by the PPO molecules. This correc- 
tion has been made when appropriate. 


c. Light Output from PPO 


In these experiments the emission from PPO as a 
result of energy transfer from xylene is measured as a 
function of the concentration of PPO. The efficiency of 
energy transfer was determined by the technique of 
Cohen and Weinreb.! The xylene-PPO solution was 
stimulated successively by 2650-A radiation (to excite 
both solvent and solute) and 3130-A radiation (to excite 
the solute only). In each case, PPO was the emitter. 
Let Exo” be the intensity of the emission excited via 
energy transfer from xylene, and E5397 that from direct 
excitation of PPO. To determine the intensity from PPO 
excited directly by 2650-A radiation, a solution of PPO 
in cyclohexane was stimulated successively by 2650-A 
and 3130-A radiation, and Eogso° and Egi30°, the respec- 
tive intensities of PPO emission, were recorded. Since 
the PPO is excited directly at both wavelengths, the 
efficiency ¢ for energy transfer is given by 


€= ( Eogso”/ Eizo”) + ( Esra0°/ Eoes0°) , 


where Eg130°% Eg” because the solvent affects the 
quantum yield of PPO. The ratio Es:30°/ Ess0° essentially 
calibrates the ultraviolet flux from the monochromator 
and eliminates the solvent’s effect on the quantum yield 


of the PPO. The only assumptions are that (1) the 
quantum yield of PPO is the same at both wavelengths, 
(2) the quantum yield remains constant over the 
concentration range of the experiment, and (3) Esso? 
is the result of nonradiative transfer. In a separate 
experiment it was demonstrated that the self-quenching 
of PPO was negligibly small and that, therefore, 
assumption (2) was valid. Concerning assumption (3), 
it is estimated that Eos’, and therefore ¢, is at most 5% 
too large because of radiative transfer at the lacger 
concentrations. This estimate is based on the assump- 
tion that the quantum yield of xylene is not more than 
20%. No correction has been applied to account for 
radiative transfer. 


THEORY 
a. Lifetime Method 


The mean lifetime 7» of the first electronic excited 
state of xylene may be expressed as to=(~.+),)7', 
where #, is the probability per second that an excited 
xylene molecule will emit its excess energy as fluores- 
cent radiation, and #, is the probability per second for 
inter- and intra-molecular quenching of the excitation 
energy. When the solute (PPO) is added to the solvent, 
the mean lifetime of the excited solvent molecules 
becomes 7,= (P+ pat+p:)~, where p; is the probability 
per second for nonradiative transfer which, as written, 
competes with emission. The quenching probability 
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TABLE I. Efficiency of energy transfer (%) as a function of the 
solute concentration. 








Conc. PPO 
(g/t) 


Method I Method II 
(Xylene 
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14+3 
26+3 
40+3 
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59+3 
7543 
84+3 
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62+2 
80+2 
8842 
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p, has the same value in both equations; i.e., as shown 
below, p, is constant over the concentration range of 
these experiments. 

By definition, the efficiency e of energy transfer is 
given by «= p:/(pe+Potp:) =1—1-/70. This expression 
implies that p, and p, are independent of concentration, 
although this remains to be proved. 


b. Measurements of Light Output from Xylene 


In this method, the intensity Lo of the xylene emis- 
sion is proportional to the xylene quantum yield which 
is equal to p./(p-+p,). When the concentration of the 
solute is increased from 0 to c, the intensity of the 
xylene emission decreases because of the added proba- 
bility term p; in the denominator; i.e., L, is proportional 


to p-/(PetpPatf:). Hence, the efficiency of energy 
transfer is e=1—L,/Lo. 


c. Measurements of Light Output from PPO 


The intensity D of the PPO emission is proportional 
to Ne.Y, where N is the number of initially excited 
xylene molecules, ¢, is the efficiency of energy transfer 
from xylene to PPO at the concentration c, and Y is 
the quantum yield of PPO. For 100% transfer, the 
intensity Do of the PPO emission is proportional to 
NY. Therefore, D/Do=e«.. This expression implicitly 
assumes that the quantum yield, Y, of PPO is constant 
over the range of concentrations of this experiment. 


DISCUSSION 


The results of the three methods of measuring the 
efficiency of nonradiative energy transfer are shown in 
Table I. The values obtained from the lifetime measure- 
ments are based on a mean lifetime of 20.2X10~ sec 
for pure xylene. This value of 7» was the result of many 
measurements in which very thin samples were used to 
minimize absorption effects and in which great care 
was taken to maintain oxygen-free conditions. 

Since the time dispersion in the pulsed beam of the 
electron accelerator is unknown, it has been neglected 
in computing 7,. This correction is small and is not 
significant for concentrations below 1g/l. 

As mentioned before, with pulsed equipment the 
measured lifetime is unequivocally the mean fluorescent 
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lifetime for the solvent when the concentration of the 
solute is less than 0.25 g/l, since the lifetime for the 
solvent is much longer than the mean lifetime of 2.6X 
10~* sec for the solute (PPO) so that the recorded pulse 
form is exponential. For concentrations greater than 
0.25 g/l, curve-fitting techniques involving the differ- 
ence of two exponentials, were employed. Sample plots 
of these curves are shown in Fig. 1. 

A significant advantage gained from the use of 
nitrogenated solutions is that the measured mean life- 
time for the solvent is appreciably longer than for the 
case of an aerated solution, and also is comparatively 
longer than the mean lifetime of the solute emission. 
The result is that the curve-fitting techniques, which 
are laborious and somewhat uncertain, are unnecessary 
until much larger solute concentrations are involved. 

The small uncertainties shown in Table I are the 
result of many repeated experiments and reflect the 
author’s confidence in the given value of the efficiency 
of energy transfer. 

No correction has been made for the amount of 
radiative transfer in the PPO emission experiment, 
because energy transfer to the solute rapidly decreases 
the magnitude of the xylene emission as the solute 
concentration is increased. Under the most favorable 
conditions for radiation transfer, and for a quantum 
yield of 20% for xylene, i.e., for p./(Pe+pe) =0.2, it is 
estimated that ¢ would be about 5% too large. 

It is important to show to what extent the assumed 
constancy of p, is supported by experimental evidence. 
Letting ,=R+S, where R is the probability for 
solvent quenching before the addition of the solute 
and where S is the additional solvent quenching re- 
sulting from the addition of the solute, then «= p;/(p.+ 
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Fic. 1. Curve a is a semilog plot of the fluorescent lifetime of 
pure xylene, and curve 6 is a semilog plot for 1 g/} of PPO in 
xylene. The abscissa for curve a has the value of 5.14X10~* sec/ 
time unit, and the abscissa for curve b has the value 1.8210 
sec/time unit. 
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Fic. 2. The ratio of the solute concentration ¢ to the efficiency 
¢ of energy transfer, plotted as a function of the solute concen- 


tration. The value of ¢ is the one obtained by method III in 
Table I. 


Pit R+S). If it is assumed that p, and S vary linearly 
with concentration,'*® ie., that p,=kc and S=fe, 
where k and f are constants, then the efficiency of energy 
transfer is 


e=ke/((k+f)c+q], 


where g=R+ ,. Therefore, c/e=Kc+Q, where K= 
(k+f)/k and Q=q/k. This formula was originally 
developed by Cohen and Weinreb.! 

Figure 2 is a plot of ¢/e vs c, the values of ¢ being those 
obtained by method III in Table I. Since the points lie 
on a straight line with a slope of unity, it appears that 
K=1 so f=0 and therefore S=fc=0; i.e., within the 
range of concentrations in this experiment p»=R, and 
the addition of the solute does not affect the quenching 
of the solvent. This result is consistent with the results 
of Furst and Kallmann.‘ 


* H. Kallmann and M. Furst, Phys. Rev. 79, 857 (1950). 
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As shown in Table I, the energy transfer from the 
solvent to the solute approaches 100% at large solute 


concentrations. This result confirms similar results by 
Brown, et al. 


CONCLUSIONS 


This experiment is characterized by the special pre- 
cautions taken to insure quantitative as well as qualita- 
tive results: very thin samples (0.05 mm) were em- 
ployed to minimize radiative transfer, the solute con- 
centrations were determined very accurately, and 
oxygen-free conditions were maintained to enhance the 
efficiency of energy transfer. 

Energy transfer competes with the emission from 
xylene, and with the quenching of the first excited state 
of the solvent, as is demonstrated by the decrease in the 
light output from xylene, and by the shortening of the 
mean lifetime with increasing solute concentration. 
These phenomena are consistent with the assumption of 
nonradiative transfer. Furthermore, the close agree- 
ment between the energy-transfer efficiencies obtained 
by electron excitation and those by ultraviolet suggests 
that the efficiency of energy transfer is independent of 
the mode of excitation. This inference agrees with the 
conclusion of Lipsky and Burton® and Brown et al.’ 
Finally, since the transfer efficiencies obtained from 
studies of the light outputs from solvent and solute 
are in substantial agreement, it is reasonable to assume 
that the excited states of the solvent which give rise to 
emission are the very ones involved in energy transfer. 
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A general expression in the form of a multiple integral involving 
a delta function is derived for the polycrystalline spectra of radi- 
cals. The expression is exact when the hyperfine structure is due 
to the interaction of one proton with the unpaired electron. The 
extension to a system involving the interaction of a number of 
protons with the unpaired electron is straightforward but was 
not done here. 

Because of the formidable integrations encountered when the 
complete spin Hamiltonian is used, a simpler case is considered to 
illustrate the technique developed. It is shown that if one as- 
sumes that Jy, the nuclear spin component along the externally 
applied magnetic field, is a good quantum number, then the peak 


to peak separation of the broad doublet that is obtained bears a 
simple relationship to the hyperfine interaction. 

For a properly chosen Cartesian axis system, the hyperfine 
spin Hamiltonian can be written as 

Ayj=hASI,+hBS1,4+hC Syl y. 
The peak to peak separation corresponds to the middle value of 
| Al, |B, 1 Cl. 

The line shape for a C—H fragment with the unpaired electron 
in a carbon 29, orbital is worked out in detail assuming that / 
is a good quantum number. Two peaks with very slightly asym- 
metric shoulders are obtained, the peak to peak separation being 
61 Mc. 





INTRODUCTION 


ECENT EPR work on oriented organic radicals'~* 
has shown that the anisotropic proton hyperfine 
interactions in m-electron radicals are of the same 
order of magnitude as the isotropic interactions, 
corroborating the theoretical calculations of McConnell 
and Strathdee.* Since the anisotropic contributions to 
the hyperfine splitting are significant, broad resonance 
lines are obtained when polycrystalline samples are 
examined. 

Previous work on line shapes of polycrystalline 
resonance spectra have dealt either with the broadening 
arising from point dipole interactions,*’ or from a 
proton interacting with an electron in an orbital having 
axial symmetry.** To the best of the author’s knowl- 
edge, there is no published work dealing rigorously” 
with the polycrystalline resonance spectra of radicals. 
It is hoped that this paper will be the basis for a 
better understanding of their polycrystalline spectra. 
The subsequent calculations are limited to all radicals 
(not necessarily -electron radicals) for which the hy- 
perfine structure is due to the interaction of one proton 
with the unpaired electron. 


* Contribution No. 2564. sg aR in part by (a) The National 
Science Foundation; (b) The U. S. Hgr east “tage Service; (c) 
The Office of Ordnance Research, U. S. Ar 

1H. M. McConnell, C. Heller, t. Cole, od R. W. Fessenden, 
J. Am. Chem. Soc. 82, 766 (1960). 

2D. K. Ghosh and D. H. Whiffen, Mol. Phys. 2, 285 (1959). 

3C. Heller, J. Chem. Phys. (to be published). 

‘H. M. McConnell and J. Strathdee, Mol. Phys. 2, 129 (1959). 

5E. R. Andrew, Nuclear Magnetic — (Cambridge Uni- 
versity Press, New York, 1956), p. 155 

6 E. R. Andrew and R. 'Bersohn, J. Chem. Phys. 18, 159 (1950). 

7F. S. Waugh, F. B. Humphrey, and D. M. Yost, J. Phys. 
Chem. 57, 486 (1953). 

8H. Zeldes, G. T. Trammell, R. Livingston, and R. W. Holm- 
berg, J. Chem. Phys. 32, 618 (1960). 

*S. M. Blinder, J. Chem. Phys. 33, 748 (1960). 

While this article was in —_ Dr. R. Lefebvre of the Centre 
de Mécanique Ondulatoire Appliquée, Paris, informed the author 
that he has succeeded in pot a the polycrystalline line shape 
of w~ electron radicals for the most general case by using an 
electronic computer. His results should appear shortly in print. 


SPIN HAMILTONIAN 


The spin Hamiltonian for a radical containing one 
proton can be written! as 


= hy Su—hola+S-Tol. (1) 


v, and v, are the electron and nuclear spin resonance 
frequencies, respectively, where 


=hg.|6|H 
vp=hg, BH. (2) 


H is the magnitude of the externally applied field; 
| 8 | is the absolute value of the electronic Bohr mag- 
neton; 8, is the nuclear Bohr magneton; g, is the elec- 
tron g factor, and g, is the nuclear g factor. Sq and Jy 
are the spin components along H of the electron and 
proton, respectively. T is a symmetric dyadic and 
includes the combined (electron-spin) -(nuclear-spin) 
Fermi contact interaction, and the (electron-spin)- 
(nuclear-spin) dipolar interaction. It is assumed that 
the (electron-orbit)-(nuclear-spin) and (electron-or- 
bit)—(electron-spin) magnetic interactions are negligible 
as is generally the case for organic radicals. 

T can be written in diagonal form for a suitably 
chosen set of cartesian axis x, y, 2 


T=hAkk+hBii+ACjj. (3) 


i, j, k are unit vectors in the direction of the positive 
x, Y, 2 axis, respectively. 

For X-band resonance, where H is approximately 
3000 gauss, v-~9500 Mc and »yy~14.5 Mc. It has been 
shown experimentally for organic w radicals'* that 
under these conditions v, is of the same order of magni- 
tude as | A |,| B|, | C|, whereas ».>>| A |, | BI, | C]. 
(For the case of malonic acid, radical », is approxi- 
mately $[A?+B?+C?}.) As a result Sy but not Jy, is 
a good quantum number, and so-called “forbidden” 
lines appear in the EPR spectrum. Jy is a good quantum 
number if (a) the externally applied field is much larger 
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than the paramagnetic field at the nucleus (for malonic 
acid radical and external field strength must exceed 
200 000 gauss), or (b) if extremely large conjugated 
radicals are studied where the electron spin density at 
any one carbon atom is very small. Both conditions 
(a) and (b) are obviously unattainable experimentally 
at the moment. 


The spectrum of an oriented radical arising from the 
above spin Hamiltonian has been determined pre- 
viously.' It is shown by these authors that the spin 
Hamiltonian can be written in the form 


H=h |», | Su—Wly. (4) 


I, is the nuclear spin component along the axis defined 
by the unit vector u. Both vy and u depend on Sy as 
shown 


vU=v,Uy— SalkA cosd+iB sind cosp 
+ jC sin@ sing]. (5) 


Uy is a unit vector in the direction of the externally 
applied field H’. u is defined by the direction of the 
vector on the right-hand side of the equation, and the 
frequency v is the length. Letting v’u’ designate the 
vector when Sy=}3 and y”,”’ the vector when Sy= —}, 
the following transition frequencies are obtained: 


r= e+} (v'—v") 
vo=¥e—4(v’—v"") 
¥3=¥e-—4(v' +r") 
¥4= Vet} (v' +"). 
v’, v’’ are functions of 0, @. 
v’=[(v,—4$A)? cos*+(v,—4B)? sin’@ cos’ 
+ (v,—$C)? sin’ sin’ } 
v’=((vp+ 3A)? cos*0+ (vp +}B)? siné cos*p 
+(»,+4$C)? sin’ sin’?o}'. (7) 


Letting /;(0, 6) (i=1, 2, 3, 4) denote the relative 
electron transition probabllity for frequency », (in- 
duced by an oscillatory field perpendicular to the 
externally applied field), and u’-u’’=cosf, then it can 
be shown! that 


1,(8, @) = 12(8, @) =cos?(¢/2) = 3(1+u’-u"’) 
1;(0, ¢) =1,(6, ¢) = sin?(¢/2) =}(1—u’-u”), 


where 


(8) 


u’-u’= (1/49'r"’) { (209)? 


—[A? cos’@+ B? sin*é cos*@+C? sin’ sin’¢ ]}. (9) 

Summing up, for any orientation the resonance 
spectrum is a summetrical quartet centered on »,. The 
outer doublet with splitting |»’+»”| has relative 
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intensity sin*¢/2; the inner doublet with splitting 
| v’—v’’ | has relative intensity cos*¢/2. 

For the case where A?, B*, C?>(2v,)*, the outer 
lines are more intense; when A*, B*?, C?<(2y,)?, the 
inner lines will always be more intense. Experimental 
work on malonic acid radical' has shown that the outer 


lines are five to 10 times more intense than the inner 
lines. 


POLYCRYSTALLINE LINE SHAPE 


So far the discussion has been limited to oriented 
crystals. How does one extend the discussion to poly- 
crystalline samples? 

Initially let us assume that the relative electronic 
transition probabilities for all four lines are the same 
and independent of the orientation of the crystal with 
respect to the external magnetic field. Let us further 
assume that the polycrystalline spectrum involves no 
overlap of lines, i.e., »;(O., a) = v;(0, oo) (i=-7). 

Under these conditions, the polycrystalline line shape 
gi(v) corresponding to a transition frequency v; is 
defined by Eq. (10) below. Regarding a polycrystalline 
sample as a collection of minute crystals each having 
one radical, Eq. (10) represents a statistical averaging 
of the random orientations of these minute crystals: 


gi(D)dva), sindxd0xdox= > dO. 
K K 


(<v:<9+dy). (10) 


In Eq. (10) only those increments of solid angle dQx are 
added up such that 6x, @x corresponds to a v; between 
d; and D to dy. The relationship between 0, ¢, and »; is 
given by Eqs. (6) and (7). 

Equation (10) gives equal weight to each increment 
of solid angle dQx. This is not the correct thing to do 
since the transition probabilities are not independent of 
6 and @. On taking into account the transition proba- 
bility factor, one has 


gi(D)dva) 1 (Ox, ox)dQe = I< vi <T-+dv. (11) 
K 


Equation (11) can be rewritten more conveniently as 
2x 1 

£:(P)dva i de J a[p—v.(0, 6) 11.(0, 6)d cosa (12) 
0 1 


5(¥—v,) is a delta function. 6(¥—»v,;)dv; assures that 
only those values of @ and ¢ are considered such that 
their substitution into v;(0, @) gives v; between 7 and 
¥+dy. Equation (12) can also be written as 


1 1 
gs(P) a fe exp{ialp—v.(0, @) }do [ 10,8) 


2n : 
Xd cos} dp. (13) 
0 


In the event that there is overlap between the 
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various lines, one has as the complete line shape func- 
tion 


£0) = 2D [" explioly—ri(, 6) Nao f 140,6) 


i=1 


x dcosd / "db. (14) 


v,;, [; are given by Eqs. (6)-(9). N is a normalization 
factor so that 


[ear=1. 


No attempt was made to evaluate Eq. (14) in terms 
of A, B, C because of the rather formidable form of the 
integrals. Equation (14) is an expression for the line 
shape as a function of transition frequency. It is 
based on the complete spin Hamiltonian with no terms 
omitted. As an approximation to the spin Hamiltonian 
Eq. (1), one might be tempted to ignore the nuclear 
Zeeman term, hv,ly. This would lead to the prediction 
of two lines in the spectrum of the oriented crystal. 
The complete treatment gives four lines; the relative 
intensity of the inner and outer doublets can be com- 
parable if A?, B*, C? have about the same value as 
(2v,)*. For w-electron radicals, the omission of the 
nuclear Zeeman term may not be too serious. The work 
on malonic acid radical, as stated earlier, has shown 
that the outer lines are about five to 10 times more 
intense than the inner lines. For other organic radicals 
(non-r-electron radicals, or those having most of 
the unpaired spin on a nitrogen or sulfur atom for 
example), the outer and inner doublets might have 
about the same intensity and the approximation 
would be bad. 

One further note, Eq. (14) only involves hyperfine 
interaction. The actual line shape is altered by relaxa- 
tion, saturation, and spin exchange effects. The actual 
observed line shape can be represented more ap- 
propriately by 


fuctuat(») = f h(o—¥) g(9) ar, (15) 


where h(v—*) is a function taking into account all | 


factors other than the anisotropic interaction that 
influence the line shape. (It usually is a normalized 
Gaussian for crystals). 


ILLUSTRATIVE CALCULATION 


The following section contains an illustrative calcula- 
tion based on the foregoing technique for handling line 
shapes. The assumption was made that Iq is a good 
quantum number (an experimentally unrealistic as- 
sumption for z-electron radicals like malonic acid 
radical). The more realistic assumption that the 
nuclear Zeeman term is negligible still leads to serious 
mathematical difficulties unless one assumes that two 
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terms of the T dyadic are equal (B=C, say) where- 
upon the calculations are still involved and were not 
carried through. Blinder,’ has recently considered this 
latter case. 

For a proper choice of the Cartesian axis system, the 
hyperfine Hamiltonian can be written as 


Hy;=hAS,1,+-ABS,1,+4C8,,. (16) 


Since Jy is assumed to be a good quantum number, the 
substitutions 


S,= Su cos6; I= Iz cosé 
S.= Sy sind cos@; 


a=}3(A+B+C) 

I,= I, sin6 cos 
b=3(B+C—24A) (17) 

I,= I, sind sing 

1=3(C—B) 


S,= Sy siné sing, 


permit Eq. (16) to be written as 
H,;= hvraSx = hSuTula+5( 1—3 cos*@) 
+/ cos2p(cos?@—1)]. (18) 


Since Jy does not change during the electronic transi- 
tion, it is written as a constant. a in Eq. (18) repre- 


. sents the Fermi contact interaction. 


The transition frequencies are 
n(8, ¢) = VetVig=}) 
v2(0, 6) =Ve—Vitg=)- (19) 


Since the transition probability is the same for »; and v2, 
and independent of crystal orientation, the poly- 
crystalline line shape is given by 


2 Nf d 1 fe 
£0)= 2 >| explioly—v.(0, 6) dof d cox f “ag. 


(20) 


One can easily show that if A, B, C have the same 
sign, g(¥) is symmetric about », with no overlap of the 
doublet occurring. For convenience, A, B, C are as- 
sumed to be positive. g(¥) becomes 


g(?) => [° exp(io(r—Inlo+0(1—-3 cos*6) 


1 2e 
+1 c0s29(cos¥#—1) }}) dof d cos do. (21) 
-l 0 


Setting y=} gives g(¥) for positive values of 7. 
The evaluation of Eq. (21) proceeds as follows: 


| . exp|i| -5) (cos*@— 1) os2o}ae 


= 244 SH co89—1) | (22) 


where Jo is a bessel function of zero order. Equation 
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Fic. 1. The dotted curve gives the theoretical polycrystalline line shape as a function of transition frequency in Mc for a -electron 
it i 


radical in which the odd electron i is localized 


about one carbon atom. 


t is assumed that (1) Iq, the nuclear spin component along 


the external field direction, is a good quantum number, and (2) the hyperfine structure arises from the interaction of the unpaired 


electron 5 sin with a single proton. The o 
perimen 


rigin is taken at », the electronic Zeeman f: 
values of A, B, C (Eqs. (16), (17), and (24)], which are —30, —61.5, 


pee: The dotted curve is based on the ex- 
c, respectively. The solid curve illus- 


Gan how the line shape i is modified by an arbitrarily different set of values for A, 'B, C taken as —5, —78.5, —111.5 Mc, respec- 


tively. 


(21) now becomes 


g(0) = vf | [ exp(iw{p—3[a-+b(1—3 cos%®) J}) 


XJ (cos) |a}oowe (23) 


On letting 
M=s(I1/2)(cos@—1), p=0—4[a+b(1—3 cos*@) ]. 


The expression in brackets evaluates either to zero if 
M*< # or to 2/(M?—p*)}, if M?> p’. 
Equation (21) becomes 
dx 
bd) =4N ; 
6) 3 { (P/4) (x?—1)*—[9—} (a+b) +32" P}! 
(24) 


x=cos. R denotes the range of values of x between 0 
and 1 such that M?> p*. Setting M?= p’, one obtains 


_ [¥—1/2(a+b—1)}! [ »—B/2 } 
cl 1/2(I—38) |-[Zesal 








p—C/2 
1/2(/+-3d) jen rn, A 

If A<B<C and A/2<9<B/2, R is given by x,< 
x<x_; if B/2<t<C/2, R is defined by O<x<x_. 

The integrand of Eq. (24) becomes infinite at x, and 
x. It can be shown, however, that the integral behaves 
properly except when 9= B/2, A/2, C/2. When 9= A/2, 
x.=x,=1 and the range of integration is zero; when 
b= C/2, x_=0 and the range of integration is again zero. 
(The integrals would have diverged at »= A/2, C/2 if 
the range of integration were not zero.) g(A/2) and 
g(C/2) must be obtained by a limiting process. When 





- aa =) -[ 


p= B/2 the integral diverges. g(B/2) therefore corre- 
sponds to the peak and is infinite. 
If one assumes B<C<A then the following hold: 


B/2<0<C/2, O0<x<xy 


C/2<9<A/2, x<x<xy,. (26) 
The peak now occurs at C/2. g(B/2), g(A/2) must be 
obtained by a limiting process. 


If one assumes C< A<B, one has 
C/2<9<A/2, O<x<x_ 
A/2<0<B/2, O<x<x,. (27) 


The peak now occurs at )=A/2 while g(C/2) and 
g(B/2) must be obtained by a limiting process. 

Other inequalities can be examined. The result is 
always the same. The maximum peak will always 
occur at the middle value of A/2, B/2, C/2. A, B, C 
need not, however, be of the same sign (overlap of the 
doublet now occurs) and the peak appears at the 
middle value of | A |/2, | B|/2, | C |/2. If two of the 
three terms are equal, B=C for example, the maximum 
value occurs at | B |/2 and the line shape is that arising 
from the interaction of two-point dipoles.’ If A= B=C, 
there is only the Fermi contact interaction and the 
spectrum consists of two sharp lines separated by | A |. 

Figure 1 illustrates the theoretical normalized poly- 
crystalline line shape that would be obtained for a 
CH fragment if Jy were a good quantum number. 
(This necessitates an external field strength exceeding 
200 000 gauss or an extremely small spin density at 
the carbon position.) The origin is taken at 7=%. 
The dotted curve corresponds to | A|, | Bl, |C| 
being 30, 61.5, and 92.5 Mc, respectively (A, B, C 
are negative.) These values are those obtained from 
the recent experimental work on the oriented 
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CH(COOH)s radical.! (The hyperfine interaction in 
this radical is very accurately approximated by the 
CH fragment model.) 

Two broad peaks separated by | B| =61.5 Mc are 
obtained. The end points of each peak being | A |/2= 
15 Mc; | C |/2=46.25 Mc. The asymmetry of the 
shoulders of the peaks is not very pronounced, since 
|B|—|A| is approximately |C|—|B|. The solid 
curve, on the other hand, corresponds to | A |, | Bl, 
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|C | having the respective values of 4.7, 78.5, and 
111.5 Mc, and show peaks having strongly asymmetric 
shoulders. 
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The solubility of hydrogen and deuterium in liquid argon at pressures from 10 to 100 atm is reported. 
Solubility isotherms have been measured between 87° and 140°K for hydrogen and between 87° and 120°K 
for deuterium. The dependence of Henry’s constant on temperature, pressure, and concentration, the heats 
of solution, the partial molar volume of hydrogen in liquid argon, and the second virial coefficients of hydro- 
gen and deuterium in the liquid solution are reported. The increase in the solubility of deuterium over 
hydrogen is 21.3%, 20.2%, and 18.5%, respectively, at 87, 100, and 120°K. This isotope effect is discussed 
as a quantum correction to the free volume. Comparison between theory and experiment indicates that the 
LJD free volume is too large by approximately a factor of five. 





INTRODUCTION 


ie AN earlier paper,! the solubility of helium and 
neon in liquid argon is reported. The measurements 
were made at subatmospheric pressures, and so the 
temperature range was necessarily limited. We have 
constructed an apparatus for higher temperature 
measurements, at pressures up to 100 atm. This ap- 
paratus allows measurements to be carried up to the 


to Ar tank to Ho ‘tank 


to 
vacuum 


and gas pipet 


Fic. 1. Apparatus for high-pressure solubility measurements. 
A, pressure gage; B, cold trap; C, solubility cell; D, transfer cell; 
E, pipet bulb. 


t This research was supported by the Air Force through the 
Air Force Office of Scientific Research of the Air Research and 
Development Command. 

* On leave of absence from the University of Vienna. Present 
address: University of Vienna, I. Chem. Institute, Vienna 9, 
Austria. 

1F, E. Karasz and G. D. Halsey, Jr., J. Chem. Phys. 29, 173 
(1958). 


critical temperature and at mole fractions of the solute 
up to 0.15, without the accuracy of the low-pressure 
method. We have therefore made measurements on 
the more soluble Hy, and Dg», with the primary purpose 
of determining the isotope effect. 


DETAILS OF APPARATUS AND CALCULATIONS 


Apparatus 


The apparatus (Fig. 1) was constructed of Autoclave 
Engineering valves and fittings and was connected on 
the low-pressure side to a conventional gas transfer 
apparatus for measuring volumes, purifying argon and 
pumping out. A 16-in., 1500-psi Heise Bourdon gauge 
A, calibrated with a dead-weight test gauge, was the 
pressure measuring element. It was sensitive to pres- 
sure changes of 0.02 atm and was calibrated before 
and after the series of experiments to an accuracy of 
0.05 atm. The Bourdon tube and lead were filled with 
mercury, which was kept out of the rest of the system 
by the dry ice-acetone trap B. 

Hydrogen under known pressure was introduced 
into a stainless steel cell C (Fig. 1) of 19.150+0.005 cc 
volume, and then doses of argon were added from 
stainless steel pipet bulbs £ filled at the temperature 
of liquid oxygen. The cell was mounted so that it could 
be shaken by twisting and two stainless steel balls 
were placed in the cell to act as stirrers. The criteria 
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for equilibrium were constant pressure after } hr 
stirring, and return to this pressure after warming 
and cooling 10°C. 

The cell was enclosed in a 4.2-kg copper block, to 
which it was soldered with Woods metal, and covered 
with a heavy copper lid. The copper block was first 
electrically insulated by a layer of cigaret paper and a 
spray of acrylic lacquer, then bifilar wound with 24 
gauge nylon clad constantan wire of 40 ohms total 
resistance. The heater was then covered with two 
layers of Scotch glass tape No. 27 and finally with 
aluminum foil. The lead to the cell was surrounded by 
a similar heater which was used in the rare event that 
the lead became blocked by frozen argon. The whole 
assembly was contained in a glass tube with ground top, 
sealed and fastened to the top plate of the cryostat, 
and in turn contained in a 6-in. diam Dewar ves- 
sel, holding approximately 3 liters of liquid nitrogen 
(for the runs above 120°K liquid oxygen was used 
instead of liquid nitrogen). Care was taken that the 
liquid nitrogen level was always at least 10 cm above 
the top of the copper block. After cooling the cell 
assembly to the desired temperature, the glass tube 
was evacuated to about 0.5 mm Hg. The ac heater 
current was first transformed to 18 v by a fixed 
transformer and then regulated manually by means of 
a variac. Because of the large heat capacity of the 
copper block it was easy to keep the temperature 
constant to +0.05° for the duration of a run. 


Temperature 


The temperature was measured with a copper-con- 
stantan thermocouple, which had been calibrated over 
the entire temperature range against the vapor pressure 
of argon? (above 100°K) and nitrogen* (from 86 to 
115°K). The calibration was repeated about once a 
month for one or two temperatures and no measurable 
change was detected over the whole period of the runs. 
The temperatures are estimated accurate to +0.1°. 


Concentration 


Total Amount of Hydrogen 


The total amount of hydrogen or deuterium in the 
cell was calculated from the equation of state®*® and 
the cell volume. For those temperatures for which the 
virial coefficients are not reported in the literature, a 
graphical interpolation was made by plotting the 
compressibility coefficients F 


F=(RT+Bp+Cp*)/RT (1) 


i “7 oa T. Wassenaar, and T. Zwietering, Physica 17, 
876 1). 
1 Ne Friedmann and D. White, J. Am. Chem. Soc. 72, 3931 
“A. S. Friedman, D. White, and H. L. Johnston, J. Am. Chem. 
Soc. 73, 5713 (1951). 
5 A. S. Friedmann, thesis, Ohio State University, 1950. 


6 A. Michels, W. de Graaf, T. Wassenaar, J. M. H. Levelt, and 
P. Louwerse, Physica 25, 25 (1959). 
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against the temperature. The maximum deviations 
from ideality of hydrogen and deuterium in the temper- 
ature and pressure range of this work are less than 
5%. For the purpose of calculating the total amount of 
hydrogen or deuterium in the cell, the lead volume 
(0.15 cc) was added to the cell volume, because the 
hydrogen initially contained in the lead is swept into 
the cell when the first dose of argon is added. 


Total Amount of Argon 


To introduce argon into the system, two exchange- 
able pipet bulbs (£ in Fig. 1) could be used, holding 
0.02039+0.00004 and 0.08132--0.00008 mole of argon, 
respectively, when immersed in liquid oxygen and 
filled under a pressure of 50 psi. These volumes were 
determined by filling the pipet bulbs from a conven- 
tional gas buret and determining the sharp pressure 
rise when the pipets were full. Since the vapor pressure 
was found to be independent of the amount of argon 
introduced, this provided at the same time a sensitive 
check on the purity of our argon. The total volume of 
the pipets plus deadspace was 2.29 and 3.37 cc, re- 
spectively, measured by introducing small amounts 
of argon from the gasburet and recording the pressure 
at 25°C. 

The pipets were emptied into the system with the 
help of an intermediate cell (D in Fig. 1) of 2.23+.0.01 
cc, which was equipped with a manometer. This cell 
could be immersed in liquid nitrogen. After trans- 
ferring most of the argon to the system, cell D was 
cooled with liquid nitrogen and the amount of argon 
remaining in one of the pipets E (which were at room 
temperature) was reduced to 0.00003 or 0.00005 
mole, respectively. The valve from D to E was then 
closed, D warmed up to 25+0.1°C, and the valve to 
the system opened for about five seconds. The pressure 
in D was then taken to be equal to the pressure reading 
of the large gauge at the same time. The amount of 
argon remaining in cell D was calculated from the 
equation of state.” 


Amount of Argon in the Cell 


The deadspace volume of the system (valves and 
leads from cell D to cell C and to the mercury filled 
manometer) was found to be a linear function of pres- 
sure, owing to the expansion of the Bourdon tube 
(2.03 cc at 20 atm and 2.19 cc at 100 atm). A cor- 
rection was made for the argon remaining in that 
dead space, this being approximately 0.2-0.8% of the 
total amount of argon introduced. The number of 
moles of argon in the cell, calculated as described 
above, will henceforward be called ma,'. 


Concentration of the Liquid 
The concentration of the liquid, expressed in mole 
fractions x of hydrogen, was calculated from the 


7I. Mason and L. G. F. Dolley, Proc. Roy. Soc. (London) 
A103, 524 (1923). 
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experimental quantities ma;', mu‘, V‘, and p', where 
nar n't denotes the number of moles of argon or hydrogen 
in the cell, V‘ is the cell volume, and p' the measured 
pressure. In order to carry out the calculations the 
volume of the liquid and gas phase (V¥ and V®) 
and the number of moles in the respective phases 
(n” and n®) must be obtained. This was done in a step 
process. An approximate concentration of hydrogen 
was assumed (after a few points had been made, it 
could be predicted quite closely from a p versus x 
diagram) and it was further assumed that all argon 
was condensed. This led to a first approximation for 
y*: 


= (ntar'V artanas'V a) [1 wg be (p'— par’) 1, (2) 


where «x is the compressibility coefficient for liquid 
argon® and pa,° is the vapor pressure of pure argon at 
the same temperature.? V4, is the molar volume of liq- 
uid argon’ and Vx the partial molar volume of hydro- 
gen in argon. Since the earlier measurements of the 
density of liquid argon, carried out in the Leiden 
laboratory,® have recently been questioned,” we re- 
determined the density at 100°K and 120°K and found 
values in substantial agreement with Mathias, Onnes, 
and Crommelin. The partial molar volume of the solute 
Vu ranges from 30 to 42 cc, depending on temperature 
(Table II). It was measured by successively adding 
known doses of argon to a small amount of hydrogen 
in the cell until the latter was filled, as indicated by a 
sharp pressure rise. The calculated values are some- 
what uncertain because of the uncertainty of the 
compressibility of the solution, which was assumed to 
be the same as the compressibility of pure liquid 
argon. For this reason, no attempt was made to meas- 
ure the change in partial molar volume of hydrogen 
with concentration or pressure. The reported values 
are mean values at low concentration (2 to 5 mole %) 
and pressures under 60 atm. 

A first approximation of the quantities of argon in 
the gas and liquid phase (ma,° and ma”) could then be 
calculated. Raoult’s law was assumed to hold for the 
vapor pressure of argon and correction were made for 
the increase in vapor pressure with the external pres- 
sure (Poynting correction) and for the nonideality 
of the vapor. The second virial coefficients for argon 
were calculated from the LJD force constants, since 
no measurements are reported in the literature below 
120°K. Next, ma,‘ in Eq. (2) was replaced by ma,” 
and the procedure repeated until the change in V” 
became less than 0.003 cc. 

The amount of hydrogen in the gas phase m4° was 
calculated from V%, the equation of state and (p'— 
pA"), where p4* denotes the increase in pressure when a 


8 J. S. Rowlinson, Liquids and Liquid tgsac (Butterworths 
Scientific Publications, Ltd., London, 1959), 
*E. Mathias, H. Kamerlingh Onnes, an rf A. Crommelin, 
Communs. Phys. Lab. Univ. Leyden A131 (1912 
1 R. A. H. Pooland L. A. K. Staveley, Nature 186, 1118 (1957). 
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small amount of argon, just enough to form a liquid 
phase, is added to the hydrogen in the cell. At each 
temperature, p4" was measured at intervals of 10 
atmos of hydrogen pressure. The mole fraction x 
could then be calculated and compared with the 
approximate value used in the expression for V” 
[Eq. (2) ]. If the two quantities differed by more than 
1% of their absolute value, the entire procedure was 
repeated. . 

The possible error in this calculation is greatest 
at the highest temperatures (high vapor pressure of 
argon) and at the beginning of a run (large V®). 
However, the latter allows a very sensitive check on our 
calculations. By variation of the initial hydrogen 
pressure, almost the same total pressure was repeatedly 
obtained with widely different amounts of liquid in 
the cell, but the calculated concentrations never differed 
more than +2% of their absolute value. 


Fugacity and Henry's Constant 


The fugacity of m moles of pure gas 1 in the volume 
V is given by"? 


(pr*) pure — (mRT/V) exp[ (2mBu/V) +3(m/V) *Cin |. 
(3) 


If mz moles of gas 2 are added to the m moles of 1 with- 
out any change in volume, the fugacity of 1 in the 
mixture becomes 


pi*=(mRT/V) expl(2mBu/V) + (2n2Br/V) 
+3(m/V)*Ciu+ cross terms in C]. 
If we combine (3) and (4), we obtain 
= (p:*) pure Expl (22Bi2/V) + cross terms in C]. (5) 
The fugacity hydrogen would have in the absence of 
argon in the gas phase (*) pure was calculated from 
(P*) pure (p!— p™) F*, 
where the fugacity coefficient F* is given by 
RT \InF* =By(p'— p**) +4Cu(p'— p*)?. (7) 


The mixed second virial coefficient By, in Eq. (5) was 
calculated according to the method and with the help 
of the tables given in Hirschfelder, Curtis, and Bird."* 
Since there is at present no satisfactory method for 
calculating the mixed third virial coefficients, the 
cross terms in C, Eq. (5) were neglected. Any error 
resulting from this would be significant only at the 
highest temperatures and pressures. In our discussions 


(4) 


(6) 


1E. A. Guggenheim, Thermodynamics (Amsterdam, 1957), 
pp. 221-226. 

2R. H. Fowler and E. A. Guggenheim, Statistical Thermo- 
dynamics (Cambridge University Press, New York, 1939), Eqs. 
( 704. 1) — (704.14). 

ri: O. Hirschfelder, C. F. Curtis, and R. B. Bird, Molecular 

y of Gases and ‘Liquids (John Wiley & Sons, Inc., New 

York, ”1954), pp. 168-170 and Appendixes IA and IB. 
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we shall use only the values of the Henry’s constant 
,extrapolated to zero fugacity of the solute, which is 
» independent of the mixed third virial coefficients. 

From the fugacities, Henry’s constant k* was cal- 
culated according to: 


k*=p*/x, (8) 
EXPERIMENTAL RESULTS 


The measured solubility (mole fractions x of the 
solute), Henry’s constant k*, the fugacity of the solute 
p*, and the total pressure p‘ are given for each tempera- 
ture in Table I. 

The solubility isotherms of hydrogen as a function 
of the fugacity are shown in Fig. 2. 

The experimental values of k* depend (especially at 
higher temperatures) very little on pressure and 
concentration (Fig. 3, drawn line). It will be shown 
later that this behavior is caused by the opposite sign of 
(dk*/dp)27 and (dk*/dx),,7r. This facilitates an 
accurate extrapolation of k* to zero fugacity of the 
solute (dashed line in Fig. 3). The apparent volume 
for solution per mole of argon was calculated from k* 
by 


Vapp= RT/R*. (9) 


The chemical potential for hydrogen in the liquid 
phase is 


wn’ =pu*+pVut RT Infx (10) 


94.2° 


87.0° 








0 Q02 204 006 008 alo ale als 

XHp 
* Fic. 2. Solubility isotherms of hydrogen in liquid argon. 
p*, fugacity of hydrogen; x, mole fraction of hydrogen. 
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Fic. 3. eee of Henry’s constant &* on pressure and 
temperature for the system hydrogen-argon. 


if the compressibility is neglected. We can rewrite 
Eq. (10) 


wu’ =yn*+pVatRT Inx+2RTBx, (11) 


where B is defined as the second virial coefficient of 
hydrogen in the liquid. For the gas we have 
RT \np* =pu—un’. (12) 


If we combine these equations with the definition of 
k*, Eq. (8), we find 


Ink* = (un*—pn®)/RT+pV n/RT+2Bx. 
From this we find 


L°=[(9 Ink*) /(01/RT) ]=Hu*— An’, 


(13) 


(14) 


which is in physical terms the heat of solution for the 
transfer of one mole of hydrogen from a dilute ideal 
gas to the solution. 

If we take the derivative with respect to change in 
pressure 


(9 Ink*/dp)r=Vn/RT+2B(dx/dp)7, (15) 


the factor (0x/dp)7 can be evaluated from the data 
available, so from (0 Ink*/dp)r and a knowledge of 
Vu, B can be evaluated. The extrapolated values of 
k*, together with the values of Vapp, Vu, B, and L° 
are given in Table II. The values of L® are the mean 
between the temperature for which they appear in 
Table II and the next higher temperature. The values 
of B are probably not better than +20%, since the 
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Taste I. Solubility of hydrogen and deuterium in liquid argon. 








87.0°K, H:—Ar 94.2°K, H:—Ar 
t t 
[atm] x Ho [atm] 





24.22 0.0253 
26.61 0.0278 
29.84 0.0308 
33.99 0.0349 
39.70 0.0402 
40.05 0.0408 
44.43 0.0451 
47.97 0.0481 
50.03 0.0499 
57.46 0.0565 
61.38 0.0595 
68.11 0.0652 
70.55 0.0671 
73.01 0.0691 
75.67 0.0712 
78.59 0.0733 
81.62 0.0758 
84.96 0.0780 
88.57 0.0804 
92.27 0.0829 
96.46 0.0860 


ER SRRSREAEESS 
RERESRE 





100.0°K, H,—Ar 110.0°K, H:—Ar 


t t 
[atm] X He [atm ] 





17.46 0.0197 31.34 
18.91 0.0214 
20.65 0.0236 
22.85 0.0264 
25.77 0.0306 
29.71 0.0360 
34.96 0.0428 
35.30 0.0435 
38.31 0.0475 
42.32 0.0530 
47.84 0.0600 
49.99 0.0632 
54.61 0.0676 
54.71 0.0684 
60.76 0.0760 
64.24 0.0801 
68.35 0.0848 
71.04 0.0878 
78.73 0.0975 
79.48 0.0978 
90.77 0.1095 
92.41 0.1115 





120.0°K, H:—Ar 130.0°K, H:—Ar 


t t 
[atm] [atm] X He 





36.34 : 49.54 0.0558 
38.70 ; 52.46 0.0613 
41.58 j ‘ 55.93 0.0670 
45.11 ; ‘ 61.43 0.0771 
49.61 ‘ : 65.49 0.0845 
50.90 Q . 70.50 0.0932 
52.84 , : 71.38 0.0952 
55.87 ‘ : 71.45 0.0952 
60.27 d ‘ 72.67 0.0975 
65.43 . 78.05 0.1078 
72.09 ‘ 78.40 0.1080 
80.57 : 83.90 0.1169 
94.58 . 90.16 0.1275 
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TaBLE 1.—Continued. 





140.0°K, H.—Ar 


pt 
[atm] 





60.49 
63.11 
65.80 
68.86 
69.47 
70.76 
71.45 
72.88 
76.69 
77.50 
79.21 
81.86 
82.54 
89.82 
92.13 
94.65 





87.0°K, Dx—Ar 
pt 


{atm] 


100,0°K, D.—Ar 
pt 
[atm] XDq 





24.02 
26.22 
28.96 
32.42 
36.66 
42.87 
51.85 
54.44 
57.09 


21.47 
23.07 
24.97 
27.27 
30.18 
33.89 
38.79 
49.78 
54.10 
59.37 
66.04 
74.85 
87.10 
89.55 





120°K, Dy—Ar 
* t 
[atm] {atm] 





18.42 
25.92 40.71 
32.47 47.56 
35.17 49 
38.50 54.30 
42.59 58.72 
47.69 64.23 
52.84 69.77 


32.43 


472 





partial molar volume of hydrogen Vy is only good to 
+4 cc and (0 Ink*/dp)r and (dx/dp)7r were averaged 
between 0 and 50 atmos and the corresponding con- 
centration range. 


THEORETICAL 
Calculations Using the LJD Free Volume 


The isotope effect will be treated as a quantum 
correction to a theory given by Karasz and Halsey. 
Since the theory is applicable to very dilute systems 
only, we restrict our calculations to infinitely dilute 
solutions, that is to the extrapolated values of k*. 
The values of the molecular parameters have been 


taken from the tabulations of Hirschfelder, Curtis, 
and Bird," using the quantum-mechanical values for 
Hz and D2. The LJD free volume v and wy» were cal- 
calculated from Eqs. (16) through (19) in footnote 
reference 1. If we denote the partial molar Gibbs free 
energy of forming an empty void in the solvent, suitable 
to contain a molecule of solute, by G.=H,—S,-T, we 
then find! 


Ink* =wo/kT+G,/kT— In(v/kT) 
G,/RT = \n(v/Vapp) —wo/kT 
S,/k=H,/kT— \n(v/Vapp) +8/kT, 


(16) 
(17) 
(18) 
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TABLE ITI. 








H.—Ar 


Tr ta? 


Vu 
a Pw 


cc/mole 


L 
cal/mole 


Vapp 
cc/mole 





87.0 

94.2 
100.0 
110.0 
120.0 
130.0 
140.0 


835 
745 
685 
600 
526 
456 
392 


8.55 
10.37 
11.98 
15.04 
18.72 
23.39 
30.28 


258 





D.—Ar 


Toe 
Kk. #0 


Vapp 


cc/mole cc/mole B cal/mole 





87.0 
100.0 
120.0 


688 
570 
444 


10.38 30 
14.44 31 
22.18 36 


—1.00 
—0.80 
—0.65 


250 
297 








® Mean values between the temperature under which they are entered and the 
next higher temperature. 


where H, is the partial molar heat of solution. In the 
formula for S, a mixprint in footnote reference 1, 
affecting the last term in the equation, has been 
corrected. 

In order to carry out the quantum corrections, we 
replace the classical LJD free volume v(cl) by a three- 
dimensional isotropic harmonic oscillator. The corre- 


sponding effective classical frequency v is then given 
by" 


v= (kT /2xm)'v(cl)-4. (19) 

In footnote reference 1, the quantum correction was 
written in terms of the partition functions with the low- 
est state as zero of energy, and therefore involved a zero- 
point correction to wo, before the calculation of the 
correction. This method though possible in principle 
was cumbsersome enough so that the quantum correc- 
tions given in footnote reference 1 are wrong. Here we 
will calculate an effective frequency from the partition 
function with the bottom of the potential (wo) as 
zero: 


hy’ /kT =[1— exp(—hv/kT) ] exp(hy/2kT) 
u(qu) =(kT/2rmy’?) 4, 


(20) 
(21) 


No further zero point correction to w is then necessary, 
since it has been taken care of by exp(hv/2kT) in Eq. 
(20). The approximation made by changing from the 
LJD potential to the harmonic oscillator model can 
perhaps best be seen in Fig. 4 (drawn curve: Lennard- 
Jones and Devonshire potential, dashed curve: har- 
monic oscillator). 

Next, we have to calculate the small quantity 6 


4 Footnote reference 12, Eq. (802.8). 


in Eq. (18), which will allow for the nonproportionality 
of v(qu) and T. 


5=d In[v(qu)/kT ]/d(1/kT). 
From Eqs. (19) and (21), we find 
v(qu) /v(cl) =f=(v*/r’*). 
If hv/kT is set equal to x, then with Eq. (20) 
f=Lx- exp(—2/2)/(1— exp—2)F. (24) 


It emerges from an examination of tables for the LJD 


parameter g"6 that v(cl) is almost proportional to 
kT. Therefore 


d In[u(cl) /RT]/d(1/kT) “Kd In[u(qu) /kT]/d(1/kT). 
(25) 


Hence, from Eqs. (22), (24), and (25), one finally 
obtains 


5=hv(d Inf/dx) =3h[1/x—}—1/(e—-1)]. (26) 


The calculations were carried out for 87°K, because 
the substitution of a harmonic oscillator for the LJD 
potential should be better the higher the density. The 
results are given in Table III. 


(22) 


(23) 


400- 





f cal./ mole 7- 





w(r) - w(O) 








r/a 


Fic. 4. Comparison between the LJD potential (——) and 
the harmonic oscillator potential (---). Innermost curve ( 
shows the harmonic oscillator for the free volume calculated 
from the experimental isotope effect. ; 


4% T. L. Hill, J. Phys. Colloid Chem. 51, 1219 (1947). 
16]. Prigogine and G. Garikian, J. chim. phys. 45, 273 (1948). 
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It should be pointed out there that the quantum 
corrections when calculated correctly, for Table II of 
footnote 1 are so small that the classical values given 
in that table are the correct quantum ones also. 


Calculation of Free Volume from the Isotope Effect 


We shall assume that, in Eq. (16), the mass of the 
incorporated atom does not affect the value of the 
free energy of void formation G, or the depth of the 
potential wo, but only the frequency of vibration and 
thus the effective free volume v. The isotope effect is 
the result of the different values of v(qu) for the two 
isotopes. We can then use the ratio of the solubilities of 
D, to Hz (1.2) to calculate the correct classical free 
volume, by setting v(qu) D2/v(qu) H.=1.2, and find- 
ing the value of u(cl) in Eqs. (19)—(21) that gives this 
ratio. 

The free volume so estimated, as well as the other 
quantities calculated from it, are shown in Table IV. 
This estimate of the free volume, which does not suffer 
from the limitations of the LJD integration, is a factor 
of five smaller than the LJD free volume. The corre- 
sponding potential is shown in Fig. 4. 


TaBLe III. Parameters for argon at 87°K, calculated from the 
D free volume. 





H; filled holes D; filled holes 





1137 cal/mole 
1.836 10" 
1.91510" 
v (cl) 1,35 cc/mole 
v (qu) 1.18 cc/mole 
S, (cl) 6.30 e.u. 
S, (qu) 6.06 e.u. 


1137 cal/mole 
1.298 10" 
1.326X 10" 
1.35 cc/mole 
1.27 cc/mole 
6.38 e.u. 

6.26 e.u. 


G, (qu) 
5 


957 cal/mole 
43.6 cal/mole 


936 cal/mole 
22.0 cal/mole 





TABLE IV. Parameters for argon at 87°K, calculated from the 
isotope effect. 





H: filled holes D, filled holes 





3.139 10" 
3.544 10" 
0.2750 cc/mole 0.2750 cc/mole 
0.1868 cc/mole 0.2241 cc/mole 
8.8 e.u. 9.2 e.u. 

660 cal/mole 660 cal/mole 
123 cal/mole 63.6 cal/mole 


2.219 10" 
2.365 X 102 





CONCLUSIONS 


The rather large entropies for lattice vacancy forma- 
tion found in footnote reference 1 for the solubility of 
helium and neon have also been found here for the solu- 
bility of H, and Ds». By the use of the isotope effect it- 
self, it is possible to avoid the approximations of the 
LJD theory in estimating these entropies. We realize 
that other isotope effects, such as the average volume 
occupied (steric effect) and rotational effects have been 
neglected, but it is pertinent that recent calculations on 
the LJD model by Dahler and Hirschfelder" also come 
to the conclusion that the LJD free volume theory is 
very poor. The theory, when applied to the solution of 
foreign atoms at zero concentration is free of the logical 
defects caused by the arbitrary distinction between a 
wanderer and (identical) cage atoms, but still appears 
to be very inaccurate indeed. 
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An analysis of a number of features of the absorption spectra 
of U** ions in crystals is given. Absorption spectra of crystals of 
the compounds Cs,UCle, and [N(CHs)« UCls, and to a lesser 
extent [N(C2Hs)4 le UCI. have been studied at room tempera- 
ture, liquid N2 and liquid He temperatures. The visible spectrum 
is essentially entirely vibronic. Pure electronic transitions are 
absent or very weak in thick crystals in agreement with a model 
of electric dipole transitions within the 5 f? shell at an equilibrium 
site of inversion symmetry. We believe this to be the first demon- 
strated case of an essentially purely vibronic spectrum reported 
for rare earth or actinide salts. The three “ungerade” frequencies 
of the UCl~ complex are coupled to the electronic frequencies 
and are determined by their appearance with the same frequency 
of superposition in all three salts as well as by being the most 
intense of the vibronic lines in every group in which they appear. 
Other lattice modes and internal frequencies of the tetramethyl- 
ammonium ion are also found to be superimposed. The weak 


pure electronic transitions are fairly sharp, an indication that 
there is still considerable shielding in the 5 f* electronic states 
even though this shielding is less than in 4 /* states. The inde- 
pendence of superimposed vibration frequencies on 5 f* electronic 
states indicates the fact that the 5 f states do not contribute 
much to the binding. The similarity in the spectra of the three 
salts studied is due to the fact that the nearest-neighbor CI- ions 
are the principal origin of the crystalline field in contrast to the 
rare earths, wherein this type of similarity is due to the fact that 
the crystalline field is small and each group of lines represents a 
multiplet level of the free ion. Evidence is presented that the 
crystalline field splitting is larger than hitherto believed and is 
the same order of magnitude as the spin-orbit interaction. Meth- 
ods of attacking the problem of the experimental classification 
and calculation of energy levels in the situation in which three 
major interaction are of comparable size are discussed. 





I. INTRODUCTION 


T is by now well recognized that the absorption 
spectra of crystals containing lanthanide ions in- 
volve transitions within the 4f shell. Studies of the 
absorption spectra of crystals containing actinide ions 
have provided much evidence in the last fifteen years 
for the belief that these spectra arise from transitions 
within the 5/ shell of the ions.! 

Progress in understanding the complicated spectra of 
the lanthanide ions has been slow even though this has 
been an active research field for more than 30 years. 
At present, only the spectra of the ions Ce**, Pr**, 
Tm**, and Yb** with at most two electrons (or holes) 
in the 4f shell are understood in reasonably complete 
detail. There continue to be contributions to a fuiler 
understanding even of these relatively simple spectra.?~* 

Our understanding of one and two electron spectra 
of the actinide ions is still less complete than of the 
analogous lanthanide spectra.*-” In part, this is due to 


* This work was initiated at the Argonne National Laboratory 
under the auspices of the U. S. Atomic Energy Commission by 
D.M.G. and R.A.S. during the summer of 1957. Since then, it 
has been jointly carried forward at UCLA and at Argonne. This 
work which was presented in part at the American Physical So- 
ciety Meeting at UCLA in February, 1959, is being submitted by 
D. Young in partial fulfillment of the requirements for the Ph.D. 

! G. T. Seaborg and J. J. Katz, The Actinide Elements (McGraw- 
Hill Book Company, Inc., New York, 1954), ist ed. 

2 G. Dieke and Sarup, J. Chem. Phys. 29, 741 (1958). 

3 E. V. Sayer, K. M. Sancier, and S. Freed, J. Chem. Phys. 23, 
2060 (1955). 

‘B. Judd, Proc. Roy. Soc. (London) A241, 414 (1957). 
ar Dieke and H. M. Crosswhite, J. Opt. Soc. Am. 46, 885 

1956). 

6 U. Johnsen, Z. Physik 152, 454 (1958). 

7™W. A. Runciman and B. G. Wybourne, J. Chem. Phys. 31, 
1149 (1959). 

’P. P. Feofilov, Optika i Spektroskopia 6, 150 (1959). 

* For a general review of rare earth and actinide ion spectra 


a paucity of data particularly of absorption spectra on 
single crystals of actinide ion compounds. In addition, 
there are a number of reasons why one would expect 
the problem of analyzing actinide ion spectra to be 
more difficult than the problem of elucidating lan- 
thanide ion spectra. Among these is the fact that the 
spin-orbit interaction for 5f" electrons is larger than for 
4f" electrons resulting in a greater departure from 
Russell-Saunders coupling of the former compared with 
the latter. Another complicating factor is the greater 
spatial extension of the 5f compared with the 4f wave 
functions which results in less perfect shielding from 
the electric field of the crystal and in larger Stark 
splitting of 5f compared with 4f electrons. In turn, this 
has as a consequence a greater degree of mixing of free 
ion J values. 

On the other hand, we hope to show that actinide 
ion spectra may have “built in” aides to their identifica- 
tion and analysis, which are for the most part lacking 
in the case of lanthanide ion spectra. These special 
features will be more fully discussed in subsequent 
sections of this paper, particularly in the summary. 

This paper is the first part of a detailed study of a 
5/? configuration and presents the experimental results 


see W. A. Runciman, Repts. Progr. Phys. 21, 30 (1958); and 
D. McClure, Solid State Phys. 9, 399 (1959). 

For a general review of the actinides see C. K. Jorgensen, 
Molecular Phys. 2, 96 (1959). 

1 J. C. Eisenstein and M. H. L. Pryce, Proc. Roy. Soc. (Lon- 
don) A238, 31 (1956). ; 

12 J. Conway, J. Chem. Phys. 31, 1002 (1959). Our results differ 
considerably from Conway’s in that we present evidence for a 
much larger crystalline field. Conway believes his spectra of 
tetravalent uranium fluorides show no vibronic transitions, 
whereas our transitions were almost entirely vibronic with an 
—" weak, pure electronic transition in sufficiently thick 
crystals. 
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together with a number of conclusions that may be 
reached even in the absence of detailed calculations. The 
second part of this study will consist of a detailed 
analysis of the energy levels of the 5/? configuration of 
the U* ion in an octahedral crystalline field including 
spin-orbit and electrostatic interactions. 

The compounds chosen for this work were Cs,UCle, 
[(CHs)4N UCI, (Abbr. TMA), and [(C2Hs),N]},UCI. 
(Abbr. TEA). These substances possess relatively sharp 
absorption lines, many of which are resolved even at 
room temperature. 

The crystal structures of all three salts are known. 
In all three compounds the uranium ion is surrounded 
octahedrally by six chloride ions (U-Cl distance is 
2.75 A; reported only in Cs,UClg)." The cesium double 
salt is trigonal (a=b=7.492 A, c=6.038 A); space 
group D,,*. The compound has one molecule per unit 
cell.“ The TMA double salt is face-centered cubic space 
group O,°(@=13.03) with four molecules per unit 
cell.“ The TEA double salt is orthorhombic; space 
group Dy*(a=14.2, b=14.7, c=13.3) with four mole- 
cules per unit cell." In all three cases the uranium ion 
is an equilibrium site of inversion symmetry, the site 
symmetry being D3, O, and D» in the cesium, TMA, 
and TEA double salts, respectively. 


Il. EXPERIMENTAL 


The salts were prepared by methods previously de- 
scribed.”-"* The spectra were photographed at room 
and liquid N. temperatures from 3500 to 12000 A 
and to 9000 A at liquid He temperature on a Bausch 
and Lomb large Littrow spectrograph by using a glass 
prism. For the short-wavelength range a quartz prism 
was used. Near-infrared tracings to 5000 cm™ were 
obtained at room temperature on a Spectracord and a 
Cary model 14 spectrophotometer. In addition, in- 
frared spectra were obtained for all three compounds at 
room temperature on a Perkin-Elmer model 21 and 
on a Beckman IR-4 instrument in the NaCl and CsBr 
regions. The infrared spectrum of the compound 
Cs,U0,Cl, was also observed for reasons which will be 
discussed later. 

Wavelengths were assigned in the photographic 
region by linear interpolation between iron lines except 
in the near-infrared region where Hartmann interpola- 
tion was used with sodium, argon, and mercury stand- 
ards. 


Ill. RESULTS 


For Cs,UClg no absorption bands were found in the 
region 600 cm™ to 4500 cm except at 915 cm~! where 
there is a sharp band due to uranyl ion. This band arises 
because of surface oxidation of the Cs,UCl. crystals by 
air. The band has now been positively identified as due 


18S. Siegel, Acta Cryst. 9, 827 (1956). 

“4 Staritzki and Singer, Acta Cryst. 5, 536 (1952). 

8 C. Hutchison, G. Candela, J. Chem. Phys. 27, 707 (1957). 

16 G. Candela, C. A. Hutchison, Jr., and W. B. Lewis, J. Chem. 
Phys. 30, 246 (1959). 
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to a UO,* + vibration when it was found to occur as the 
strongest feature in the infrared spectrum of pure 
Cs,UO,Cl, grown from an aqueous solution containing 
UO;* +. 

There are two broad bands in the region 600—500 
cm~ which occur both in the Cs,UCls and the TMA 
salt. These bands peak at 500 and 560 cm“ in the latter 
and 505 and 565 in the former salt. In addition, absorp- 
tion bands have been observed in the 300 cm“ region. 
The validity of the absorption bands in the 300 cm™ 
region is still in doubt because of the difficulty in making 
precise measurements on crystals with a prism instru- 
ment at these long wavelengths. 

The spectra of the three U‘t compounds studied are 
very rich in absorption bands in the 4500 cm™ to 
29 000 cm™ region. It is with these bands that the 
remainder of the discussion will concern itself pri- 
marily. Total absorption occurs beyond 28 800 cm 
approximately. 

The pure electronic transitions in the photographic 
region above 8000 cm™ were determined as follows: 
For thin crystals, and looking at a particular group of 
bands, one observes a point in the photographed spec- 
trum at which there is no absorption and around which 
absorption lines are grouped symmetrically at longer 
and shorter wavelengths. The average position between 
any pair of such symmetrically situated lines is found 
to agree within experimental error. The absorption 
lines on the long wavelength side of this average position 
disappear at liquid helium temperature. In thick 
crystals (~4 mm) for many of the observed transitions 
a very sharp but weak absorption line is seen at this 
average point. This line does not disappear at liquid 
helium temperature. Presumably, it is due to a pure 
electronic transition. The pure electronic level positions 
determined in this way are given in Table I for both 
Cs,UCle and (TMA).UCI, together with the tempera- 
ture shift of each of the levels. 

All together, 18 pure electronic transitions have been 
observed in the photographic region. The strongest 
frequencies superimposed on these pure electronic 
transitions” are 94, 113, 257, cm! in (TMA).UCI. and 
94, 114, 260, cm in Cs,UCl¢. It was assumed that the 
same general features recur in the near-infrared region 
as well. A clearly discernable example of this is the 
5000 cm electronic level with two broad main peaks 
which can be seen on the room temperature Cary model 
14 tracings at 2.015 yu. These main bands have a separa- 
tion of 1.6510? cm. One-half of this separation, 83 
cm, is close to one of the UCI" complex vibrations 
which already had been observed to be strongly coupled 
to a number of pure electronic transitions in the visible 
region. Since the Cary spectrophotometer does not 


" The tetraethylammonium salt has not yet been as extensively 
studied and measured as the cesium or tetramethyl ammonium 
salts. The presence of the same three fundamental frequencies of 
the UCI= poor however also been found in TEA salt superim- 


bese on pure electronic transitions. We are grateful to Mr. Slava 
ollack for these spectra. 
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TABLE I. 








(a) Cs,UCl. 


Vibronically 
located 


Electronic 
level (77°K) 


Temperature shift 


(77°K) —(R.T.) (4°K) — (77°K) 


Directly measured 
(very thick crystals) 





5046 cm7 (R.T.) 
6282 (R.T.) 
7273 (R.T.) 
8158 (R.T.) 
9232 


9540 
10 065 
11 176 
12 125 
12 876 


12 983 
14 788 
15 211 


15 752 
16 795 


SOMUA Uwe 


20 482 
20 760 
21 814 


22 203 
24 721 








9237 cm! 


9612 
10 069 
11 200 
12 130 
12 954 


14 835 
15 235 
? 

15 778 
16 834 


18 870 
20 612 
20 753 
21 897 
22 238 


24 749 


14 834 
15 234 


16 834 


12 130 cm™ +5 


+9 


inf 
+4 


+3 
+10 


+17 


+7 
+11 


+80 +16 








possess resolution in the near-infrared region com- 
parable to that of the spectrograph in the photographic 
region, not all of the near-infrared vibronic transitions 
are resolved. However, it appears that there are at 
least four pure electronic levels in the 8325-5000 cm=! 
region. These are listed in Table I along with those 
occurring in the photographic region. 

The vibrational frequencies found superimposed 
upon each electronic level for two of the three salts 
studied are presented in Table II. 

A KBr pellet was made with 1% (TMA).UCl, and 
the spectrum observed in the NaCl region of a Beckman 


IR-3 spectrograph from 450 to 10 000 cm-'. Table III 
shows the pellet frequencies along side of some high 
frequencies which have been found coupled to the 
electronic levels. The high frequencies are found 
superimposed only on those electronic levels which have 
the strongest UCI." vibronic transitions. In addition 
Table III shows some strong infrared absorption 
frequencies in a single crystal of (TMA)2:UCl. which 
are not present in the same region of the Cs,UCl¢ spec- 
trum and hence must be (TMA)+ ion internal fre- 
quencies. Frequencies of the (CH3),N* ion in solution 
are also shown for comparison where applicable. 
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TABLE II. Vibration frequencies found superposed upon electronic levels.*» (cm-'). 





(a) Cs2UCle 
Electronic level (numbered as in Table I) 





44 (39)," 94, 113 (108), 253*> 


78 

89 (82) 

55, 93 (93). rr 151, 252 

63" (55), 8 ), 96 

42 (40), 6, ss “(84), 114 (116), 260 


41, 58, 95, (103*), 115, 260 
42' (40), 58 (55), 69 (68), 113 (113), 125 (125), 260, 272, 298 
36 (36), 60 (60), 91 (94*), 99, 115 (113), 124, 247, 260, 273, 298 
21, 40, 58, 98 (95), 115 (115), 126, 249, 260 

60, 96 (95), 114 (116), 132, 260 


40 (40), 115 (115), 258 (256), 295, 351, 422, 567, 627, 785 


59 (54), 77, 91 (88), 251, 258*, 292 
b By 115 (117), 253*, 298 


40 (40), "58 (58), 95 (95), 114 (115), 127, 251, 260 


58 (59), 79, 92 (94) 
60, 77, 93 (88*) 


COND UP wWhn— 





(b) (TMA)2UCI. 
Electronic level (numbered as in Table I) 





25* (25*), 91 (91), 204, 256 


27* (27*), 86*, 91 

21, (26*), 90 (89), 555 

19, 80, 109, (116), 232, 271, 320, 346 

18 (17), 36 (34), 73 (72), 93 (9 5) 

(23.5*), 32, (72), 90 (92), 110 (111), 254, 269, 309, 333, 561, 952, 1072, 1191, 1293, 1420, 1450, 1487 


18 (18), 33 (33), 76 (78), 116 (115), 190, 241, 259 (259), 274, 560, 1451, 1726 
17 (17), 34 (34), 74 (73), 94 (95), 114 (112), 259, 275, 298, 366, 951, 988, 999, 1068, 1171, 1290, 1415, 1451 


25* (25*), 77, 85, 96 (92*), 112 (112), 182, 202, 258, 331 


1 
2 
3 
4 
5 
6 
7 
8 
9 
10 


-_ 
Ne 


19 (19), 31 (31), 78 (77), 110 (117), 186, 255 (259), 272 (273), 296, 330, 376, 414, 501, 554, 576, 734, 849, 950, 


1070, 1179, 1295, 1439, 1488 


84*, (84*), 259, 930, 1133, 1248, 1721, 1793 
33, 80, 111, 200, 254, 2983, 322, 344 

34, 80, 96, 114, 242, 547 

17, (26*), 34, 77, _(92*), 114, 125, 242, 255, 
29' (29), 90*, 257 


33 (33), 80*, (89), 192, 315 


268, 304, 337 





® Values in ( ) are determined from difference lines on the long-wavelength side of the pure electronic transition. 
© Values marked *: This is probably not a true vibration frequency, but an apparent center of two adjacent unresolved lines. 


Figures 1 to 4 illustrate the general features of the 
spectrum. Figure 1 shows selected infrared tracings. 
Figure 2 is a comparison of (TMA)2UCl. and Cs,UCl. 
spectra in the region of 15 000 cm™. Note that the pure 
electronic transitions (locations marked) do not 
appear. Figure 3 is a comparison of (TMA)2UCl. 
spectra at room, liquid-nitrogen and liquid-helium 
temperatures. Figure 4 shows the appearance of a weak 
pure electronic transition in a thick crystal of 
(TMA) UCI. 


A typical energy level diagram for the two salts has 
been drawn for comparison and appears as Fig. 5. Other 
energy level diagrams can readily be drawn from the 
results in Tables I and II. 


IV. DISCUSSION 


1. General Nature of the Spectra 


It has been known for some time that the spectra of 
CsUCle, (TMA)2UCle, and (TEA)2UClI, are quite 
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TasLe III. Comparison of vibration frequencies above 900 
cm found by superposition upon electronic levels with those 
found directly. 








Silver’s* 
(TMA).UCI. (TMA)* ion 
in KBr pellet in solution 
infrared (TMA)2UCIle infrared 


Superimposed 
i frequencies pure crystal frequencies 


frequencies 





952, 951, 950 

1072, 1068, 1070 
1171, 1179 

1293, 1290, 1295 

1414, 1420 

1439 

1450, 1451, 1451, 1450 
1487, 1488, 1485 
1721, 1726 

1793 


952 


1170 
1291 
1414 
1446 
1455 
1487 
1733 
1792 


950 
1080 
1175 
1300 


955 








® S. Silver, J. Chem. Phys. 8, 919 (1940). 


similar. The present results indicate that the similari- 
ties arise in the following ways: 

(1) The pure electronic levels are located in very 
nearly the same positions in these salts. (See Table I). 
The differences in the positions are usually 5-50 cm™'. 
Since the crystals differ in composition and crystal 
structure except for the recurrence of the UCI" con- 
figuration, it is reasonable to assume that the large 
crystalline Stark splitting of the U** ion levels in the 
crystal is almost entirely due to the influence of the six 
neighboring chloride ions of the complex; and 

(2) the strongest absorption lines in the spectra are 
due to the three wngerade internal vibrational frequen- 
cies of the UCI," complex at around 94, 114, 258 cm™ 
which appear superimposed on the pure electronic 
transitions. These frequencies are essentially the same 
in all three crystals. (See Table IT). 

Our results show that if there is a splitting of the 
electronic levels in going from cubic (TMA)2UCl, to 
trigonal Cs,UCl¢ it must be quite small (less than 3 
cm™'). This fact further strengthens the idea that it is 
the nearest-neighbor chloride ions which predominantly 
determine the crystalline field about the uranium ion 
and that the UCI," configuration is very closely octa- 
hedral in both compounds. A detailed comparison of 
the electronic levels of the two salts listed in Table I, 
however, does show two electronic levels (Nos. 10 and 
13) which may seem doubled in Cs,UCle salt but occur 
only once in (TMA).UCl¢. We doubt that this ap- 
parent doubling is due to a Stark splitting in the lower 
symmetry field of the Cs,UClg salt, as one would ex- 
pect other levels to be affected in a similar way. 
Whether or not the UCI vibrational levels are split 
in Cs,UClg is a problem currently being studied with a 
21-ft. grating instrument. These studies at UCLA 
which are being carried out at much higher resolution 


'8 G. H. Dieke and A. B. F. Duncan, Spectroscopic Properties of 
Uranium Compounds (McGraw-Hill Book Company, Inc., New 
York, 1949). It should be pointed out that the wavelengths re- 
ported in the latter differ considerably from ours. 
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than those described in this paper should also be helpful 
in deciding whether or not small splittings (too small 
to be detected with the Bausch and Lomb prism spec- 
trograph) occur in electronic levels. 

It has often been remarked that the spectra of ac- 
tinide compounds resemble those of lanthanide com- 
pounds. This is due primarily to the fact that the 
absorption spectra of both the 5f and 4f series of ele- 
ments are characterized by groups of spectral lines, 
with separations of several hundred wave numbers 
between groups. It is nevertheless extremely hazardous. 
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cm" 


Fic. 1. (a) Absorption bands of Cs,UCk in the 400-600 cm 
region. (b) Absorption bands of (TMA)2:UCKk in the 400-600 
cm™ region. The 460 cm™ band is most likely due to uranyl] im- 
impurity as it appears strongly in the Cs,UO,Cl, spectrum. The 
other weaker bands at 420, 398, 385, 377, 370 cm™ also appear 
in the latter spectrum. 
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to make direct comparison between actinide and lan- 
thanide absorption spectra.” 

In the lanthanides, each group of lines corresponds to 
a free ion J level, and the lines within a group are due 
to the crystalline Stark splitting. In the actinides, as 
in the U** case for example, it is likely that each group 
of lines corresponds to a single crystalline Stark level, 
the lines within a group being due to superimposed 
vibrational transitions.” Conversely, one cannot safely 
argue in the case of the actinides that a set of electronic 
levels which happen to be grouped together do in fact 
arise from the same split J level. The reasons for this 
situation are twofold. First, in an analysis to be pre- 
sented in the following, the crystalline potential will 
be shown to be as much as two orders of magnitude 
greater in the actinides than in some lanthanides. 
Second, the spin-orbit interaction parameter in the 5f 
series can be expected to be of the order of {5;= 1600 


4 operas este 


Fic. 2. A comparison of (TMA):UCI¢ (top) 


| 

and Cs,UCl. 
(bottom) spectra at liquid nitrogen temperature in the vicinity 
of 15000 cm™ showing vibronic lines associated with electronic 
levels 11 (left) and 12 (right) of Table I(b). The pure electronic 
transitions do not ay in these spectra but their virtual posi- 
tions are marked. 94, 114, 287 cm-1 coupled vibrations of 
the UCI complex on the short wavelength side of the pure 
electronic transitions are indicated as a, , c, respectively. Note 
that the 94 cm™ vibration is not seen as a vibronic transition 
coupled to the 14835 cm™ electronic level. An iron arc com- 
parison spectrum is included. 


cm™ which is about twice as large as in the 4f series of 
elements. This means that some of the crystalline field 
splittings in the actinides can be of the same order of 
magnitude as some of the spin-orbit J multiplet split- 
tings. In calculations these two interactions must 
therefore be diagonalized simultaneously together with 
the electrostatic interaction between electrons. Second- 
order perturbation theory, which appears to work 
quite well in the lanthanides, cannot be used at all in 
the actinides. 

One can interpolate between two known spectra and 
obtain a rough tentative value for the {sy integral. 
Racah’s value” for the 5f? configuration of Th*+ is 
is {s7=1035 cm™', and Goodman’s value” for the 5f 

_'* Attempts have been made to correlate directly the absorp- 
tion spectra, for example, of UC, and PrCly. K. M. Sancier and 
S. Freed, J. Chem. Phys. 20, 349 (1952). 

% This interpretation is in contradiction to that in footnote 
references 12 and 26. 

1G. Racah, Physica 16, 651 (1950). 

2 G. L. Goodman and M. Fred, J. Chem. Phys. 30, 849 (1959); 


see also C. Hutchison and B. Weinstock, Tech. Rept. EFINS- 
59-35 or J. Chem. Phys. 32, 56 (1960). 
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Fic. 3. A comparison of (TMA)2UCl\ spectra at room, liquid- 
nitrogen, and liquid-helium temperature in vicinity of 12 500 
cm™! showing vibronic lines associated with electronic levels 9 
and 10 of Table I(b). 


electron in NpFs is {;;=2400 cm. If one assumes 
ss proportional to (Zers)*, then {5,(U*+) = 1035 {1+ 
$[(2400/1035)'/4—1]}4+1600 cm™. This value for 
{sr also assumes that the effective charge for U** is 
half-way between Th?* and Np*, and that the most 
important reason for the change in ¢ is the change in the 
degree of ionization rather than the change in atomic 
number. 


2. Evidence for the Large Size of the Crystalline Field 


It is clear from the widely separated electronic energy 
levels given in Table I that the crystalline Stark split- 
ting in the uranium salts is large compared to the 
splitting commonly observed in lanthanide salts. 
Since the separations between excited levels in most 
regions of the spectrum are of the order of 1000 cm™ 
or so, one might conclude that the Stark splitting is 
only about one instead of two orders of magnitude 
greater in the uranium salts than in lanthanide salts. 
However, the first excited pure electronic state is about 
5000 cm~! above the ground state (see Table I). This 
is to be compared with 33 cm™ for the first excited state 
in PrCl;.? 

Actually there has already been an indication from 
the work of others that the crystalline field splitting is 
fairly large. Hutchison and Candela concluded on the 
basis of magnetic susceptibility measurements that the 
first (or possibly second) excited Stark level in Cs,.UCl¢ 
and (TMA):UCl. is 1150 cm™ above the ground state. 
These workers found the magnetic susceptibility to be 
constant over the temperature range from room to 
liquid-helium temperatures. This behavior was ex- 


Fic. 4. The absorption spectrum of 
thick crystal of (TMA),UCIs at 
liquid-nitrogen temperature showing 
a weak, sharp pure electronic transi- 
tion at 12 130 cm™. The strong ab- 
sorption “line” on the short wave- 
length arises from the superposition of 
the 93 cm™ UCle vibration. Corre- 
sponding sum and difference lines are 
indicated. 
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Fic. 5. Empirical level diagrams accounting for the transitions centered about the 14835 cm™ electronic level in (TMA)2UCI. 
compared with the corresponding ones in Cs,UCls. The corresponding spectral lines appear on the right hand group of the photographed 


spectrum in Fig. 2. The levels marked e and e@ are, res 
Levels above e are vibrational, superimposed upon e. 
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tively, excited and ground electronic levels in their lowest vibrational state. 
ibrational levels are aiso shown superim 


on é. The vibrational energy 


spacings are to scale but there is a huge contraction of scale between ¢ and the highest vibrational level going with ¢o. 


plained on the basis of a model involving a nonde- 
generate ('I';) ground state and the absence of low- 
lying degenerate states. Their value of 1150 cm™ 
for the first excited state was obtained by assuming 
the magnitude of the susceptibility to be due to the 
perturbation of the ground ‘I, by the *Iy state in the 
presence of a magnetic field. The energy E, of the *T, 
level above ground they adjusted to give the experimen- 
tally observed value for the susceptibility. Hutchison 
and Candela calculated the susceptibility using crystal- 
line states determined within the J=4 manifold. 
However, the large crystalline field required to place 
the first electronic level at 5000 cm™ produces a pro- 
found mixing of the J states. Our detailed calculations, 
now in progress, of the energies of f? states have yielded 
eigenvectors which can be used to recompute the 
susceptibility. Such a calculation is discussed in Sec. 6. 
Since the analysis of the spectrum depends strongly on 
the position of the first excited electronic level, it is 
important to consider this question in somewhat greater 
detail. For this reason, it is planned to make a more 


thorough study of the entire infrared region in order to 
be still more certain of not having missed an electronic 
level. The infrared absorptions which have been ob- 
served in the 600-500 cm™ and the 300 cm™ regions 
are almost certainly connected with vibrational modes 
of the UCI complex. (The 915 cm absorption, it 
will be recalled is due to UO,* +.) 


3. Identification of the Characteristic Frequencies of 
UCL- 


Only the “ungerade” modes should appear™*® as 
vibronic transitions since the equilibrium position of 
the U* ion is at a site of inversion asymmetry. During 
vibration in an odd mode the inversion symmetry is 
destroyed (except when passing through equilibrium) 
and electric dipole transitions may occur. Furthermore, 
since the Cl ions are closest to the U ion it is reasonable 
to expect the three odd fundamental frequencies of the 
UCI." complex, *I’;, and *I’y, (twice), to be the strongest 


% (a) R. A. Satten, J. Chem. Phys. 29, 658 (1958); (b) 30, 
590 (1959). 
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of the vibronic transitions. All three salts have strong 
superimposed frequencies of about 94, 114, 258 cm™, 
and these are identified as Isu, I'su, su, respectively, on 
the basis of the expected order of these odd frequencies 
using the central force or valence force model. 

It is interesting to note that the ‘I, vibrational 
frequency appears in the vibronic spectrum although 
it is forbidden in the infrared. 

Once the odd modes frequencies of the UCl= com- 
plex are known, in principle it should then be possible 
to determine the even mode (“gerade”) frequencies 
from the appearance in the infrared of combinations of 
an even plus an odd mode (except *I's. plus 'T',, which 
is infrared inactive). Since the even modes should have 
frequencies up to around 300 cm~ it should be possible 
to account in this way for the transitions in the 600-500 
cm~ and 300 cm™ regions which have been observed. 
In fact, if one interprets the infrared data obtained so 
far the possible even mode frequencies turn out to be 
181, 195, 303 cm=. Thus the 560 cm transition could 
be a combination of a 257 cm™ (*I°y,) and a 303 cm= 
(Tig) frequency. These even mode frequencies are 
extremely tentative because of the uncertainty of the 
far-infrared data. We do not have a detailed explana- 
tion for the 500 cm™ band. 


4. Selection Rules 


The method of obtaining the selection rules for the 
vibronic transitions of lanthanide and actinide com- 
plexes in crystals has already been presented.”* There 
it was shown that for each vibrational mode of the 
complex coupled to the electronic motion of the central 
ion it is necessary to know the transformation properties 
of the interaction potential energy V., (which depends 
on nuclear displacements and central ion electronic 
coordinates) under transformations of the electronic 
coordinates. In the Errata*> it was stated (without 
proof) that one did not have to know the detailed 
modes to determine the desired transformation proper- 
ties of V.», but merely the representation to which the 
mode belongs. Then V,., transforms under electronic 
coordinate transformations according to the same 
representation as the mode whose coupling with the 
electrons is considered. The proof of this convenient 
theorem is given as an appendix to this paper. 

The selection rules as they apply to the octahedral 
complex in a site of O, or Dsg symmetry are given in an 
earlier publication.*» They are presented here again 
for convenience for the O, case. 


31", Modes: 'IT'\+>'T; electronic states 


3’; Modes: 'T,<+'T, and 'T.«+'T; electronic states. 


The selection rules are valid under the assumption that 
Ve» produces negligible splitting. 

Unfortunately the habit of growth of the Cs,UCl, 
crystals is such that it is very difficult to obtain crystals 
suitable for transmitting light perpendicular to the 
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optic axis. Thus the polarization rules for the Dz site 
have not yet been tested. 

The vibronic transition involving the coupled 94 cm~! 
vibrational frequency is missing in both (TMA)2UCI¢ 
and Cs,UCl, salts for the following electronic levels 
(as seen from Table II and identified by their TMA 
frequencies) : 


14 835; 16 834; 20 612 cm; 


and seen only in the cesium salt at 11 200 cm™. We 
conclude that these frequencies represent possibie 
IT", electronic levels. Likewise from the nonappearance 
of both the coupled 114 cm™ and 258 cm frequencies as 
vibronic transitions associated with the following 
electronic levels: 


9615; 10 071; 12130; 24749; 


in both TMA and Cs salts signifies that the latter fre- 
quencies represent possible ‘IT electronic levels. It 
should be remarked that the absence of a transition in 
any particular case is not conclusive evidence of the 
operation of a selection rule in the usual sense. Thus 
we do not maintain that all of the above frequencies are 
now identified. In fact it will be noted that there are 
four candidates for 'T, labels but only three such 'T; 
electronic states. 

The experimental results obtained so far tend to 
confirm the assumption made concerning the wave 
functions used for deriving the selection rules, namely, 
that the vibrational eigenfunctions »(Q) are inde- 
pendent of the electronic state. This assumption is 
verified by the fact that the vibrational frequencies 
are independent within experimental error of the elec- 
tronic state upon which they are superimposed. This is 
in contradistinction to the usual result of applying the 
Franck-Condon principle in determining molecular 
vibronic transitions. In the latter case the different 
electronic states yield different force constants and 
hence a different set of vibrational frequencies and 
eigenfunctions for each electronic level. The difference 
in the two cases is essentially a measure of the extent 
to which the electronic states affect the binding. The 
binding in the UCI,* complex appears to be very in- 
sensitive to the 5f electronic state. 

Since the pure electronic transition occurs with very 
low intensity compared to vibronic transitions in thick 
crystals (4 mm), the question arises as to whether its 
appearance is due to a magnetic dipole transition. This 
question can be investigated by sending polarized light 
perpendicular to the optic axis in the Cs,UCls crystal, 
assuming that the D3 over-all symmetry of the crystal 
splits the octahedral field levels enough to be ob- 
served. If the pure electronic transitions for the ray 
travelling down the optic axis appear in the r spectrum 
only, then they are magnetic dipole in nature. 

In any case it is clear that the very weak appearance 
of the pure electronic transition is proof of the electric 
dipole nature of the vibronic transitions. No spectra of 
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lanthanide compounds have as yet been studied in 
which the ion is at a center of inversion. Consequently, 
in order to determine the multipolarity of their transi- 
tions, it is necessary to study the spectra with polarized 
light, conclusions being definite only for those lines 
which appear only in the o or only in the w spectra. 

The location of the pure electronic transition may, 
since it is relatively sharp, make possible a Zeeman 
effect study. Even if the individual Zeeman lines are 
not resolvable, some information may be obtainable 
from the mere broadening or lack of broadening of the 
pure electronic transition after the magnetic field is 
turned on. Only *I’, and *I’; upper electronic states can 
give rise to such broadening since the ‘I; and ‘I, 
levels cannot split and the *I; levels have no first-order 
splitting in a magnetic field. The latter follows from the 
fact that 


CTs | L,+2S, | *T) =0, 


since L and S transform as *Iy and the direct product 
3T,X°T; does not contain *I3. 


5. Temperature Shift 


Examination of Table I shows that some electronic 
levels shift toward shorter and some toward longer 
wave numbers as the temperature is lowered. This can 
be explained by an increase in the magnitude of the 


crystalline field parameters as the lattice contracts 
with decreasing temperature. The ground state energy 
decreases with decreasing temperature and the excited 
levels increase or decrease in energy relative to their 
original position with respect to the ground state at 
room temperature. 

A particular transition decreases in wave number if 
the excited state is depressed by more than the ground 
state and vice versa. One expects most transitions to 
increase in wave number with decreasing temperatures, 
as is observed. Thus, the temperature shift of each 
electronic level is a label potentially useful in the iden- 
tification of the level. The calculated energy states must 
yield the correct temperature shift for all levels when 
the appropriate changes in the size of the crystalline 
field with temperature are employed. See the next 
section for an example of an attempt to use calculations 
of temperature shifts to identify an electronic level. 


6. Preliminary Attempt to Delimit Crystalline 
Potential 


The matrices in a basis of f*LSJM eigenfunctions 
of the Hamiltonian containing electrostatic interaction 
energy between two f electrons, between an f electron 
and an octahedral crystalline potential, and the spin- 
orbit interaction energy have been submitted for 
publication separately.% The octahedral potential used 


* R. A. Satten and J. Margolis, J. Chem. Phys. 32, 573 (1960). 
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1S 
V =a) [(35Z'—30Z*r?+ 394) +5 (x! 6x2y?+- y') J 
+b) [ (231Z8—315Z4r?+ 105Z°r'— 5°) 
—21 (x4—6x%y?+-y") (112Z2—7°) ] 
= (16/3) wa or Va o+ (5/14)! ( Vout Vas) ] 
+32 (/13)% > 790 Vo0— (7/2)8( Vout Vos) ], 


where the summation is over the 5f electrons. We shall 
abbreviate a(r*)= A and b(r*)=B. 

As the program of identification of levels by the 
methods indicated in the previous section is still 


_ incomplete, it is too early to attempt a fit of the data in 


order to determine the best values of the parameters. 
It is of interest, however, to see if it is possible to choose 
a reasonable set of parameters which will give a first 
excited level at about 5000 cm™ and have the ob- 
served number of electronic levels below 28 000 cm—. 

Eigenvalues and eigenvectors were determined on the 
“George” high-speed digital computer at the Argonne 
National Laboratory for a set of values of A ranging 
from 0 to 10000 and B ranging from 0 to 6000. In 
each case we used a set of Slater F;, integrals which 
were a factor 1.2 times the values given by Racah for 
the 5f? configuration in Th**. The value of {,, was 1800 
in each of these cases. 

Certain general features emerged from these trial 
calculations: (1) ‘I’; is always the lowest eigenvalue and 
well defines a zero of reference. (2) Values of either A 
or B (or both) at the large end of their chosen ranges 
each tend to give too many eigenvalues at too high an 
energy above the ground 'I’;. Consequently, the number 
of energy levels remaining in the visible region are far 
fewer than required by experiment so there are not 
enough levels to agree with experiment. (3) If one 
examines the separation of the lowest Ts, T4, I's, eigen- 
values above ground for values of B varying from zero 
to 2000 for any value of A, one finds these eigenvalues 
either first increase to a maximum and then decrease 
with increasing B or else they simply decrease steadily 
as all three do for A>4000. When A <3000 all such 
eigenvalues are in the range below 5000 cm, thereby 
ruling out values of A below 3000 cm~. In fact, to 
raise the lowest I's, Ts, I's, eigenvalues so that all will 
be above 5000 cm™ requires A to be of the order of 
5000 cm~. This is due to the fact that these three 
eigenvalues increase monotonically with A for given B 
and for A>4000 they decrease monotonically with 
increasing B. 

Thus given a set of F; and ¢ parameters at the start, 


with the additional requirements that the first excited 


level be near 5000 cm, and that there must be at least 
21 levels in the region between 5000 cm™ and 28 000 
cm™ the choice of values of A and B can be fairly well 
localized to the vicin‘ty A=5000 cm™, B=150 cm™. 
The value of A cannot get much larger without dis- 
placing the higher eigenvalues to too high energies. 
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Even with A as large as 6000 cm™, B would have to 
assume a value of about 300 cm™ to bring the first 
excited state to around 5000 cm™ above ground. 

A calculation of the magnetic susceptibility has been 
made using the parameter values A=5000, B=150, 
{ss= 1600, F2=231.6, Fy=32.85, Fe=3.72 (Fy ratios 
hydrogenic). These do not represent final or best 
values of the parameters but only extremely rough ones, 
as the calculated levels based on them do not have very 
good agreement, level for level, with the experimentally 
found energy levels. No systematic attempt at im- 
provement has been made as yet. However, the sus- 
ceptibility should not be highly sensitive to the exact 
value of the parameters, and a rough value of x is of 
interest. x is calculated from the expression 


x=2Nud DOC | CP: | Le+2S,| Ps, i) | */EiCTs) J. 


The result is 12.8X10-* Nye? or 3.3610 cm*/mole 
which is about six times too small—smaller than the 
experimental value of Hutchison and Candela. How- 
ever, these calculations do not include the possible 
temperature independent paramagnetism of the bind- 
ing electrons of the UCI" complex. An experimental 
determination of this value is now being made by meas- 
uring the susceptibility of Cs;ThCls. In summary, it 
can be stated that the crystalline field cannot be small, 
(of same order of magnitude as in lanthanide com- 
pounds), since this would result in temperature de- 
pendent paramagnetism and would also give a spacing 
of the excited levels much too completely incompatible 
with experiment. A crystalline field one order of magni- 
tude larger than the lanthanides would give energy 
levels in the region zero to 5000 cm™ contrary to experi- 
ment. This leaves one with a crystalline field in which 
the fourth degree potential is almost two orders of 
magnitude greater than in the case of the rare earths. 

We have considered the possibility that energy levels 
below 500 cm exist with very large values of B which 
might render the Zeeman splitting of the I, and I’; 
states too small to contribute a measurable temperature 
dependence to the susceptibility, (ie, a very low 
effective g value). However, the calculations show that 
very large values of B increase all but the very lowest 
energy levels to such a point that again, there are not 
enough levels in the region between 5000 and 28 000 
cm™, 

It is possible that changes in the parameters, particu- 
larly the F, and ¢ integrals, will affect the eigenvectors 
sufficiently to give better agreement with the optical 
positions, although preliminary trials show that the 
lowest eigenvalues are not very sensitive to small 
changes in F;, or ¢ integrals.* 

% We should point out the possibility that consideration of the 
entire * configuration may still not be adequate for any but the 
lowest states. The fact that there is at resumably) charge 
transfer band as low as 29 000 cm™ is an indication that perha 
configuration interaction involving molecular states of the entire 


UCI," complex may be important. A combination of crystalline 
field and molecular orbital approaches might be desirable. 
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A glance at the temperature shifts in Table I shows 
that in going from room to liquid nitrogen temperature 
in the TMA salt there is only one level in the region 
9300 cm! to 25 000 cm which shifts to shorter wave 
number. If we assume the temperature shifts to be due 
to changes AA and AB in the crystalline potential 
parameters, we can ask the following question: What 
calculated energy level can have a shift of —17 cm™ 
while all others in the photographic region have a 
positive (+) shift when AA and AB are positive (using 
the parameters F,=231.6, Fy=32.85, Fe=3.72, fs¢= 
1600, A4=5000, B=150 cm™)? It turns out that there 
is such a level calculated at 15 078 cm™ and it is a ‘T; 
electronic level. 

Now the experimentally found level with the —17 
cm is at 14 835 cm and it is one of those levels which 
we have already singled out as a possible ‘I’; level on 
the basis of the nonappearance of the coupled 94 cm™ 
I’; vibration. This consistency seems to make it very 
likely that the 14 835 cm™ level belongs to 'T;. The 
close agreement of the calculated and experimental 
level is at this stage to be considered somewhat fortuit- 
ous, the main emphasis of the argument being on the 
fact that we have two separate indicators both pointing 
to the identification ‘I’: selection rules and tempera- 
ture shifts. 


7. Summary and Suggestions for Future Work 


The summary of the major conclusions of this paper 
is given in the abstract. In this section we will not re- 
peat these conclusions but instead summarize, based 
on our present findings, what we believe to be some 
features of U* spectra in crystals which may be useful 
in the future analysis of actinide spectra. The problem 
arises from the fact that the three major interactions: 
electrostatic interaction between 5f electrons, spin- 
orbit, and crystalline field interactions are all large. This 
is intermediate between the 3d group, in which the spin- 
orbit interaction is small, and the rare earths, in which 
the crystalline field is small. Thus it seems unlikely 
that merely adjusting parameters will give a result in 
which one has much confidence. Rather one must in 
addition identify (i.e., assign irreducible representa- 
tions to) the states by experimental means if possible. 

The Zeeman effect is usually one of the best aids in 
analyzing spectra, but it has been reported that the 
lines in the U** spectra are too broad” for Zeeman 
studies even at liquid helium temperature. This is true 
of our spectra also, except possibly the pure electronic 
transitions. We find these lines to be fairly sharp and 
isolated although weak. Thus, when it is not possible 
to dilute a salt, instead of trying to sharpen the lines 
by going to thinner crystals (which does not work) 
one should use thicker crystals and look at the pure 
electronic transitions of ions at inversion symmetry 
sites. 

One can look for the small splittings expected under 
higher resolution of levels in a cubic field when a given 
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complex such as UCI, is also found in crystals of lower 
site symmetry at the complex. This can distinguish 
one-, two-, and threefold degenerate levels. 

Vibronic selection rules may be useful in assigning 
irreducible representations to excited electronic levels 
if the superimposed modes of vibration are identified 
as to symmetry type. 

The use of actinide ions at centers of inversion makes 
the distinction between crystalline Stark levels and 
vibronic levels easier to make experimentally, especially 
when the crystalline field splitting is as large as in our 
U* case. This is one feature of our spectra which is 
less ambiguous than in the rare earths, where crystal- 
line field splittings and vibronic separations are com- 
parable in energy and often in intensity as well. 

The temperature shift of lines is large and convenient 
to use as an empirical means of deciding in doubtful 
cases which vibronic lines are superimposed on the 
same electronic level. The magnitude and sign of this 
shift may also be of use in checking the validity of 
theoretical calculations of energy levels. 

Finally, there are also certain features of our results 
which remain puzzling or in contradiction to the work 
of others: 

(1) The matter of the calculated temperature in- 

dependent magnetic susceptibility value being about 
six times too small may be an indication that there are 
missing crystalline field levels in the region of 600 to 
5000 cm™ which are too weak to be observed spec- 
troscopically. 
(2) The fact that Conway’s results for UF, in CaF: 
shows a much smaller crystalline field splitting may 
either indicate that there is a surprising range of crystal- 
line fields, or that he interpreted many vibronic lines as 
electronic. The difference between our results and his 
in size of Stark splitting reported, is evident inde- 
pendent of whether or not there are actually levels in 
the zero to 5000 cm range, as a direct comparison of 
Conway’s and our results in the visible region will show. 
Since the vibronic lines appear as such a strong feature 
of our spectra, it seems likely that many of his levels 
may be vibronic. 

(3) Jorgensen® has interpreted U*t ion spectra in 
water solution and has assigned bands of about 400 
cm half-width to be LSJ states of the 5f? configura- 
tion. Again, either the ligand field is much reduced in 
H,O complexes compared to UCI» or else each of his 
bands are in general to be associated with a single Stark 
level (except for occasional overlaps) rather than a J 
level of the free ion. 


APPENDIX 


Proof that V., transforms under electronic coordinate 
transformations according to the same irreducible repre- 
sentation as the vibrational mode of the complex 
whose coupling with the electrons is being considered. 


°C. K. Jorgensen, Kgl. Danske Videnskab. Selskabs Mat. fys. 
Medd. 29, No. 7 (1954). 
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Suppose that, when a transformation of coordinates R 
is made, functions of the central ion electron co- 
ordinates are transforr.ied by Pr and functions of the 
coordinates of the ligand ion positions are transformed 
by Tr. Since a symmetry operation of the site sym- 
metry group operating on the complex leaves it in 
physically indistinguishable positions before and after 
the transformation, we have that 


PrTRVeo=Vew (Al) 


PrRV n= Tr V ev. (A2) 


The latter equation merely says that the effect on 
Ve» is the same, whether we rotate the central ion 
electron coordinates by R or the surrounding ligand 
atom coordinates by R™. 

Suppose an arbitrary displacement of the ith atom 
of the complex (i=0, ---, N, with central ion having 
i=0) be represented in terms of the normal coordinates 
Q of the complex at the site: 


AX =D Sef Of 
AV = 2 Swf 
AZ = 2 SufOi, (A3) 
where the subscript 7 refers to the jth degenerate 


normal coordinate belonging to the a irreducible repre- 
sentation. 


Veo=— TVvorts iz,§*(0/8x) + S iy, j*(0/0Y) 


a j @l 


+ S iz,j*(0/02) Wit “der 


XL Soe,j2(0/0x) + Soy,i7(8/Ay) + Soe,s*(8/82) Vc’, (A4) 


where V; represents the potential energy between the 
ith atom of the complex and the electrons of the un- 
filled shell of the central ion, and V, is that part of the 
crystalline potential due to the ligands of the complex. 
Both terms involving and not involving the central ion 
motion are of the form 


Vao= | Lf 7O%; (AS) 


where the f;* are defined implicitly by Eqs. (A4) and 
(AS). 
Now we are given that 


TaQ;*= D)D*(R) i "Op (A6) 


and we assume that we can write 


Prf t= A(R) fit DB*(R) sngit, (AT) 


where we need only assume the g;* are linearly inde- 
pendent of the f,;*. From Eqs. (A2), (A6), and (A7), 
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it follows that 
LL Ans 1Q5+ BrgiQs= LL Dis 12s 
= LD ied 


(A8) 


Hence 
Bu=0, (A9) 
and 


A j,= Dj = Dy ;*. (A10) 


Thus the knowledge that V., is of the form of the 
scalar product (A5) invariant under operations of the 
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symmetry group together with the knowledge that the 
Q; form a basis for @ irreducible representation is 
enough to determine that the f,* must form a basis for 
the complex conjugate representation. 

Now for the 32 crystallographic point groups, com- 
plex conjugate representations are either the same 
representation or they are two degenerate one-dimen- 
sional representations. 


ACKNOWLEDGMENT 


This research was supported in part by the Atomic 
Energy Commission and the Office of Ordnance Re- 
search. 


VOLUME 33, NUMBER 4 OCTOBER, 1960 


Transport Processes in Liquid Alloys. II. The Electrical Force on an Ion* 
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The electrolytic migration velocities of impurity ions in liquid metals suggest the existence of strong net 
electrical forces on these ions, although other mechanisms are possible. On the basis of a detailed model of a 
liquid metal the early theory of Skaupy is revived and revised. In dilute solution a total electrical force, 
proportional to the conductivity increment produced by a solute, is exerted on the solute and on nearby 
solvent when the electric field is applied. The part of the force on the solute ion may be opposed to the part 
on the solvent. Implications for the resistivity of liquid alloys are discussed, including a possible effect in 
very dilute solutions when the solute ions are further apart than one mean free path. The effective number 
of free electrons in pure liquid mercury is provisionally estimated to be 0.3 per atom. 





INTRODUCTION 


HEN an electric field is applied to a liquid metal 

which is slightly contaminated with some im- 
purity, each impurity atom migrates along the direc- 
tion of the field E with a drift velocity v; given by 


vi=UE. (1) 


The specific migration velocity U;, thus defined, is a 
scalar quantity which depends on both the impunty 
and the solvent. 


The Effective Charge 


Because the values of U; for impurities in liquid 
metals are about the same as one finds for ionic mo- 
bilities in nonconducting liquids, there is a temptation 
to ascribe the motion to the simple action of the field 
on one or more free charges on the impurity atom. This 
is not the correct explanation. While it is probably true 
that most solutes in liquid metals are ionized, it is 


- _ bene work was supported in part by the U. S. Office of Naval 


esearch. 
+ Present address: The Woods Hole Oceanographic Institution, 
Woods Hole, Massachusetts. 


also true that the solvent metal is ionized to a similar 
extent. In the pure metal the solvent ions give no 
indication of any such forces due to the field, so that 
there must be something more than just the ionic 
charges involved. 

Baranowski has shown, however, using irreversible 
thermodynamics, that the phenomenology of the 
migration is the same as if simple free charges were 
indeed respensible,' so that one can define an effective 
charge “z,”” by applying the Nernst-Einstein relation 
which holds for ions in nonconductors 


U = “2,"eD,/kT, 


where D; is the diffusion coefficient of the ion. 

This effective charge also appears in the exponential 
Boltzmann factor which characterizes the no-flow 
steady-state distribution of the impurity in an elec- 
trical potential gradient. 

- Somewhat earlier, Klemm had also applied ir- 
reversible thermodynamics to this problem, treating 
1B. Baranowski, Bull. Acad. Pol. Sci. III, 117 (1955) ; Rocaniki 


Chemii 30, 841 (1986). en author uses the symbol Ee for the 
product we denote “ 


(2) 
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the particular case of isotope separation.? He expressed 
the forces as functions of the fluxes using a set of 
friction coefficients—a method which Laity has re- 
cently advocated as being especially well suited for 
diffusive processes in fluids.* In terms of Klemm’s 
analysis the effective charge can be written 


“a =si— (riz)/(7)), (3) 


where 2; is the actual charge on the ion, 1; is the friction 
coefficient of this ion for the electrons, and (z) and (r) 
are the number averages of these quantities for all the 
ions. When the solvent, which we denote by B, is pure 
or nearly so, then (z) and (r) are the solvent properties 
Zp and rg, and 


ey 9? 


22’=2:—(rep/rp). (3a) 


Thus a solvent ion in a pure liquid metal bears no 
effective charge and feels no net force. 

This same analysis also yields an expression for the 
electrical conductivity. If one ignores the contribution 
of ionic fluxes to the conductivity, this expression takes 
the simple form 


a=e(z)/(r). (4) 


The various theories that have been proposed at one 
time or another to account for the migrations can be 
classified according to the form which they give to the 
effective charge. In some cases the electronic friction 
effects have ostensibly been disregarded or dispensed 
with, but this can be done only if the metal is to be a 
superconductor, which would make the question of a 
field-induced ionic migration entirely academic. In 
most of these cases some particular implicit assumption 
about the electronic friction can usually be discerned. 

In an early approximate theory of Wagner, for ex- 
ample, every ion was presumed to be migrating in 
proportion to its charge and self-mobility, but only the 
net migration of solute ions relative to the solvent was 
experimentally observable.‘ This theory gives an effec- 
tive charge of 24—28D,*/D,*, where D4* and Dz* are 
the self-diffusion coefficients of the solute and solvent, 
respectively. By comparison with (3a) we see that this 
theory requires that the drag which an ion exerts on 
the electrons be proportional to the drag which it 
exerts on other ions. Such a requirement is most easily 
justified in terms of some kind of lattice structure 
through which all of the interactions of the ion with 
the rest of the medium are carried out. Since Wagner 
based his theory on much the same assumptions he 
had used in treating a similar problem in mixed solid 
salts, this implication of a lattice structure is hardly 
surprising. 

A recent theory by Angus, Verhoeven, and Hucke 
made the same assumptions but attempted to relate 


2A. Klemm, Z. Naturforsch. 9a, 1031 (1954). 
2 R. W. Laity, J. Chem. Phys. 30, 682 (1959). 
*C. Wagner, Z. physik. Chem. B 15, 347 (1932). 
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the ionic mobilities to the ionic masses m, and mp, 
and radii R4 and Rz.5 This theory gives an effective 
charge of 24—zpm4R,/mpRz. 

The theory of Schwarz, for which good agreement 
with experiment was claimed, carefully avoided an 
implicit lattice as being inconsistent with the properties 
of liquids.* Instead, the ions competed directly with one 
another to move to the cathode. This competition ap- 
peared as a hydrostatic pressure gradient acting on 
the volume of the ion. For this model the effective 
charge is 4—Zg0,4/vp. Since a liquid metal is, in fact, 
electrically neutral, so that no such hydrostatic pres- 
sure gradient is produced by the field, it follows that 
Schwarz’s result implicitly requires the electronic 
friction to be proportional to the ionic volume. 


Skaupy’s Theory 


Oddly enough, the very earliest theory of these 
migrations, that of Skaupy, clearly and explicitly 
identified the force on an ion as arising in two ways— 
from the direct action of the field on the ionic charge 
and from the electronic friction.’ These correspond 
exactly to the two terms in the effective charge. Skaupy 
also perceived correctly that both of these quantities 
should be related to the electrical resistance of the 
metal, and went on to suggest that ions which increase 
the resistance of a metal should migrate to the anode, 
while those that decrease the resistance should move to 
the cathode. This is just the conclusion we would draw 
from Eq. (4) if we assumed that 2,4, 2p, ra, and rg were 
all constants independent of composition. If we take a 
logarithmic partial derivative of o with respect to the 
mole fraction x4, keeping those things constant we 
obtain 

(1/c) (da /0x4)| 24, 2B.°A TB ty £4" — “gp”)/ (2) (5) 
which is a clear quantitative expression of Skaupy’s 
ideas. 

Unfortunately the experimental results show that 
this relation is not even qualitatively obeyed, pre- 
sumably because some of the charges or friction 
coefficients vary strongly with 2x4. Wagner, who 
recognized that Skaupy’s electronic friction was an 
important effect,* and who attempted to adapt Skaupy’s 
theory to migrations in solids,’ also concluded that too 
many special assumptions were needed to establish 
such a quantitative connection between the migration 
and the resistivity. 


5 J. Angus, J. Verhoeven, and E. E. Hucke, Proceedings of the 


International Symposium on the Physical Chemistry of Process 
bag of AIME, Pittsburgh, 1959 (to be published). 
E. Schwarz, Elektrolytische Wanderung in Flissigen und 

Team Metallen (Johann Ambrosius Barth, Leipzig, 1940; Ed- 
wards Brothers, Ann Arbor, Michigan, 1945), er 
: ne SuauPY, Verhandl. deut. physik. Ges. 1 156 (1914); 18, 

52 (1 

8C. Wagner, Z. Elektrochem. 39, 554 (1933). 

®C. Wagner, unpublished. 
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In the present paper an attempt will be made to 
justify Skaupy’s ideas and give them a correct quanti- 
tative expression resting on a minimum of assumptions. 
In order to do this it will be necessary to look behind 
the phenomenology and examine the actual forces 
which are at work causing the migration of the im- 
purity ions. 


OTHER MECHANISMS 


Self-Transference 


Before we proceed too far in seeking out the driving 
force or forces, which cause electrolytic migration, we 
might first ask if the migration necessarily implies the 
existence of a net average force. We are obliged to 
admit tiiat it does not, even though a net external force 
could be applied to simulate the migration or to pre- 
vent it. 

If the ion were driven to migrate by a constant 
direct external force, the average drift velocity v; 
would be proportional to the force f and to the ionic 
mobility y; 


(6) 


If we know only that V; exists we can only be sure of 
the average product (u.f;). In other words, correlations 
between a fluctuating force and a fluctuating mobility 
can result in a net average drift velocity even when 
there is no net average force. According to Huntington 
such correlations are of primary importance in solids 
where atoms in transit from one lattice site to another 
are especially disturbing to the electron stream.” 

This correlation is exactly the mechanism which 
Klemm proposed, and which he called “self-trans- 
ference,” to account for the Haeffner effect isotope 
separations produced in liquid metals by prolonged 
electrolysis.? 

It can be shown, using principles which will be 
developed in the next paper of this series, that the 
contribution of this self-transference to the migration 
of any solute should be about the same as the con- 
tribution to the migration of a solvent isotope of the 
same mass as the solute, provided that the mean square 
fluctuation of electrical force on the solute is the same 
as the mean square fluctuation of electrical force on a 
solvent ion. The corresponding contribution to the 
effective charge of solute A will be given by 


“4g” sof- transference ™ [(ma ths mp) /ms) ks, 


Vi=ni. 


(7) 


where ma, and mz are the atomic masses of the solute 
and solvent, respectively, and xg is the coefficient 
tabulated by Lodding for a number of different iso- 
topic migrations." The reported values of x range from 
about 0.03 to 0.3. 
The effective charges one estimates from (7) are at 
least an order of magnitude smaller than those actually 


“H. B. Huntington, private communication. 
4 A, Lodding, Z. Naturforsch. 12a, 569 (1957). 
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observed, which range from —3 to +4. Moreover, 
the only correlation with atomic mass thus far observed 
is in the opposite direction to that predicted by this 
equation: Angus, Verhoeven, and Hucke point out 
that in 38 out of the 39 binary and ternary systems for 
which they could find migration data, the component 
with the smallest atomic mass concentrates at the 
cathode—has a positive effective charge.’ If, as we 
believe, the only proper mass effect is that given by 
(7), then this correlation must mean that there is a 
contrary effect of atomic number which is even more 
important. In any case it would appear that self- 
transference is not a major factor in the nonisotopic 
migrations. 


Thermal Diffusion 

It was recently shown that some electrolytic migra- 
tion should be produced by thermal diffusion due to the 
isothermal heat flux which occurs when a current is 
passed.” For isotope separations this effect was esti- 
mated to be less than the self-transference effect, but 
not negligible. The effective charge contributed by this 
effect will be 


3” thermal = 3.45 X 10a S, (8) 


where a@ is the thermal diffusion factor, and S is the 
absolute thermoelectric power of the metal in micro- 
volts/degree. 

If the values of a reported by Winter and Drickamer™ 
for a number of binary alloys are representative—they 
range from 0.1 to 4.1—we can expect the thermal diffu- 
sion contribution to “zs” to be as large as 0.3 in some 
cases, but usually only about one-tenth this amount. 

Both this effect and self-transference would seem to 
be generally small and usually negligible compared to 
the observed migrations. The principal factor in these 
migrations, then, must indeed be a net average elec- 
trical force of the kind described by equation (3). 


THE MODEL 
A Dynamical Model 


We need to examine in some detail what happens 
to the ions and to the electrons in a liquid metal when 
an electric field is applied and a current flows. To do 
this we begin with a model which is entirely classical 
so far as the ionic behavior is concerned, but which 
allows the electrons to be treated as a quantum fluid. 

We suppose that we can specify exactly the in- 
stantaneous positions and momenta of the N ions in 
the metal. We use the vector coordinate — to denote 
the point in 6N-dimensional phase space where the 
system is to be found at a given instant. 

If it were not for the electrons we could assign a 


 P, C. Mangelsdorf, Jr., J. Chem. Phys. 32, 293 (1960). 
; 3 x R. Winter and H. G. Drickamer, J. Phys. Chem. 59, 1229 
1955). 
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unique trajectory in phase space, passing through the 
point &, which would exactly describe the dynamical 
condition of the system for as long into the future, or 
past, as it is undisturbed by changes in the outside 
forces. Because the electrons make up a quantum- 
statistical subsystem with its own thermal fluctuations 
there is, instead of such a single trajectory, a range of 
trajectories passing through the point & However, we 
shall assume that this range of trajectories is extremely 
narrow; that the speed of thermal fluctuations in the 
electron system is so great, and the forces associated 
with these fluctuations so small, that they average out 
before the slowly moving ions can respond. 

Similarly we assume for each & a well-defined electron 
density function, p.(&, R), describing the spatial dis- 
tribution of electron density, which is also obtained 
by averaging out, over many identical systems, the 
thermal fluctuations in the electron system. A flux 
density function, j.(&, R), describing the average local 
electron current, may also be defined in this way. 

In addition to the phase coordinates & there are 
certain macroscopic variables whose influence on the 
system we might want to know. The external electric 
field, E°, will be one of these, of course. We will also 
include the bulk average electron flux density, J. 
(related to, but not to be confused with, the local 
flux density, j.). From a macroscopic experimental 
point of view it might seem better here to use the 
total electrical current density, instead of J. which 
only gives the electronic contribution. There is really 
no difference, however, because & is taken as an inde- 
pendent variable and this fully determines the ionic 
contribution. 

One might ask why any current term appears here 
at all as an independent variable. The experimental 
effects to be accounted for are zero-frequency effects. 
At zero frequency the currents are completely deter- 
mined by the applied dc fields. The answer to this is 
simply that we need to consider the current dependence 
separately from the field dependence in order to under- 
stand what’s going on; we assume that the actual 
experimental distinction between the two is accessible 
by appropriate measurements. In any case J., like &, 
is an independent variable only in the sense that we can 
prepare a system with an arbitrary initial value of J. 
From then on the system and the field determine what 
J.and & shall be; only the field E® continues to be com- 
pletely independent. If the field remains constant, J. 
quickly settles down to the appropriate steady-state 
value J.. 

We are also obliged to leave open the possibility of 
breaking down J, into a number of components Ju, 
according to the quantum coordinates of the electrons, 
such as energy level, spin, or k-vector. To make this 
kind of breakdown we have to commit ourselves to a 
one-electron approximation in describing the electron 
fluid, but this commitment seems to be necessary if we 
are to cope with the properties associated with the 


PAUL C. MANGELSDORF, JR. 


presence of more than one kind of current carrier in the 
electron system. 

Having gone this far, we might as well make use of 
one great advantage of the single-electron picture—the 
clear distinction between collective electrons and bound 
electrons. We suppose that it is possible to identify with 
each ionic nucleus a certain core of electronic charge 
made up of electrons in separate, localized, low-lying 
states, such that this core and the nucleus can be 
treated together as an inseparable, though polarizable, 
unit. Any momentum which such a bound electron 
receives from an external source it immediately shares 
with its nucleus. Collective electrons, on the other 
hand, can carry momentum from one place to another 
in various ways. For example, conduction electrons 
accumulate momentum and carry it an average dis- 
tance known as a “mean free path” before dumping it. 


The Forces 


The direction of the phase space trajectory which 
the system follows is determined by the rates of change 
of all the ionic positions and momenta—i.e., all the 
velocities and forces. The velocities are given by the 
momenta, which are a part of &, and by the masses. 
The forces are determined, at least fundamentally, by 
purely classical electromagnetic interactions of the 
nuclear charges: with one another, with the external 
field, with the electronic charge distribution given by 
fe, and with the electronic current distribution given 
by j.. The interactions between electronic fluctuations, 
such as produce van der Waals attractions, do not 
enter into this force scheme except insofar as they help 
determine p, and j.. 

Even if we know the net force on every ion at every 
instant, and know how this force is produced, there is 
still more information we need before we can identify 
that part of the force which “‘causes” the electrolytic 
migration. Because the liquid in which the ions are 
moving is dense and is grossly stationary, it prevents 
the ions from accelerating continuously. But if there is 
no over-all acceleration of an ion, the net force on the ion 
must average to zero over long times. In other words, 
the instantaneous net force contains not only the 
electrical force we are seeking, but also a frictional 
resistance which exactly balances it in the long run. 

In order to separate the net force into these two 
opposed components compare the actual force on an 
ion “i,” when the field E° is applied and the electron 
current J, is flowing, with the force on the same ion 
in the same system in the same dynamical condition, &, 
but in electrical equilibrium: both E® and J, equal to 
zero. The difference between these two forces we will 
call the instantaneous electrical force on the ion, f 7*. 
Thus 


f=f,(£, EB, J.)—-f:(&, 0, 0). (9) 


It may not be immediately obvious why it is that we 
should identify this difference as the electrical force due 
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to E° and J., and thus identify the equilibrium force, 
f,(&, 0, 0), with the frictional resistance which would 
presumably also depend on E® and J.. If the electrical 
force is to have any meaning, we must suppose that it 
can be equated in some way to a simple mechanical 
force applied from outside the system. By applying 
to the ionic nuclei a set of such external forces just 
equal to the electrical forces, we should be able to 
reproduce exactly in the equilibrium system the 
dynamical effects of the given E° and J.. Alternatively, 
we should be able to apply a set of equal, but opposite, 
external forces to the nonequilibrium system and exactly 
cancel out the effects of E° and J.. What we would like 
to show, then, is that the set of external forces required 
to force the equilibrium system to follow the non- 
equilibrium trajectory is exactly equal and opposite to 
the set of forces needed to force the nonequilibrium 
system to follow the equilibrium trajectory, and that 
both sets are given by relations of the form (9). 

This would be easy to show if we could be sure that 
the electronic distribution functions p, and j, were not 
influenced by the external forces applied to the nuclei 
but were determined solely by £, E°, and J,. Then, since 
the forces within the system depend only on &, j., and 
Pe, as we noted above, the desired result would follow 
automatically. Unfortunately, however, when we per- 
mitted J, to enter as an independent variable we 
admitted, in effect, that the way ir which we bring 
the system to the phase point £, and to the field E°, has 
some influence on the electron system. We have al- 
lowed the electron system to have a memory. 

Although this memory interferes in principle, it 
probably has little influence in practice. In the first 
place it is short (~10- sec) compared to the times of 
molecular excursions (~10~" sec) ; in the second place 
the differences which it would have to detect are 
differences not in ionic positions, nor even ionic ve- 
locities, but in ionic accelerations. Thus the memory 
effect is probably negligible. 

Once we have dismissed the memory effect we have 
only to make it clear how the equilibrium force 
f;(E, 0, 0) comes to be identified with the frictional 
resistance, as Eq. (9) implies. The reason for this, of 
course, is that this force is mot a frictional force when 
taken along its own trajectory with E® and J. both 
absent. Only when it is time-averaged “across the 
grain” along a nonequilibrium trajectory does it 
emerge as frictional resistance. 


Origin of the “Electrical Force” 


Even though we have tried to stick to fundamentals, 
and have considered only the basic electromagnetic 
forces acting directly on the ionic nucleus, the number 
of possible ways in which these forces can crop up is 
enough to make careful bookkeeping necessary. This 
accounting problem can be simplified in several ways. 

We have already agreed to treat the core of bound 
electrons as an inseparable part of the ion. In terms of 
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force balances this means that the sum of the forces 
acting on the core electrons of an ion, and arising from 
outside the ion, must be exactly equal at all times 
to the force which the core electrons exert on the ionic 
nucleus—plus, of course, a very small force needed to 
keep these electrons accelerating along with the 
nucleus. 

With this assumption the ion can be treated as a 
polarizable unit with a net charge Z,e where Z; is some 
positive integer. The dividing line between ion core 
electrons and collective electrons, which is what deter- 
mines Zi, is entirely arbitrary in one direction: we can 
always reclassify core electrons as collective electrons 
in very narrow energy bands. 

We can also make things easier by neglecting all 
magnetic forces except those due to an applied external 
magnetic field, and to any internal field which it 
induces. All the electrically induced internal magnetic 
forces between particles are essentially relativistic 
effects compared to the electrostatic forces, and are 
about as significant as other relativistic corrections 
might be. 

Ignoring the magnetic interactions leads to a third 
simplification which is purely conceptual. By Eq. (9) 
we are interested only in the difference in the forces that 
can be attributed to E® and J.. Once the internal 
magnetic effects are put aside this difference must be 
explained purely electrostatically. Part of it will be due 
to the direct action of E® on the ionic charge, the rest 
will come from changes in the electronic charge dis- 
tribution caused by Ey and J.. As is often the case with 
electrostatic problems involving charge distributions, 
these changes may be simply treated by superposition. 
In this case the difference in charge distributions can be 
obtained by the superposition of the nonequilibrium 
system on the “negative” of the equilibrium system. 
The ionic charges will cancel out entirely in this 
process, though the ionic polarizations, like the smile 
of the Cheshire cat, will remain, in the form of nebulous 
dipoles. 

How the collective electrons, especially the conduc- 
tion electrons will show up under this superposition is 
not so clear. We know that electroneutrality will be 
strictly observed in a metal in any volume of dimen- 
sions greater than the electronic screening radius. This 
must also be true of the superposition of two systems. 
Any small negative charge clouds of collective electrons 
that show up in the superposition must be completely 
compensated by nearby positive charge clouds—the 
“ghosts” of missing electrons. The further details of 
the superposed charge distribution need not concern 
us here. We can go ahead and enumerate the forces on 
an ion in a quasi-phenomenological way. 

Of the possible electrical forces on an ion, those 
which are linear in E® or J, are: 

a. The force Z,eE° exerted directly by the applied 
field on the ionic charge. 

b. A possible force §,eE° due to the polarization of the 
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collective electrons by the applied field. A perfectly 
smooth electron distribution could not polarize, a 
lumpy one might. 

c. A necessary force :J. (or )orduJex), due to the 
current polarization of the collective electrons, par- 
ticularly the conduction electrons. If the electrons are 
to exert a force by scattering they have to do it by 
building up charge clouds during the scattering process. 
Electrons exert a scattering force on an ion by getting 
out in front of the ion and “pulling” it in the direction 
of the force. Holes, if one chooses to think of them, 
must “push” when they scatter. 

d. A necessary force ajeE® due to the polarization of 
all the other ions by the field. This is necessary only in 
the sense that such polarization is bound to occur. 
The average effect of this polarization, and hence the 
value of a;, will tend to vanish whenever the environ- 
ment of the ion is roughly spherically symmetrical. 

e. A possible force yiJ. (or >-2yaJSex) due to the 
polarization of all the other ions by the current. 

These coefficients $;, 5;, a, and ; are all tensor 
quantities, specific to the ion in the particular situation. 
By averaging these quantities over long times, or over 
many ions of the species “s,” they can be reduced to 
the scalar quantities },, d,, a,, and ¢, which are char- 
acteristic of the species. 

By this reckoning, the total “electrical force” on the 
ion comes to 


f= (ZitGita)E +> (Batra)Ia. (10) 
k 


From this we get the average force characteristic of the 
species 


F*= (Z+b,+4,)€E+ 2 (detox) Sen. (11) 
k 


The total electrical force on all the ions taken to- 
gether, from which all the ion-ion interactions have 
disappeared by mutual cancellation, is 


Fant ions= >on, (Z,+6,) eE°+ Doderd ex. (12) 
6 8,k 

The disappearance of the coefficients a, and c, from (12) 
indicates that the force on the average ion due to the 
polarization of all the other ions is zero, as was suggested 
when a; was introduced. We cannot conclude, how- 
ever, that a, and ¢,, should vanish from (11) when 
more than one species is present. 


The Electron System 


At this stage we can usefully define the total elec- 
trical force exerted on the collective electron system. 
This will have a part due to the field directly, and 
another part due to the ions. Because the metal is 
electrically neutral, the total charge of the electron 
system on which the field acts has to be —)>.Zie, 
just equal and opposite to the total charge of the ions. 
The force of the ions on the electron system must also 
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be just the opposite of that which the electrons exert 
on the ions. Thus, altogether, we have for the electrical 
force on the electrons 


Fr lectrons = — d(Z.+5,)eE— Lduder= rey Fan ions’ 
8 sk 


(13) 


With a constant field E®, after the electron current 
J. has settled down to the appropriate steady state 
value J.°, there is no net acceleration of the electrons. 
The total electrical force on the collective electrons 
must vanish 


Dom (Ze+b,) €E°+ Lindud «e=0, 


(14) 


Since the system we are discussing is a metal, we 
make no great error if we take the electronic current 
to be the same as the total current. The contribution of 
electrolysis, or of self-transference, to the conduction 
process will be negligible. We then have 


—eJ3 °=P=cF’, (15) 


where @ is the electrical conductivity. This allows us to 
rewrite Eq. (14) in the form 


c= 2m (Z.+,) /Zimdurpi (16) 


The quantity p;,° introduced here, is the ratio J.°/ J.°— 
the fraction of the steady state current carried by elec- 
trons of the &th description. 

If we compare our derivation with one involving a 
rather more detailed consideration of the electron 
statistics, which yields“ 


o=eNetrr/m, (17) 


we see that our >.,(Z,+,) corresponds to Ness, the 
effective number of free electrons, while our > mdsPe 
corresponds to m/r, the “frictional coefficient” for the 
electron motion. The same comparison can be made 
with the phenomenological derivation of our own (4), 
but one must be careful not to identify z, with (Z.+4,), 
with 7, with ) idwps. They are not at all the same, 
except in pure one-component systems in which the 
conduction electrons are entirely “free.” 

The term )..”,b, which appears in the numerator of 
(16) represents the forces on the ions due to the 
polarization of the collective electrons by the field. 
It mostly allows for the flexibility of distinction be- 
tween collective electrons and ion core electrons, but it 
also has to do with screening. If screening clouds are 
formed around some or all of the ions by the collective 
electrons, and if these clouds actually “screen” the ions 
from the external field to any extent, there will be 
negative contributions to the coefficients }, on this 
account and the effective number of free electrons will 

“NN. F. Mott and H. Jones, The Theory of the Properties of 


Metals and Alloys (Oxford University Press, London, 1936; 
Dover Publications, New York, 1958), p. 263. 
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be diminished. The “freedom” of free electrons is 
evidently a freedom from the responsibility to protect 
ionic charges from the field. 

It is customary in solid-state physics nowadays to 
use an “effective mass,” m*, and the actual total 
number of collective electrons, No, to describe the 
electronic behavior, instead of m and N.¢. For dis- 
cussing conductivity this is entirely a matter of taste, 
since the effective ratio (N/m): is the same in either 
description. Because the deviation from “free electron” 
behavior which is thus expressed is the same, in either 
case it follows that the difference between m and m* 
arises directly from the polarization effects just dis- 
cussed. This fundamental physical explanation of m* 
is not always apparent in band-theory treatments 
based on Brillouin zone considerations. 

The resemblance of Eqs. (10) through (16) to the 
phenomenological equations can be made quite pro- 
nounced if we define the quantities Z, and R, 


Z,=Z,+6,+4, 


R= Doe (dert ean) Pre (18) 


Then, since }>,%,a:= >-s,1%Cpi=0, we can rewrite 


o=e(Z)/(R). 
Similarly, in the steady state (11) becomes 
F = Z,cE°+ R,J P= “Z," cE, 


(19) 


(20) 
where “Z,” is the quantity defined by 
“Z,"=Z,—R, (Z / (R) 


in complete analogy to (3). 

Just as before we are almost in a position to reach 
Skaupy’s conclusion as expressed in (5) and are again 
prevented by the fact that the coefficients Z, and R, 
may vary with compositiop. But this‘ time around we 


are able to state explicitly just why and how this 
variation occurs. 


(21) 


The Influence of Concentration 


A part of the dependence on composition is intrinsic 
and fundamental. Solvent ions right next to a solute ion 
will be induced chemically to behave somewhat differ- 
ently than they would in pure solvent. Similarly, solute 
ions close together will have different properties than 
when separated by much solvent. As the number of 
solute ions increases, so will the number of ions of both 
kinds whose properties have been affected in this way. 
The averages Z, and R, will change. These effects we 
would like to investigate and understand. 

Another part of the concentration dependence at low 
concentrations, is also microscopic but is only inci- 
dental chemically. When the field is applied to the 
metal all the solvent ions within a mean free path of a 
solute ion will be subjected to a general “ricochet” 
effect like innocent bystanders at a shooting fray. 
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They may pick up odd bits of momentum to which they 
are not chemically entitled, simply because the mo- 
mentum content of the local atmosphere of conduction 
electrons has been perturbed by the impurity ion. 
Again, as the number of solute ions changes, so will 
the proportion of solvent ions thus exposed to the 
influence of the solute. 

Finally, a third part of the dependence at very low 
concentrations is wholly incidental and is really 
macroscopic. Any inhomogeneity in the conductivity of 
the metal is going to perturb the current and field over 
relatively long distances. Since our coefficients were 
only defined phenomenologically in terms of a single 
E*, and a single J,, characteristic of the entire solution, 
they are altered by such local perturbations of current 
and field even when the local conductivity is not 
affected. 

The perturbations of this last sort due to a few widely 
dispersed solute ions should be approximately the same 
as one would calculate from continuum theory, re- 
placing each solute ion, and some of its environment, 
with a little sphere of conductivity o,, different from 
that of the pure solvent ao. 

The conductivity of such a dilute suspension of 
spheres may easily be shown to be 


o=o9(1+2k/1—2k), k=f(o.—o0)/(0.+200), 


where f is the volume fraction occupied by the spheres. 
In such very dilute solutions it doesn’t make much 
difference what volume and conductivity we attribute 
to the spheres so long as they combine to give the right 
product &. However, there does seem to be a unique 
volume prescribed by the physics of the situation, and 
that is the one given approximately by 


Vis! (23) 


where Ao is the mean free path of conduction electrons in 
pure solvent. The direct effect of the solute ion on the 
local conductivity cannot extend much farther than 
Xo; on the other hand the conductivity does not allow 
itself to be defined in any smaller volume. 

To determine the conductivity o, to assign to these 
spheres would require going into rather more detail 
than would be appropriate here. But we can perform 
a conceptual experiment in which we pluck these 
spheres out of the solvent, collect them in a separate 
vessel, let them coalesce, and then measure the bulk 
conductivity of the resulting fluid. 

The fluid we obtain in this way is just a more con- 
centrated version of the same solution as before—one 
in which the average distance from one solute ion to the 
next is less than a mean free path. This solution may be 
slightly nonrandom since the method of preparation 
prevents the solute ions from interacting directly with 
one another; we will be able to allow for this. The solute 
concentration in this solution will be about 


a= Va/(VitVe—Va), 


(22) 


(24) 
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where V4 and Vz are the partial molecular volumes of 
solute and solvent, respectively. 

This concentration is a kind of dividing line. At much 
lower concentrations (22) is valid, but at much higher 
concentrations the solution is effectively homogeneous 
within any volume V, or greater, so that the average 
local field and local current are everywhere the same as 
the bulk averages. Once this happy condition has been 
attained, the phenomenological coefficients may be 
regarded as ionic properties, dependent on the com- 
position only because of “chemical” interactions. This is 
the concentration range which most interests -us here. 
Further details of the very dilute solutions are discussed 
in the Appendix. 

If the mean free path is sufficiently longer than the 
range of chemical influence of an impurity, then 
homogeneity in this sense can exist even in solutions 
consisting almost entirely of solvent ions lying outside 
the range of chemical influence of any solute ions. 
Because of the homogeneity, those unaffected solute 
ions should have the average coefficients Zp° and R,° 
characteristic of pure solvent, although the ratio be- 
tween J.° and E°—i.e., the bulk conductivity—will not 
be the same as in pure solvent. 

Under these circumstances the principal effect on the 
solvent caused by injecting a new solute ion will be to 
cause a certain number of the unaltered solvent ions 
which fall within the solute ion’s range of influence— 
in its chemical shell, so to speak—to take on different 
values of Z and R. Corresponding to this simple 
picture, if we define mg(Z, R) as the number of solvent 
ions which have been induced by the average solute ion 
to assume particular values of Z and R, different from 
Z,° and R,°, we can write for Zz 


Za= (1 va) | radattaf Z—ZaP)nal 2, R)aRiz| 


(25) 


and a similar expression for Rp. 

While the picture which suggested this expression 
places the solute molecules far apart, as at infinite 
dilution, the expressions themselves can be rigged by 
letting mg(R, Z) vary with x4 so that changes of Zz 
and Rp with x4 at higher concentrations will be cor- 
rectly depicted. This is an important point because our 
next step involves an extrapolation to infinite dilution 
to determine what the situation would be there if the 
momentum transfer by the field and current were as 
homogeneous as they are at the higher concentrations. 


5 The careful reader will have detected some sleight-of-hand 
here. Z and R are averages to begin with, by definition. A range 
of values such as we integrate over can only be achieved by de- 
termining these averages for solute-perturbed solvent ions under 
various specified conditions. In the interests of simplicity we 
prefer to avoid discussing these conditions; a given distance from 
the nearest solute ion would be typical. 


MANGELSDORF, 


JR. 


From Eq. (25) we find that at x4=0 
Zp(xa=0) =Z,° 


(42 /dv,) lex-u= f (Z—Zs!)seq-a RAZ, (26) 


with similar results for Ra. 
If we take a logarithmic derivative of (19) with 
respect to x4, and then set x4=0 we can obtain 


(1/00) (do/dss) |24=0 
= (1/218)( “21+ [*2?neg-ot RAZ), (27) 


where “Z”=Z—R(Zp°/ Rp). To arrive at this result 
we have to use (Z)=Zp° and (R)=Rz° which hold 
at x4=0, and also use (26). 

Bringing in (20) we finally obtain 


Frowi”=Fu2+ / F*p(«4=0)dRdZ 


=Z,%E(1/0) (dd/dx4) |eqn0 (28) 


which represents our completed version of Skaupy’s 
theory. 

To interpret this result in a simple way we must 
avoid the mean free path effect. The function mg(R, Z) 
was intended to describe how many solvent ions were 
chemically affected by each solute ion, and to what 
extent in terms of Z and R. If we were to use the actual 
limit of (1/0) (do/dx,4) in (28) we would have to 
let np(R, Z) include solvent ions affected in the other 
nonchemical ways we have discussed. Instead the 
proper value of (1/c) (do/dx,) to use is the limit which 
would be reached if the mean free path effect did not set 
in at low concentrations. This “ideal” limit of the con- 
ductivity increment will be determined by the limiting 
behavior of only the chemical part of n(R, Z). In most 
cases, of course, the mean free path effect will be so 
small that the difference between these two limits can 
be ignored. Apart from this one restriction on the 
meaning of (1/0) (do/dxa) we can make the following 
general interpretation of (28) 

There is, as Skaupy suggested, a force related to the 
fractional conductivity increment produced by a solute 
ion. The total force is directly proportional to this 
increment, to the field strength, and to the average 
“free” charge of the average solvent ion. If the solute 
increases the conductivity, this force is directed toward 
the cathode, otherwise toward the anode, as Skaupy 
inferred. Unlike the force conceived by Skaupy, how- 
ever, this is not just a single force acting on the solute 
ion itself. Instead it includes whatever electrical forces 
may be exerted on surrounding solvent because of 
chemical interactions with the solute. 

Contrary to a previous statement of our own,” 

16 P, C. Mangelsdorf, Jr., Proceedings of the International 


Symposium on the Physical Chemistry of Process Metallurgy, 
AIME, Pittsburgh, 1959 (to be published). 
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this conclusion does not appear to depend on any 
restrictive assumptions about the nature of the charge 
carriers so long as the current mechanism is broadly 
electronic rather than ionic. On the other hand, the 
result is only exact in infinitely dilute solutions and 
cannot be expected to be even qualitatively true in 
solutions concentrated enough for solute-solute interac- 
tions to become important. 


CONCLUSIONS 


The Nature of the Migration 


If we now go back to the phenomenology and ask 
what effective charge will characterize the migration 
produced by this kind of compound force we see that 
there is not a simple answer. Certainly that part of the 
force which acts directly on the solute ion will con- 
tribute to the drift velocity an amount proportional to 
the simple mobility of that solute. The forces exerted 
on nearby solvent ions will also affect the motion of the 
solute, but in a way which will depend on the dynamics 
of the molecular interactions as well as on the distribu- 
tion of these forces around the central solute. What is 
the electrical force on ion B at a given distance from 
ion A? What velocity of ion A is produced when an 
ion B at the given distance moves under an applied 
force of this size? In a later paper we will attempt ap- 
proximate answers to these questions. Meanwhile, we 
can draw certain broad conclusions from the known 
data. 

Even in dilute alloys there are no obvious correlations 
between the migration velocities of solutes and the 
conductivity increments they produce. For example, 
Pb, Tl, and Bi all enhance the conductivity of Hg quite 
distinctly,” but Pb and TI do not migrate at all, while 
Bi migrates as a negative ion—the wrong direction.” 
In all three cases it would appear that the force acting 
directly on the solute is directed toward the anode, 
while the forces on the neighboring solvent ions are 
directed toward the cathode. Since the nearest neigh- 
bors alone outnumber the solute about ten to one, 
it is not difficult for the solvent forces to predominate 
in the total, as given by the conductivity increment, 
whereas the direct solute force will be most important 
in determining the migration velocity. According to this 
view, the Bi ion would move even more rapidly toward 
the anode if it were not continually the center and 
instigator of a local movement of Hg ions toward the 
cathode. The failure of Pb and Tl to migrate at all 
would suggest that these ions barely hold their own 
amidst the local Hg currents they produce. 


The Solute Influence on Conductivity 


If this descriptibn is correct it means that the 
conductivity increments produced by solutes may 


1 International Critical Tables (1929), Vol. 6, p. 190-191. 
18 K, E. Schwarz, reference 6, p. 57. 
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Fic. 1. The correlation between the fractional conductivity 
increment, 1/09(@0/8x4) 24-0, and the fractional excess volume 


decrement, —1/v9(dv**/0x 4) 24-0, for various solutes in Hg. See 
text for discussion. 


depend primarily on the solute-solvent interactions 
rather than on the solute alone. This is borne out by the 
correlation shown in Fig. 1, where the fractional con- 
ductivity increments of various solutes in Hg are 
plotted against the corresponding increments in the 
fractional excess volume as determined by the volume 
changes on mixing. The conductivity increments for 
In and TI were determined from the data of Schulz and 
Spiegler,” for the others from the data of Larsen.” 
In each case the difference ratio [(¢/o0)—1]/%» was 
extrapolated to x4=0 to obtain the desired limit. The 
excess volumes were obtained from the volume data of 
Kleppa* on these systems, taking the molecular 
volume of the hypothetical super-cooled pure liquid 
solute as the reference. 

The excess volume, like the other excess thermo- 
dynamic properties of solutions, specifically empha- 
sizes the interactions between solute and solvent by 
discounting the intrinsic properties of the pure com- 
ponents. For this reason the strong correlation found 
here shows that solute properties are much less im- 
portant than solute-solvent interactions in determining 
the conductivity increment. 

There is one rather interesting sidelight to this 
correlation. The slopes of the three faint lines drawn 
through the origin are the observed ratios of fractional 
conductivity change to fractional volume change for 
three simple processes to which pure liquid Hg may 
be subjected. The two lines of shallow slope represent 
cooling” and compression,” respectively. The line of 
steeper slope which comes much nearer the experi- 
mental points corresponds to freezing’ the Hg. The 
effect of these solutes in Hg seems to be roughly 
equivalent to a partial local freezing. Thus the unusual 


 L. G. Schulz and P. Spiegler, Trans. AIME 215, 87 (1959). 

* A. Larsen, Ann. Physik. 1, 126 (1900), summarized in 
work cited in footnote 17. 

"©, J. Kleppa, unpublished. 

2 Handbook of Chemistry and hes 9 (Chemical Rubber Pub- 
lishing Company, Cleveland), Sec. 

23 P, W. Bridgman, data reported rage N. Gerritsen in Hand- 
buch der Physik, Vol. XIX (Springer-Verlag, Berlin, 1956), p. 192. 

* G. Sutra, same source as footnote 23, p. 178. 
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Fic. 2. Relation between the effective charge “‘z’’ and the 
fractional conductivity increment l/ex(d0/8x29 case for alkali 
metals in Hg. 


general tendency of metallic impurities to increase the 
conductivity of Hg may be simply a reflection of the 
fact that all these metals have higher melting points 
than Hg. 


The Charge of the Solvent 


If there were some way to measure directly the 
total electrical force on the solute ion and surrounding 
solvent one could use Eq. (28) and the measured 
conductivity increment to determine the effective 
number of free electrons in the pure solvent. This is 
probably most nearly possible in cases where the solute 
is firmly bound to surrounding solvent ions so as to be 
immobilized within a solvation shell. In this situation 
all of the force exerted on the bound solvent ions will 
act directly to move the solute, while the forces on 
the loose solvent ions further away may be negligible. 
The migration velocity would then be directly pro- 
portional to the total force and to the mobility of the 
solute-solvent complex. 

This situation is probably most nearly approached 
in the amalgams of the alkali metals. When these 
metals are dissolved in mercury a great quantity of 
heat is generated™® and there are volume contractions 
much larger than any shown in Fig. 1.% The diffusion 
coefficients of these metals in Hg are all about the 
same” despite a twenty-fold range in atomic weights, 
and are less than half the value for the self-diffusion of 
Hg itself.* The stoichiometric compounds CsHgp, 
KHgu, and Rg Hgu are reported as stable phases at 
room temperature.” 


% ©. Kubaschewski and J. A. Catterall, Thermochemical Data 
of Alloys (Pergamon Press, London, 1956), pp. 17-22. 

% R. Suhrmann and E.-O. Winter, Z. Naturforschg. 10a, 985 
(1955). 

27M. von Wogau, Ann. Physik 23, 345 (1907) ; also reported in 
W. Jost, Diffusion in Solids, Liquids, Gases (Academic Press, 
Inc., New York, 1952), p. 478. 

*8 N. H. Nachtrieb and J. Petit, J. Chem. Phys. 24, 746 (1956). 

*M. Hansen, Constitution of Binary Alloys (McGraw-Hill 
Book Company, Inc., New York, 1958), 2nd ed., pp. 575-6, 
818-20, 834. 
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In Fig. 2 we plot the effective charges of Li, Na, and 
K in Hg against the fractional conductivity increments 
they produce in Hg. The effective charges were calcu- 
lated from the migration velocities reported by Sch- 
warz'* and the diffusion coefficients at 10° found by von 
Wogau;” the conductivity increments are estimated 
from the data of Hine.® We see that the points do lie on 
a straight line passing near the origin, but not through 
it, as the theory suggests. The slope of this line corre- 
sponds to 0.3 free electrons per atom in pure Hg. 

This estimate is much lower than the value of 2.0 

estimated by Schulz*! from measurements on the 
optical absorptivity and the reflectance of Hg. We 
supposed at first that this discrepancy represented a 
genuine difference between the numbers of electrons 
contributing to the conductance at optical frequencies 
and at zero frequency. However, the very recent letter 
of Kendall and Cusack” on the Hall effect in liquid Hg 
so strongly supports the Schulz value, that we now 
question the assumptions on which our own estimate is 
based. 
Our weakest link is the assumption that electrical 
force is exerted only on those Hg ions firmly bound to 
the solvated alkali ions. If our estimate is wrong it is 
probably because a major part of the electrical force 
is acting on unbound Hg ions and is wasted in stirring 
up the Hg, even in these cases of strong solvation. 
The fact that our correlation line misses the origin 
would be some evidence for this. 
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APPENDIX 


The Conductivity of Very Dilute Alloys 


We have already noted that the solute concentration 
x, within the volumes V, enclosing all the solute ions is 
given by (24) as %=Vs/(V.tVe—Va). If the ap- 
parent size difference | Vs— V4 | is no more than about 
one tenth of Vz, and if V, is at least ten times greater 
than Vz, then we have x,= Vz/V, to within 1%. 

The volume fraction occupied by the spheres is 
given by 


f=xaV./[xa(Va—Va)+Vo]. 


(Al) 


In the dilute range where the continuum model is 
applicable we have x4<x, from which, using our 


*T. B. Hine, J. Am. Chem. Soc. 39, 882 (1917), summarized 
in work cited in footnote 17. 

1 L. G. Schulz, . Opt. Soc. Am. 47,'64 (1957). 

2P. W. K and N. E. Cusack, Phil. Mag. 5, 100 (1960). 
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previous assumptions, we may deduce 
| (Va-Va) axa | < | (Va-V) x | 
=| (Vs-—Vi) V/V. | KV, 
so that the approximation f=2x4V./Vg=xa/% is also 
good to within 1%. 
Now we suppose that at concentrations much 


greater than x, the conductivity of the homogeneous 
solution is given by 


o=o00(1+Mx,+Nx,42+-) 


This gives a difference ratio of 


[ (0/00) —1/xa=M+Nage*s 


with an apparent value of M at limiting dilution. 

We observed that a, is the conductivity to be ex- 
pected of a homogeously conducting solution of com- 
position x, when the solute ions are not permitted to 
interact. This interaction can be eliminated from (A2) 
simply by suppressing the terms in x,? and all higher 
powers. This gives us ¢,=o0(1+M-x,) and the rela- 
tions 


(A2) 


(¢,—«0) /(2o0+es) ea Mx,/(3+Mx,) ; 
K=Mx4/(3+Mz,). 
From Eq. (22) we now have 
(o/00)—1 Mins) ) 
34+M(an—xa f (A3) 


The actual limiting slope will be less than the ideal 
limiting slope, as extrapolated from homogeneously 
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Fic. 3. (Schematic). The effect of solution inhomogeneity at 
low concentrations on the difference ratio [(¢/a0)—1]/x4. The 
dotted curve A somone to Eq. (30); the dotted curve B 
corresponds to Eq. (31). The actual behavior will swing from 
one to the other somewhat as shown by the full curve. 


conducting solution, by the fraction Mx,/(3+M™,). 
If x, were as large as 0.1, corresponding to a mean free 
path no greater than an interatomic distance, this 
deviation could be as large as 15 or 20%. For most 
liquid metals, however, we would expect Xo to be 10 A 
or larger. Since x, goes as Ag * both x, and the maximum 
deviation from the ideal limiting slope should usually 
be less than 1%. In the cases of the conductivity 
increments used in Figs. 1 and 2, the errors due to 
uncertainties in concentration are probably more 
important than this deviation. 

Figure 3 indicates just how this low concentration 
deviation might be expected to appear in detail if one 
were to look for it carefully. The estimated “true” 
curve is drawn so that the deviation from the high 
concentration asymptote goes, arbitrarily, as e~*4/*», 
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The line spectrum of chromium in ruby has been investigated. New lines have been found at 14 795, 14 950, 
and 15 178 cm. These lines have been identified as belonging to the ?F; triplet. Similarly, a line at 21 352 
cm™ has been assigned to the *F triplet. It is shown that these levels originate from the *G and 2D levels, 
respectively, with considerable admixture from the 2H level. 





ECENTLY Sugano and Tanabe! made a thorough 

theoretical study of the absorption bands and 
lines of Cr** in ruby. Experimental investigations in- 
cluding Zeeman splittings on the sharp absorption lines 
have also been reported by Sugano and Tsujikawa.* 
These authors were able to assign the R; and R, levels 
at 14 400 cm~ as belonging to the E(?£) and 2A (?E) 
levels.*) 

The 2F,.(#) level splits into three Kramers doublets, 
two of which, B; and Bs, at about 21 000 cm™, have 
been identified and assigned to 2A and E£ levels, re- 
spectively. The third doublet £, should, according to 
the authors, be on the lower-frequency side, about 150 
cm™ from the By line, but has not been observed. Simi- 
larly, the three doublets belonging to the ?F; level have 
not been found. The authors have predicted the splitting 
and intensity ratio for these lines. Clearly, the observa- 
tion and assignment of these lines would be an im- 
portant check on the theory. 


6600 6800 
| I 











Fic. 1. The absorption spectra of the R and S$ lines with E 
parallel or perpendicular to the C; axis. 


* Supported in part by the Air Research and Development Com- 
mand, United States Air Force, through its European Office. 

1S, Sugano and Y. Tanabe, J. Phys. Soc. —_ 13, 880 (1958). 

2S. Sugano and I. Tsujikawa, J. Phys. te | oy 13, 899 
(1958). E. O. Deutschbein [Ann. Physik, 14, 729 (1932) ] has also 
investigated the ruby absorption spectrum, not using polarized 
light, and_ found a multiplicity of lines. : 
# The E£ and 2A levels correspond in the more conventional 
notation to Ej and £; levels, respectively. Similarly, the F; and 
F; levels are usually written as 7; and 7>. 


We should like to report here these spectra which 
have been observed with polarized light (EZ || or 1 Cs). 
No Zeeman effect studies have been made, because of 
the relatively large linewidth. Nevertheless, considera- 
tions presented below made these assignments fairly 
certain. 

Figure 1 shows the three lines we call 5, S:, and S; 
with the electric vector E both perpendicular and 
parallel to the symmetry axis. The position of these 
levels for EC; is given at 14 795, 14 950, and 15 178 
cm~!, With E || C; the S; and S: levels are very weak 
and the 5S; level is shifted (by about 20 cm) to lower 
frequency. The intensity ratio S;4/S;'! is about 2:1. 

Figure 2 shows the B, and B, lines under low disper- 
sion and the additional strong line B; at 21 352 cm“. 
An additional weak and very wide line is observed 
with E || C; at 20 760 cm. The B; line shows an in- 
tensity ratio of B;!!/B;/~1.5:1. B;'! has approximately 
the same integrated intensity as B,!!. 

Sugano and Tanabe suggested that their inability 
to obtain qualitative agreement of the split components 
2A and E, may in part be caused by the interaction of 
the *F, level with higher excited doublets. This is 
confirmed by computing the energy levels and eigen- 
vectors for the complete configuration d* using the 
complete matrix (cubic field plus spin-orbit coupling) .* 
Such a computation was made for Cr*+ in MgO, which 
is in a cubic field. Since the cubic field and electrostatic 
parameters are not very different for Al,Os, the salient 
features hold true for this crystal as well. These computa- 
tions yield the following energy levels and separations: 





Energy level Separation 


Assignment in cm in cm 





°G °F OUT's 14 845 


47% #H+41%°G °F, T's 15 439 
Ts 15 837 


21 822 


594 


49% *D+32%*H Fy [PT 
r i ‘ in 22 081 





The exact positions of the ?Z, *F, and ?F; levels de- 
pend on the choice of the electrostatic parameters 


B, C, a, and i. No effort is made to give the best fit, 


4G. Schoenfeld, M.Sc. thesis, Jerusalem, 1959. 
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Fic. 2. The absorption spectra of the three B lines with E 
parallel or perpendicular to the C; axis. 


because the axial field contribution is not taken into 
account. The separation of the I's to I's levels, however, 
depends only very slightly on the choice of these 
parameters B, C, and a. 

The following emerges from the above calculations: 

(a) There is a considerable admixture from the 7H 
level to the °G and 2D levels, even in pure cubic fields. 

(b) The F; level occurs at about 600 cm™ higher 
frequency than the R lines. This confirms the assign- 
ment of the three levels around 15 000 cm™ as the three 
Kramers doublets belonging to the F; level. 

(c) Even in the absence of the trigonal field, the 
I, and I levels are split by: about 400 cm™ for the 
F, and 260 cm for the F, levels. The magnitude of 
the splittings is consistent with the observed splittings. 

(d) The larger line width of the B; and S; levels may 
be explained by the fact that the relative separation of 
these levels is dependent to the second order on the 
cubic crystal field parameter through the admixture 
of the *H level. 

(e) It is to be noticed that the I's( F:) level is at lower 
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energy than the I's(F1). The converse holds true for 
the F; level. The combined trigonal field and spin-orbit 
coupling will split up the I's levels into two doublets. 
Assuming that this splitting is less than the separation 
of the I's or I’; from the Is state, the order of the ob- 
served ?F, and ?F; levels can be explained. In particular 
it is to be noticed that the I; level is at higher frequency 
than the I’; level. A pure trigonal approximation would 
have predicted the reverse order. 

It is clear from the above that the strong admixture 
of the *H level will effect the calculation of g;; and gi for 
these levels as well as the intensity ratios for the two 
polarizations. The calculation of these will depend 
on the detailed evaluation of the complete matrices 
(cubic field plus trigonal field and spin-orbit coupling) 
for the d* configuration. This is at present being cal- 
caulated by Professor G. Racah. 

The polarization shift of about 20 cm of the S; 
line may indicate the presence of a level 20 cm above 
the ground state. 

The weak and wide line at 20 760 cm™ is possibly 
caused by an Fe*+ impurity which was detected by 
means of paramagnetic resonance. 

The sharp and weak absorption lines on the long 
wavelength side of the R; line are similar to the fluores- 
cence lines observed by Schawlow et al.5 They are 
presumably caused by Cr—Cr pairs. These lines show 
also changes in intensity when E || or 1 C;. 

It should also be mentioned that a number of diffuse 
and sharp lines appear in the ultraviolet in the region 
between 3350 A—>3460 A and around 2900 A, which are 
presumably transitions to Stark levels of excited doublet 
states. 
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Infrared evidence has been obtained which indicates that the crystal structure of KOH reported in the 
literature is incorrect. A subsequent x-ray examination has shown that this is the case and has led to a 
structure compatible with the infrared spectrum. KOH crystallizes in the monoclinic space group C:*— P2; 
(chosen over P2;/m on the basis of the infrared evidence), with two molecules in a cell of dimensions a= 
3.95, b=4.00, c=5.73 A, 8=103.6°. Each potassium atom is surrounded by a distorted octahedron of 
oxygen atoms, There is an oxygen-oxygen zigzag chain parallel to the b axis. Stereochemical arguments 
are advanced to suggest that the hydrogen atoms are near to or lie in the plane of the zigzag oxygen chain; 
infrared data obtained at —180°C for KOH and KOD are interpreted as supporting the placement of the 
hydrogen atoms in ordered positions along the chain with the O—H--+-O bonds (of length 3.35 A) nearly 
or exactly linear. It is argued that breaking of these hydrogen bonds will lead to the high-temperature 


cubic structure of KOH reported in the literature. 





INTRODUCTION 


ie the course of an infrared study of crystalline KOH 
and KOD we observed spectral features which are 
incompatible with the crystal structure reported in the 
literature for KOH. A re-examination of the crystal 
structure of KOH with x-ray diffraction techniques led 
to a new structure which is compatible with the 
infrared spectra. In the final stages of the elucidation 
of the structure, particularly in the location of the 
hydrogen atoms, the infrared and x-ray results are 
entirely interdependent. In this first paper we present 
the x-ray results together with sufficient details of the 
infrared results to emphasize the interdependence 
and complementary nature of these two methods of 
structure analysis. In the following paper’ we present 
in greater detail the infrared data and their interpre- 
tation. 


INFRARED EVIDENCE FOR AN INCORRECT CRYSTAL 
STRUCTURE OF KOH 


At room temperature the O—H stretching mode of a 
sublimed film of KOH appears as a broad band having 
maximum absorptivity at 3600 cm™. As the sample is 
cooled to —180°C, the band shifts gradually toward 
lower frequencies and appears as a doublet with 
maxima at 3556 and 3533 cm™. Ernst and Schober* 
reported KOH to be isostructural with NaOH* with 
four molecules in a C-centered orthorhombic cell. 
Infrared selection rules based on the equivalent primi- 
tive cell which contains two molecules related by a 
center of symmetry predict only one O—H stretching 
band to be active. Indeed, Busing’ found only one 
O—H stretching band for NaOH. A possible explana- 
tion for the occurrence of two O—H stretching bands 


1R. G. Snyder, J. Kumamoto, and J. A. Ibers, J. Chem. Phys. 
33, 1171 (1960). 

2T. Ernst and R. Schober, Nachr. Akad. Wiss. Géttingen, 
Math.-physik Kl., 49 (1947). 

*T. Ernst, Nachr. Akad. Wiss. Géttingen, Math.-physik KI., 
76 (1946). 

4W. R. Busing, J. Chem. Phys. 23, 933 (1955). 


for KOH at —180°C is that the symmetry of KOH 
at —180°C is different from that ascribed to NaOH 
and KOH at room temperature. The fact that the 
O—H stretching band changes gradually between 
room temperature and —180°C suggested that the 
structure of KOH undergoes no first-order phase transi- 
tion between these temperatures. On the basis of the 
infrared evidence, then, we believed that the reported 
room-temperature structure of KOH was in error and 
that the structure was different from that of NaOH. 


COMPARISON OF X-RAY POWDER PATTERNS OF 
NaOH, KOH, AND RbOH 


Ernst® reported that NaOH, KOH, and RbOH are 
isostructural. In view of the infrared evidence for 
structural differences between NaOH and KOH it 
seemed appropriate to obtain x-ray powder patterns 
of these three hydroxides. 

These materials were prepared by reacting vacuum- 
deposited metal with water and then pumping off the 
water of hydration. The samples were loaded into 
soft-glass x-ray capillary tubes (diameter 0.2 to 0.3 
mm) without breaking the vacuum, and the tubes were 
then sealed. The samples are stable over periods of 
months if the sealing is properly done. No detectable 
reaction with the glass takes place. All x-ray powder 
photographs [with the exception of a low-temperature 
one (see the following) ] were taken with CuKa radia- 
tion filtered through 0.0005-in. Ni foil on a Philips-type 
57.3 mm radius camera. 

On the basis of the powder patterns the NaOH 
structure is different from the KOH or RbOH struc- 
ture.6 The NaOH pattern is in good agreement with 
the data of Ernst*; single-crystal data would be re- 
quired to verify Ernst’s structure. On the basis of the 

5 T. Ernst, Angew. Chem. A60, 77 (1948). 

6 The structure of LiOH is different from either NaOH or 
KOH [T. Ernst, Z. phys. Chem. B20, 65 (1933) ]. No data on the 
structure of CsOH could be found in the literature. We obtained 
a powder pattern of CsOH and it is different from that of LiOH, 


NaOH, or KOH. We plan to obtain single-crystal data in an 
attempt to elucidate the structure of CsOH. 
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positions and intensities of the powder lines, KOH 
and RbOH are isostructural. The KOH pattern is in 
reasonable agreement with the data of Ernst and 
Schober? On the other hand, these authors indexed 
the KOH pattern on an NaOH-type lattice only after 
they eliminated some eighteen lines as arising from 
KO:, KgCO;, and KOH: 2H,0 impurities (see Table I). 
We were convinced that our preparative technique 
would not allow the presence of such impurities and 
therefore assumed that all lines observed on the 
pattern belonged to KOH. However, we were unable 
to index the pattern, and so we turned to the prepara- 
tion of a single crystal. 


PREPARATION OF A SINGLE CRYSTAL OF KOH 


KOH powder, prepared as described previously, was 
placed in a platinum crucible which was sealed in 
vacuum within a pyrex tube. The entire system was 
heated in a furnace to 420°C, the melting point of 
KOH being 406°C (Khitrov’), and was cooled slowly 
to room temperature. The system was then opened up 
under a protective layer of high-boiling paraffin oil, 
and all subsequent operations were carried out with the 
sample under this medium. The fused KOH was scraped 
out of the crucible and was examined under polarized 
light. From the fused mass a small piece, thought to 
contain a single crystal, was broken off. This piece of 
KOH was transferred under oil to an oil filled, tapered 
Pyrex capillary tube. The KOH was pushed down this 
tube until it jammed against the sides. The tube was 
then cut off as near to the crystalline mass as possible. 
Capillary action was sufficient to hold the oil in the 
tube and hence to protect the crystal from the air, at 
least for a time long enough for the x-ray photography. 
The capillary tube containing the crystal was mounted 
on a glass fiber and placed on an x-ray goniometer. 


UNIT CELL AND PROBABLE SPACE GROUP OF KOH 


A series of precession photographs was taken of the 
KOH sample with MoKa radiation.’ A region of the 
mass was found that contained only a small number of 
oriented crystallites. Photographs of this region were 
readily interpretable in terms of a monoclinic unit cell. 
The unit cell dimensions enabled a satisfactory in- 
dexing of the inner lines of the powder pattern. They 
were enough in error, however, to preclude an un- 
ambiguous assignment of indices to the outer lines. 
After the crystal structure had been solved, theoretical 
intensities were compared with the observed ones 
and the far-out lines (out to d=1.08 A) on the powder 
pattern were indexed unambiguously. In this manner 
the entire powder pattern was indexed. A least-squares 
analysis of the powder pattern led to the final set of 


1V. A. Khitrov, Izvest. Sektora Fiz.-Khim. Anal. Inst. 
— Akad. Nauk S.S.S.R. 25, 236 (1954). 

8 help of Dr. R. M. Curtis of these laboratories on the 
precession photography is gratefully acknowledged. 


Taste I. Data for selected powder lines of KOH. 





dors * dente * 


(A) 


| F obs | 
(electrons) 


Fate 





—6 

+9 
—16 
—18 
+21 
—20 
—11 
+14 
+24 
—32 
+27 
—19 

+4 
+12 

+0 
+28 
+10 

—6 

—2 

-9 
—11 
+15 
+11 
+14 
—22 
+14 


0.0322 
0.0690 
0.0947" 
0.1218* 
0.1414" 
0.1535* 
0.1855 
0.1932 
0.2163* 
0.2518 
0.2619" 
0.2727 


0.2903 


0.3036" 
0.313 





® These lines are among those ascribed by Ernst and Schober? to impurities in 
their KOH sample. 


unit-cell dimensions 
a=3.95+0.01, b=4.00+0.01, 


8=103.6+0.2°, 


c=5.7340.01 A, 


(See Table I for a limited comparison of observed and 
calculated line positions.) No lines other than those 
compatible with the above cell dimensions were ob- 
served on the powder pattern. This confirms our belief 
that the KOH was prepared in a manner which would 
preclude the presence of impurities.® 

In order to check on a possible phase transition of 
KOH between room temperature and —180°C, we 
obtained a low-temperature x-ray powder pattern.” 
Comparison of this pattern (taken at —133°C, the 
lowest temperature obtainable) with the one taken at 
23°C showed only small changes in the positions of the 
lines. No new lines appeared. The unit cell dimen- 
sions at — 133°C are (to about 1%) 


a=3.96, b=3.94, c=5.67A,  B=105.9°. 


9 On the basis of the indexed KOH pattern, the RbOH pattern 
could also be indexed. The unit cell of RbOH is found to have the 
following dimensions: a= 4.13, b=4.23, c=5.96 A, B=106°. 
These dimensions are reliable to about 1%. 

1 The low-temperature powder photograph was taken in the 
laboratory of Professor D. H. brs peg at the University of 


California, Berkeley. We are grateful to him for extending these 
facilities to us. We thank Dr. I. Olovsson for helping us operate 
the camera. We are also grateful to Dr. A. Zalkin of the Uni- 
versity of California Radiation Laboratory, Livermore, for the 
loan of the’x-ray powder camera. 
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Some differences in the relative intensities of the lines 
were observed, and these are probably indicative of 
changes in the relative positions of potassium and 
oxygen atoms in the unit cell. However, any such 
changes are presumably small. The infrared spectrum 
of KOH changes continuously as the temperature is 
lowered. By the time — 133°C is reached the spectrum 
is much closer in its appearance to the —180°C spec- 
trum than to the 23°C spectrum. We conclude, there- 
fore, that the structure of KOH is essentially un- 
changed in going from 23°C to — 180°C. 

The room-temperature data for KOH lead to a unit 
cell volume of 87.80 A® and to a calculated density of 
2.12 g/cm*, if two molecules are in the unit cell. Ernst 
and Schober® give an experimental density of 2.05 
g/cm’, 

The only systematic absences on the precession pho- 
tographs (hkO and Ol zones) are 010, 030, and 050. 
Similarly the only systematic absences on the powder 
photograph are 010 and 030. The probable space 
groups are then C;?— P2, or Cx,?— P2;/m. In P2, the 
atoms are assigned the positions" 


X,Y, 232, +, 2. 


I this space group the origin is not fixed along the 2; 
axis, and so we may arbitrarily fix either y for potas- 
sium (yx) or y for oxygen (yo). We find it convenient 
to take yx=}, because in P2,/m the positions of the 
atoms are those given above with y=}. The x-ray data 
do not allow us to decide between these two space 
groups. However, on the basis of the infrared selection 
rules we conclude that two molecules in P2;/m would 
lead to a singlet for the O—H stretching band, while 
two molecules in P2, would lead to a doublet, as is 
observed. Hence, the infrared evidence is consistent 
with the space group P2), but not with P2;/m. 


SOLUTION OF THE CRYSTAL STRUCTURE 


The hk0 zone of the precession data is of good quality 
and exhibits reflections from a single crystal. The /0/ 
zone exhibits reflections from at least tbree crystallites 
which are slightly rotated relative to one another around 
the 6 (unique) axis. However, owing to differences in 
their shapes, reflections from the different crystallites 
can be readily distinguished and the photograph in- 
dexed. These two zones were deemed to provide all 
the data necessary for the solution of such a simple 
structure problem. 

Relative intensities of reflections were estimated 
visually with an intensity strip. The intensities were 
reduced to structure amplitudes | Fo.| (Table II) 
from the usual relation 


I« L,A Fope’, (1) 


where L,, the Lorentz-polarization correction, was read 


" International Tables for X-Ray Crystallography (Kynoch 
Press, Birmingham, 1953), Vol. I. 
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TaBLe II. Observed and calculated structure amplitudes 
(in electrons). 





Index | Fobs | Fyeatc® Index | Fovs | Peate® Index | Fovs | Feate* 





100 
200 
300 
400 


+9 
—19 
—11 
—4 


+11 
+27 
+4 
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—35 
—i1 


we 


210 
310 


oS NPOQ UW 


tY 
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“sw wn BS Os OO on 
— 
3s 


— 


207 
307 
407 





® Note that the phases are either 0 or 180°, for F was calculated with »=}, 
in effect for the centrosymmetric space group P2:/m. Hydrogen atom contribu- 
tions to Foaic were neglected. 


from the appropriate chart," and where A, the absorp- 
tion correction, was not applied owing to uncertainties 
in crystal shape and size. The linear absorption co- 
efficient of KOH for MoKa radiation is only 26 cm=,* 
and so the absorption corrections should not be large. 

The x and z parameters of both K and O were 
readily determined from the two-dimensional Patterson 
function 


P(u, w) « >) F*(HOL) cos2a(hu-+-lw). 
Al 


The K—K and K—O peaks were well-resolved and 
with the help of a modified nine-point least-squares 
technique“ the following parameters were derived: 


ax=0.172, 2x=0.290; x0=0.32,  20=0.75. 


The remaining parameter yo was determined to be 
approximately } by application of the criteria that 
cations should be surrounded by anions, anions by 
cations, and interatomic distances should be close to 


ee | Waser, Rev. Sci. Instr. 22, 567 (1951). 
3 International Tables for the Determination of Crystal Struc- 
tures (G. Borntraeger, Berlin, 1935), Vol. II, Sec. XIc. 
“D—. P. Shoemaker, J. Donohue, V. Schomaker, and R. B. 
Corey, J. Am. Chem. Soc. 72, 2328 (1950). 
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those predicted from the usual ionic radii. A com- 
parison of | Fos | with | Feat | from these parameters 
indicated that the trial structure was satisfactory. 


REFINEMENT OF THE STRUCTURE OF KOH 


We chose to refine the trial structure by a least- 
squares procedure, and for this purpose we used the 
Busing-Levy™ least-squares program for the IBM 704 
computer. We minimized the function 

DL WL Fovs | —5 | Feate | F, 
reflections 
where s is the scale factor (actually a separate scale 
factor was used for the 4kO and Ol zones), w is the 
weight of the observed | Fors |, and Feat is taken to be 


Prate( Akl) = pe fj exp[—B;(X“ sind)*] 


Xexp[2i(hxj+-kyj+lz;) J. (2) 


The scattering factors f used in calculations here are 
those of Freeman" for K and Hoerni and Ibers” for O. 

The normal equations of the least-square procedure 
used here have only linear terms in changes in the 
variables and may be written in the form 


1eely a1 Fel o 





E|(s 0 Yn OXn OX, 


7 n=] 
for s=1,2,+++k. (3) 


Here i refers to the reflection, the superscript ° refers 
to quantities evaluated from the parameters of the 
previous cycle, A°= | Foss | — | Feat’ |, %n=%n°+an, 
where 2, is one of the k variables whose change ap is 
being sought. For convenience we have set all w,; equal 
to unity and have written Paice’ for the ith reflection F ,° 

The initial refinement was carried out in P2,, with 
guessed-at B’s and with scale factors obtained from a 
limited number of comparisons of | Fous | with | Featc |.8 
It will be recalled that yo was believed, on the basis of 
geometrical considerations, to be near to }. One can 
readily show that 


(6 | Fi |/8yo) yo 4=0, (4) 


and here, as is clear from (3), a singularity in the least- 
squares solution exists. Even if yo is not 3, but is very 
near to 3, the least-squares procedure of (3) may not 
work owing to spurious shifts caused by inherent 


18 We are grateful to W. R. Busing and H. A. Levy _ = for 
supplying us with their 704 program [Busing and Le 
Ridge National Laboratory Rept. 59-4-37 (1959)], Poon A for 
helping us solve a ee incompatibility problem which arose 
in our use of their progr 

16 A J. Freeman, Acta Cenk 12, 261 (1959). 

7 ot Hoerni and J. A. Ibers, Acta Cryst. 7, 744 (1954). 

this and all subsequent refinements unobserved reflections 

were assigned zero weight. With the exception of 020 and 002 all 
observed reflections were given unit weight. The 020 reflection 
was given zero weight, since interference from another — 
prevented an accurate measurement of its intensity 
reflection was given zero weight, for its intensity was apparently 
affected by extinction. 
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TABLE ITI. Results of the least-squares refinements of KOH. 
Yo 
0.260 0.280 





Standard 


Parameter deviation 


0.250 0.255 





2K 0.1746 
2x 0.2885 
Bx 0.75 


xo 0.3175 
20 0.7700 
Bo 1.24 


0.1746 
0.2885 
0.75 


0.3175 
0.7700 
1.23 


4.070 4.070 


0.1746 
0.2885 
0.75 


0.3175 
0.7700 
1.21 


0.1749 
0.2885 
0.76 


0.3181 
0.7699 
1.07 


4.074 4.116 


+0.0016 
+0.0014 
+0.15 A? 


+0.0053 
+0.0041 
+0.44 A? 


Error of fit 





numerical limitations such as round-off errors. This, in 
fact, seems to be the case. We attempted at first to 
refine KOH in P2,, starting with yo=0.30. (This value, 
rather than 0.25, was chosen in an attempt to circum- 
vent the difficulties mentioned above.) The refinement 
of yo and the other parameters proceeded satisfactorily 
until yo reached 0.251; on the following cycle the 
refinement diverged. Such difficulties can be avoided, 
at least theoretically, if a least-squares procedure is 
formulated in which higher-order terms are carried. 
A straightforward extension of the technique used to 
obtain (3), in which one carries terms sufficient to yield 
all products a,a; in addition to the a; of (3), leads to the 


result that 
| Fi? | !) 
* Ax yIXy 


El (ar- [Sarg HE Lome 
“inaee|| 
OX,0X,OXy 


i n= p=1 q=l 
=0 for s=1,2,+++k. (5) 


Here again we have the & normal equations s= 
1, 2, ---k. Note that if we drop all second and higher 
derivatives, Eq. (5) reduces to Eq. (3). The set of 
equations (5) suffers from certain disadvantages in a 
practical sense. First of all, its use obviously entails 
much computational labor. Second, there is no auto- 
matic procedure for finding a solution to the system 
of nonlinear equations of (5), should a unique solution 
exist. Instead, one must start out by imposing certain 
assumptions and approximations. The greatest simpli- 
fication is achieved by assuming that all cross-terms 
can be neglected. This is equivalent to the diagonaliza- 
tion procedure which is sometimes imposed on Eq. (3). 
With this assumption and the fact that at yo=} all 
first (and remaining third) derivative terms are zero 
[Eq. (4) ], Eq. (5) simplifies to 


mae 


u=1 har a 


a|Fe|, 
xf Ox; ae, tee 


(dy0)*=2Da(0"| Fe /ayo') / Dw FS Varo 


Equation (6) was used previously” in a slightly differ- 


19 J. A. Ibers, Acta Cryst. 9, 967 (1956). 
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Fic. 1. A projection of the KOH structure onto the ac plane. 
The cross-hatched circles are K atoms. Heavy circles are at 
y=, light circles at y=}. The circles are drawn to the scale 
'K> ro 1.3 


ent form. When Eq. (6) is applied to KOH, we find 
that | dyo| =0.007, ie., yo=0.257 or 0.243. (Since 
| yx—¥o| is the true y variable, these two answers 
are equivalent.) Such a change in yo seems quite 
reasonable. On the other hand this result was obtained 
by neglecting cross-terms which could be important. 
The limited accuracy of the data and the labor involved 
make checks on the cross-terms unappealing. Instead a 
simpler, though possibly less satisfying, procedure was 
used for the evaluation of yo. 

A series of refinements were carried out in the formu- 
lation of Eq. (3), but with yo set at the fixed values 
0.250, 0.255, 0.260, and 0.280. A given refinement was 
continued until there was no change in successive cycles. 
The results are given in Table III. It is clear from 
these results, first of all, that the other parameters are 
insensitive to small changes in yo. If one accepts the 
error-of-fit function {[ >> (wtA)?]/(m—k) }? (m=num- 
ber of observations of nonzero weight, k=the number 
of variables) as a reasonable criterion by which to 
judge, then yo =0.260 is possibly worse and yo =0.280 
is definitely worse than yo =0.250 as the best solution to 
the problem. (The error-of-fit function does not ap- 
proach unity since relative, rather than absolute, 
weights have been used.) From the results of Table III 
and from our experience with Eq. (6), it seems reason- 
able to take yo as 0.25 with a guessed-at limit of error 
of 0.01. Then the final parameter values for KOH 
(space group P2;) are 


K O 

x 0.175-40.002 0.318 0.005 
9 0.25-+40.01 

= 0.288+0.002 0.770-+0.004 
B 0.754015 A? 1,240.4 A? 


Values of Feaic, based on these parameters for K and 
O but with the H contributions neglected, are given in 
Table II. As a final check on the consistency of the 
powder and precession data we also give in Table I a 
comparison of Feaie with | Fors | values derived from 
some of the powder line intensities. The intensities of 
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these lines (selected because they were free from over- 
lap) were obtained by numerical integration from 
microphotometer tracings. These integrated intensities 
were reduced to the | Fors | values of Table I with the 
use of the appropriate Lorentz-polarization factor and 
an absorption correction. The absorption correction 
was based on an assumed cylindrical KOH sample of 
radius 0.1 mm and on a calculated linear absorption 
coefficient of KOH for CuKa radiation of 218 cm™ 
(International Tables) . The absorption correction is a 
severe one, and any deviation of the sample from the 
assumed shape or size would markedly affect the 
results. The agreement exhibited in the table is ac- 
cordingly very satisfactory. 

In order to provide a semiquantitative comparison 
between observed and calculated structure amplitudes 
we computed values of the reliability factor, defined as 


_2| Fete | —5 | Feate | 


Lu | Fete | 


R 





(7) 


The resultant values are 0.12 for the hkO zone if the 
020 reflection is omitted, 0.13 for the #O/ zone if un- 
observed and the 002 reflections are omitted, 0.15 for 
the AOl zone if only the 002 reflection is omitted, and 
0.12 for the powder data. Such values tend to confirm 
the essential correctness of the proposed structure. 


DESCRIPTION OF THE STRUCTURE 


The above parameters describe a structure whose 
main features are depicted in Figs. 1 and 2. In Table IV 
we give some of the principal interatomic distances. 
Each K atom is surrounded by a distorted octahedron 
of O atoms, and these octahedra share edges so that 
each O atom is surrounded by a distorted octahedron of 
K atoms. The K and O atoms may be thought of as 
being in a distorted NaCl arrangement. The O:—O, 
distances of 3.35 A form a zigzag chain parallel to the b 
axis in the structure. All other O—O distances are 
equal to, or are greater than, the unit cell repeat 
distances (3.95 A). 


Fic. 2. A view of the oxygen octahedron surrounding the K 
atom and of the O—O zigzag chain parallel to the b axis. The 
numbering'system is the same as in Fig. 1. 
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POSITIONS OF THE HYDROGEN ATOMS 


It is reasonable to ascribe the short O;—O; distance 
to O;—H—O, bonds. The positions of the hydrogen 
atoms along the zigzag chain cannot be determined from 
the x-ray data. However, on structural chemical grounds 
only certain positions for the hydrogen atoms seem 
likely. In this section we first indicate these likely 
positions and then show that the infrared evidence 
favors one of them in particular. 


Likely Hydrogen Atom Positions 


Owing to the appreciable K—H repulsion which 
would result, the distribution of K atoms should 
preclude any large deviations of the H atoms from the 
plane of the zigzag chain of O atoms. Moreover, the 
O—O distance of 3.35 A precludes the possibility of a 
symmetric O—H—O bond, because such bonds, if 
they occur at all, occur when the O—O distance is 
quite short (perhaps 2.5 A). With these facts in mind 
we show in Fig. 3 three likely arrangements of H 
atoms. In Model (a) we depict a linear O—H---O 
bond; in Model (b) we make this bond nonlinear; in 
Model (c) we depict a random arrangement in which 
the H atoms are allowed to take up with equal proba- 
bility either of two positions on either side of the O—O 
bonds. Variations of Models (b) and (c) in which we 
allow the H atoms to assume positions slightly out of 
the plane also seem reasonable. 

The relation between adjacent chains of O atoms 
also needs to be considered. The polarities of these 
adjacent chains might be (a) the same, (b) different, 
but arranged in an ordered way, or (c) randomized. 
(The actual arrangement of polarities might be tem- 
perature dependent.) The x-ray data, being in essence 
unaffected by the H atom positions, lend no support to 
one of these arrangements over the other two. The 
relative isolation of the chains might favor the ran- 
domized arrangement. 

It is interesting to note that these likely hydrogen 
atom positions, derived on the basis of structural 


TABLE IV. Principal interatomic distances (in A). 





0-0<3.95 A 


-O 


2, % 33)+0.02" 





®* This limit of error is smaller than that on the K-O distances, for the latter 
are functions of yw. The 0:i—O2—Oh"’ angle is 73.4+0.9°. 


b 


Fic. 3. A sketch of some possible hydrogen atom positions 
along the zigzag oxygen chain. 


chemical reasoning and illustrated in Fig. 3, are con- 
sistent with the space group P2), rather than with 
P2,/m, in agreement with the infrared evidence. 
Should the polarities of adjacent chains be randomized 
and should yo=1/4, then the effective x-ray space 
group would be P2;/m, but this subtle distinction is 
not important for our purposes. 


Infrared Evidence for a Particular Arrangement 


The infrared evidence is not consistent with a dis- 
ordered arrangement [Model (c), Fig. 3] of hydrogen 
atoms. If the structure were disordered, then a doubling 
of the O—H stretching band could be explained only if 
the environments of the two hydroxyls were different 
enough to give the stretching frequencies slightly 
different values. But if this is the case, the spectrum 
of dilute KOH in KOD should still show both bands, 
unless the residual OH™ ions had the same environ- 
ment. In this unlikely case, the position of the residual 
band should be the same as one of the bands of KOH 
itself, and for solid solutions containing a larger con- 
centration of KOH both bands should appear sepa- 
rated by the same amount as for pure KOH. Neither of 
these results is found in an isotopic dilution experiment 
(described in the following paper') and so a disordered 
arrangement of hydrogen atoms in KOH is not possible. 

Since the hydrogen positions are ordered and there 
are only two OH" ions per unit cell, it is possible to 
estimate the angle between the O—H bonds in the 
unit cell from the ratio of the intensities of the two 
components of the stretching band. The two O—H 
stretching vibrations w, and wg generate dipole mo- 
ments which are, respectively, along the 5 axis of the 
crystal (OH™ ions vibrating in-phase) and perpen- 
dicular to the b axis (OH™ ions vibrating out-of-phase) .! 
The intensities J, and Ig of these vibrations are pro- 
portional to ua? and ys”, where wa and yz are elements 
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of the dipole moment matrix of the crystal. The ratio 
Ip/Ia is related to the angle a between the O—H 
bonds by 


tan*(a/2) =Ip/Ta, (8) 


if the assumptions are made that the dipole moment of 
the crystal is the sum of the moments of the OH- 
ions and that the moments of the ions are along their 
O—H bonds. To distinguish a from (180°—a) we must 
correctly assign the bands. If the mechanism producing 
the splitting of the bands is dipole-dipole interaction 
(as we suggest in the following paper’) wa, is the 
component having the lower frequency. Taking the 
product of the peak absorptivity and band half-width 
as the intensity of a band, we find Jp/J4=1.30 with an 
error, estimated liberally, of +0.20. From Eq. (8) 
we find a=98+4° for KOD at —180°C.™ This result, 
which we assume applies to KOH at 23°C, together 
with the O—O—O angle of 73.4° (Table IV) suggests 
that Model (b) (Fig. 3) with an angle of 4+2° between 
the O—H and O—O bonds is a satisfactory one for the 
hydrogen atoms in KOH. In view of the assumptions 
made in this calculation this result is uncertain, but 
we may conclude that the hydrogen atoms either lie 
on or very near the O—O axes. 


RELATION OF THE ROOM-TEMPERATURE TO THE 
HIGH-TEMPERATURE KOH STRUCTURE 


We have shown that in the room-temperature KOH 
structure there are linear or nearly linear O;—H- +O, 
bonds. It is reasonable to ascribe the distortion of the 
KOH structure from an NaCl arrangement of the heavy 
atoms to the formation of hydregen bonds. If these 
hydrogen bonds are broken and the directions of the OH 
dipoles are assumed to be random, then an NaCl 

» Scattering of infrared radiation prevented intensity measure- 
ments in the O—H stretching region, but did not interfere with 
such measurements in the O—D stretching region. These meas- 


urements were therefore made on KOD rather than on KOH 
spectra. 
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arrangement of K and O atoms with a lattice constant 
of about bV2=5.7 A would be expected. This is pre- 
cisely the reported high-temperature form of KOH 
(Teichert and Klemm)”: NaCl-type lattice with 
a=5.78 A (at 300°C). The heat of transition between 
room-temperature and high-temperature KOH is 1.5 
kcal/mole.” This value is a reasonable one, for the 
hydrogen bond in KOH is much weaker than the 
hydrogen bond in ice, and it takes about 5 to 6 kcal/ 
mole to break the bond in ice. All in all, the relation of 
the room-temperature to the high-temperature 
(> 248°C) structure of KOH is a very reasonable one. 


SUMMARY 


The principal steps in the elucidation of the structure 
of KOH were: 


1. Infrared evidence was obtained which indicated 
that if KOH had two molecules in a primitive unit cell, 
then these could not, as is the case for NaOH, be re- 
lated by a center of symmetry. In short, the structures 
of KOH and NaOH could not be the same. 

2. An x-ray examination of KOH led to a new and 
different structure, compatible with the infrared data, 
in which there are two molecules in the noncentrosym- 
metric space group P2; (chosen in favor of P2:/m on 
the basis of the infrared data). 

3. The x-ray data provide no information on the 
hydrogen atom positions, but from a detailed interpre- 
tation of the infrared spectra, now possible on the basis 
of the new crystal structure, the hydrogen atoms in 
KOH were shown to lie on or very near to the O—O 
axes, 


Thus, KOH provides an illustration of the comple- 
mentary nature of infrared and x-ray methods of 
structure analysis. 


21W. Teichert and W. Klemm, Z. anorg. u. allgem. Chem. 
243, 138 (1939). 
_ 2G. von Hevesy, Z. phys. Chem. 73, 667 (1910). 
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The infrared spectrum of KOH has been obtained in the region 4000-300 cm. At 23°C the spectrum 
shows two broad bands, one at 3600 cm™ and the other at 643 cm™. At — 180°C the O—H stretching band 
near 3600 cm appears as a doublet. Splitting is shown to arise from coupling between the two OH™ ions 
in the unit cell. Evidence is presented that indicates a small difference in the strengths of the hydrogen 
bonds in KOH and KOD. The first overtone of the O—H stretching band is found at 6868 cm™ and from 
this a value of w.x, of 110-11 cm™ is derived for KOH at —180°C. The 643 cm™ band of KOH at 23°C is 
identified as a librational fundamental. At —180°C this band appears at 709 cm™ together with bands at 
840 and 671 cm=; these latter two bands are also identified as librational modes. These librational fre- 
quencies lead to a considerably higher barrier to rotation of the OH ions in KOH than in Mg(OH), or 
Ca(OH)s. This higher barrier is probably the result of the weak hydrogen bonding in KOH. Spectra of 
KOH—KOD mixtures are interpreted in terms of relatively small coupling between the librational modes 
of the hydroxy] ions and between the librational and translational modes. 





INTRODUCTION 


ELATIVELY detailed studies of the vibrational 

spectra of crystalline alkali metal and alkaline 
earth hydroxides have been published only on LiOH,!? 
NaOH,’ Mg(OH)>,** and Ca(OH)>.5* The structures 
of all of these hydroxides are similar in that there are 
two nonhydrogen bonded hydroxyls, centrosymmetri- 
cally related, in a unit cell. The structure of KOH, 
presented in the preceding paper,’ though still relatively 
simple, is fundamentally quite different from the struc- 
tures of the above hydroxides. In KOH the hydroxyls 
are noncentrosymmetrically related and they partici- 
pate in weak hydrogen bonding. We have examined the 
infrared spectra of KOH and KOD in detail and we 
report here on the O-H stretching and OH™ ion libra- 
tional fundamentals. In contrast to the studies referred 
to above the librational fundamentals in KOH were 
observed directly. 

To our knowledge there exists in the literature no 
detailed study of the vibrational spectrum of crystalline 
KOH. Busing* obtained the infrared spectrum of KOH, 
but was handicapped in his interpretation by not know- 
ing the correct crystal structure. Very recently the O-H 
stretching band was observed in the Raman spectrum 
of KOH by Krishnamurti.* No other bands were ob- 
served by him. Also, recently, the near infrared spec- 
trum of crystalline KOH has been reported by 
Buchanan.” However, as we shall show herein, the 


1L. H. Jones, J. Chem. Phys. 22, 217 (1954). 
* 2K. A. Wickersheim, J. Chem. Phys. 31, 863 (1959). 
3W. R. Busing, J. Chem. re 23, 933 (1955). 
‘R. T. Mara and G. B. B. M . Sutherland, J. Opt. Soc. Am. 
43, 1100 (1953). 
5R. M. Hexter, J. Opt. Soc. Am. 48, 770 (1958). 
a9 s. Busing and H. W. Morgan, J. Chem. Phys. 28, 998 
TJ.A. ee J. Kumamoto, and R. G. Snyder, J. Chem. —— 
33, 1164 (1960 
'W.R. cube (private tommmaaiention, 1959). 
*D. Krishnamurti, Proc. Indian Acad. Sci. 50, 223 (1959). 
1R, A. Buchanan, J. Chem. Phys. 31, 870 (1959). 


method of sample preparation used by Buchanan in 
his infrared study leads to very impure KOH. 


EXPERIMENTAL PROCEDURES FOR OBTAINING 
INFRARED SPECTRA 


Thin films of KOH, suitable for obtaining infrared 
transmission spectra, were prepared directly in a low- 
temperature infrared cell of the type described by 
Wagner and Hornig" by subliming a film of potassium 
from a side arm onto a CsBr crystal window and subse- 
quently exposing the sublimed metal to water vapor at 
a low pressure (<0.1 mm). After the reaction was 
completed, the film consisted of a hydrate (probably 
KOH-H;0) which was converted to anhydrous KOH 
by heating it to 60-100°C while pumping on the cell. 
The spectrum of the hydrate is quite different from 
that of anhydrous hydroxide and will be reported on 
at a later time. Films prepared in the manner described 
had the troublesome property of scattering radiation at 
frequencies greater than 2000 cm=, though there was 
sufficient transmission for spectra to be recorded at 
moderate resolution (1-3 cm=). The disadvantages of 
scattering films were more than compensated for by the 
protection afforded the samples from water vapor and 
COs, by the ease of heating and cooling of samples, and 
by the convenience in exposing the samples to vapors 
at known pressures. KOH-KOD mixtures were pre- 
pared by exposing KOH films to D.O vapor, followed 
by conversion of the resultant hydrate to the anhydrous 
hydroxide. 

All the spectra shown in the figures, save Fig. 2, were 
taken from samples prepared in the above manner. To 
obtain nonscattering films, several samples were pre- 
pared as a “fused sandwich” by melting anhydrous 
KOH between potassium bromide disks in an inert 
atmosphere and allowing the materials to cool. The 


( pe L. Wagner and D. F. Hornig, J. Chem. Phys. 18, 296 


2K. A. Wickersheim, J. Chem. Phys. 29, 1197 (1958). 
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Fic. 1. O—H stretching region of the infrared spectrum of 
KOH at 23° and —180°C. 


resulting sandwich did not scatter much infrared 
radiation. The spectrum of the KOH sandwich at room 
temperature showed, in addition to the bands present 
in the spectrum of the sublimed film, several extra 
bands in the region 1100-800 cm~ whose intensities 
were comparable with the KOH bands. The possibility 
that the extra bands belong to the lowest hydrate of 
KOH was eliminated by comparison with the hydrate 
spectrum. Although the O-H stretching regions of the 
spectra of the sandwich and of the sublimed film were 
similar at room temperature, at liquid nitrogen temper- 
ature there were differences. We conclude that during 
the heating necessary to form the sandwich considerable 
chemical reaction takes place. Spectra obtained from 
our sandwich at room temperature agree with the 
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Fic. 2. O—H stretching region of the infrared spectrum of 
KOH at —180°C. Sample prepared by the “fused-sandwich” 
method. 
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Fic. 3. O—D stretching region of the infrared spectrum of 
KOD at 23° and —180°C. 


spectra obtained by Buchanan" from a similarly pre- 
pared sandwich. Hence Buchanan did not obtain 
spectra from a pure KOH sample. Because of this con- 
tamination problem we abandoned the fused-sandwich 
method. 

Figures 1-4 were drawn from spectra recorded with 
a Beckman IR-7 spectrophotometer and Figs. 5-7 were 
drawn from spectra recorded with a Beckman IR-4 
spectrophotometer which was equipped with cesium 
bromide optics. Both instruments were provided with 
drying columns so that their optical paths could be 
flushed free of water vapor and carbon dioxide. 
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VIBRATIONAL SPECTRUM OF CRYSTALLINE KOH 
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Fic. 5. Infrared spectra of KOH and KOD at 23°C in the 
region 900-300 cm=. 
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STRUCTURE AND VIBRATIONAL SELECTION RULES 


As shown in the preceding paper’ crystalline KOH 
belongs to the monoclinic system, has two molecules 
per unit cell, and is in space group C,?—P2;. This 
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Fic. 7. Infrared spectra in the region 900-300 cm= of KOH— 
KOD mixtures at — 180°C. 


structure, which is unchanged between 23° and — 180°C, 
has oxygen-oxygen zigzag chains parallel to the twofold 
axis of the crystal, and one chain traverses each unit 
cell. Hydrogen atoms are located on or very near the 
O—O bonds. 

Fic. 6. Tempera- Of the 15 translationally invariant vibrations of 
ture dependence of the crystal two are O-H stretching modes, four are 
000-300 ose) ot 5 librational modes of the OH- ions, and nine are transla- 
KOD. tions of the K* and OH™ ions with respect to one 
another. The classification of these modes into their 
symmetry species is given in Table I. The low symmetry 
of the unit cell allows all 15 modes to be active in both 
the infrared and Raman spectra. The classification of 
modes as O-H stretching, librational, and translational 














TABLE I. Vibrational selection rules for crystalline KOH. 








Species* O-H Stretching _Libration Translation 





A(b) 1 2 5 
2 


B(ac) 4 














® a, b, and c refer to the crystal axes. b is the unique axis of C2?—P2:. 
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TABLE II. Stretching frequencies (cm) for KOH and KOD 
at 23 and —180°C. 








Temperature (°C) KOH KOD 





23 3600 2643 
3556 2609 
3533 2592 








is justified a priori only for the O-H stretching modes. 
However, we do find, as will be seen below, that mixing 
of librational and translation modes is limited; conse- 
quently it is proper to classify the lattice modes as 
either librational or translational. 


DESCRIPTION OF THE BANDS 


With the sublimed film at room temperature the O-H 
stretching mode appears as a broad and asymmetric 
band, having a maximum absorptivity near 3600 cm™ 
(Fig. 1 and Table Il). The low-frequency tail and 
somewhat abrupt high-frequency cutoff are probably 
the result of Christiansen scattering (see, e.g., Price 
and Tetlow"), a phenomenon known to cause severe 
distortion of the shapes of absorption bands, particu- 
larly of absorption bands from inorganic solids. The 
shape of the O-H stretching band in the spectrum of 
the fused-sandwich strengthens our belief in the essential 
symmetry of this band. Here the scattering is less and 
the asymmetry is less, though still apparent. [The 
asymmetry is accentuated at liquid nitrogen tempera- 
ture (Fig. 2).] Moreover, the tail of the band extends 
toward higher frequencies, whereas the tail of the band 
from the sublimed film extends toward lower frequen- 
cies. This behavior is consistent with the fact that the 
refractive index of KOH is greater than that of a 
vacuum (KOH in a sublimed film), but less than that 
of KBr (KOH in a fused sandwich). 

The frequency of the band indicates that the oxygen- 
oxygen distance is greater than about 3.0 A." This is 
consistent with the x-ray results which give a closest 
oxygen-oxygen distance of 3.35 A. Further, the fre- 
quency of the band is in keeping with the general trend 
of decreasing frequency with increasing cation size. 
For comparison, the corresponding frequency for LiOH 
is 3678 cm™,! and for NaOH, 3637 cm. We find the 
half-width (ie., width at half-height) of the O-H 
stretching band of LiOH at 23°C to be about 5 cm™ 
and that of NaOH to be about 8 cm™. These values 
are less than the half-width of KOH at 23°C by a factor 
of at least five. 

The frequency (3600 cm) of the O-H stretching 
band of KOH at 23°C is near the Raman line at 3597 
cm found by Krishnamurti’ for this substance at 
room temperature. 


13W. C. Price and K. S. Tetlow, J. Chem. Phys. 16, 1157 
(1948). 

4G. C. Pimentel and C. H. Sederholm, J. Chem. Phys. 24, 639 
(1956). 
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Cooling the sample to —180°C greatly alters the 
room temperature form of the O-H stretching band 
(Fig. 1 and Table II). This band is shifted to a lower 
frequency, where it appears as a doublet wit maxima 
at 3556 and 3533 cm. The two bands have half-widths 
of about 10 cm. 

The near-infrared spectrum of KOH (recorded on a 
Cary model-14 spectrophotometer) shows at —180°C 
between 3600 and 7300 cm only a band at 6868 cm7; 
this very weak band must be the first overtone of the 
O-H stretching fundamental. This band together with 
the fundamental leads to a value for the anharmonicity 
constant wev, of 110+11 cm“, the uncertainty of 11 
cm“ reflecting ignorance of the component(s) of the 
fundamental involved in the overtone. 

The spectra of KOD at 23° and at —180°C (Fig. 3) 
show O-D stretching bands which have structures 
analogous to those of KOH at the same temperatures. 
The breadth and asymmetry of the band at 23°C are 
both somewhat less than those of the same band of 
KOH. As in KOH, cooling the sample causes narrowing, 
displacement to a lower frequency, and doubling of the 
absorption band. O-D stretching frequencies for KOD 
are given in Table II. 


POTENTIAL FUNCTION OF THE O—H STRETCHING 
VIBRATION 


To determine if the splitting of the O-H stretching 
band arises from intermolecular coupling, this band was 
observed for dilute solutions of KOH in KOD. These 
spectra show in the region of the KOH doublet a single 
absorption band for the most dilute sample (Fig. 4) 
and a doublet with progressively greater frequency 
separation between the components with increasing 
KOH concentration. On the basis of these results (and 
analogous results for dilute KOD in KOH), we conclude 
that the splitting arises from intermolecular coupling 
between the two OH" ions of the unit cell. 

From the frequencies of the O-H and O-D stretching 
bands two force constants f and f’ can be calculated. 
These appear in the expression for the potential energy 
of the O-H stretching vibration 


2V = (re+r2?)f+2nrof’, 


where 7; and r2 are given by 
\= N yr 1’ 
i 


'g= Nn’, 


and where 7; and r2‘ are the O-H stretching coordinates 
for two OH" ions of the ith unit cell. Symmetry coordi- 
nates belonging to in-phase and out-of-phase modes 
(species A and B) are, respectively, 


S4= (+72) /N2 
S8 = (ry—r2) /V2. 
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The frequencies for KOH and KOD at —180°C in 
Table II lead for KOH to 


{=7.016 10° d/cm f’=+0.046 10° d/cm. 
and for KOD to 
{=7.12610 d/cm f’=+0.046 10° d/cm. 


The frequencies used to calculated these force constants 
were not corrected for anharmonicity, since w.x, (OD) 
is still undetermined. 

From the vibrational spectra of the hydroxides of 
Li, Na, Mg, and Ca we conclude that dipole-dipole 
interactions, not repulsive forces, are responsible for 
coupling of the stretching vibrations. Each of these 
hydroxides has two centrosymmetrically related OH- 
ions in the primitive unit cell, with the hydrogen- 
hydrogen distance equal to about 2 A. In all cases the 
in-phase mode (Raman active) has a lower frequency 
than the out-of-phase mode (infrared active).™* The 
lower frequency of the in-phase mode is compatible 
with a dipole-dipole interaction only, since hydrogen- 
hydrogen repulsion would lead to a higher frequency 
for this mode than for the out-of-phase mode. Thus 
because the OH™ ions are even less favorably disposed 
for repulsive interactions in KOH than they are in these 
other hydroxides, it is safe to assume that dipole-dipole 
interactions are responsible for the splitting of the O-H 
stretching band in KOH. 

We have calculated the value of the derivative of the 
dipole with respect to the O-H stretching displacement 
coordinate necessary to produce the observed band 
splitting in the fundamental. The hydrogen atom is 
assumed to lie on the O—O bond with the dipole at the 
hydrogen position. (The calculated value of the deriva- 
tive is rather insensitive to the angle between the O—H 
bond and the O—O bond providing this angle is less 
than about 10°.) Only a single chain was considered. 
The derivative was found to be 2.0 debye/A, a rather 
large value equal to that found by Hornig and Hiebert” 
for HCl. 

For an isotopically isolated hydroxyl ion the O-H 
(or O-D) stretching frequency w of the ion should be 
related to the two components of the stretching band 
of the undiluted crystal by 


w* = 3 (wa?+-wp*) . 


This relation is not satisfied for KOH or KOD. The 
stretching frequency of the isolated O-H group in KOD 
is 3527 cm™ (Table III). This is lower than either 
component (3556 and 3533 cm~) of the same band for 
pure KOH. For dilute KOD in KOH the O-D stretching 
band frequency occurs at 2608 cm™, whereas KOD 
itself has its bands at 2609 and 2592 cm™. Residual 


He - A. Phillips and W. R. Busing, J. Phys. Chem. 61, 502 
16S. S. Mitra, dissertation, University of Michigan, 1957. 

( on} F. Hornig and G. L. Hiebert, J. Chem. Phys. 27, 752 
1 i 
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Taste III. Stretching frequencies (cm) for KOH and KOD 
in dilute solutions in KOD and KOH. 





Dilute KOH 
in KOD 


Dilute KOD 


Temperature (°C) in KOH 





23 3576 
—180 3527 


2646 
2608 





coupling of O-H with O-D stretching modes or the 
removal of the vibrational coupling between transla- 
tionally equivalent OH- (or OD~) ions in going from 
the isotopically undiluted to the diluted crystal would 
produce effects which are at least an order of magnitude 
smaller than the observed ones. Further, the opposing 
shifts of the uncoupled vibrations, i.e., lower frequency 
than the mean of isolated OH- and higher frequency 
than the mean for isolated OD-, must be accounted 
for. A possible explanation may be found by assuming 
that the potential energy function for O—-H stretching 
in KOH is slightly different from that for O-D stretch- 
ing in KOD. The smaller amplitude of the O-D vibra- 
tion permits closer O-O approach and thus a slightly 
stronger hydrogen bond. Hence an OH ion in a KOD 
lattice is “squeezed,” and a small decrease in its O-H 
stretching frequency results. The OD~ ion “expands” 
in a KOH lattice and hence the O-D stretching fre- 
quency increases. To give a displacement of about 
10 cm, r, need change only by about 0.008 A 
(Badger"*) ; this change is too small to be detectable 
by diffraction methods. 

If these frequency shifts observed for KOH are the 
result of hydrogen bonding, then much smaller effects 
should be observed for nonhydrogen-bonded hydroxides. 
We have prepared OH~-OD~ mixtures of the hydrox- 
ides of lithium, magnesium, and calcium and find no 
anomalous shifts." 

Further, we note that some workers have used 
won/wop as a measure of the anharmonicity of the O-H 
stretching vibration of a hydrogen-bonded OH group 
in a solid. Our results here for KOH should serve to 
caution against this procedure which ignores possible 
differences in the O-H and O-D force constants. Thus 
if we use for wox and wop the observed frequencies for 
KOH and KOD, and assume that” 


mp *--mo™* 
mat meats (OH) ’ 


we find w.«,(OH) =53 cm~. This value is about half 
that found for KOH from the first overtone (110+11 
cm=). If won is taken from KOH and wop is taken from 
dilute KOD in KOH, thus giving each ion a similar 
environment, w.x, is found to be 85 cm™, in much 
better agreement with that from the first overtone. 


wexte(OD) mm” 


18 R. M. Badger, J. Chem. Phys. 2, 128 (1934). 

19 A fuller account of this work will be published in the near 
future. 

2% J. L. Dunham, Phys. Rev. 41, 721 (1932). 
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Tas.eE IV. Infrared absorption band frequencies of KOH and 
KOD in the region 900-300 cm. 





Temp. KOH 


te w (cm7) 


KOD 
w (cm7) 





~80 ~400 (w, vB) 


472 (w, vB) 


481 (w, B) 
352 (w, vB) 


643 (w, vB)* 


720 (vw, B) 
573 (vw, B) 
492 (m, B) 

356 (m, vB) 


732 (vw, B) 
580 (vw, B) 
506 (m, B) 
362 (m, B) 


741 (w, B) 
586 (w, B) 
513 (m, B) 
368 (s, B) 


765 (w) 
670 (w) 
613 (w) Re 
534 (m) 1. 
501 (w) 1. 
385 (vs) 3 


840 (w) 
709 (m) 
671 (w) 
470 (vs) 








®* vs=very strong; s=strong; m=medium; w=weak; vw=very weak; B= 
broad; vB=very broad. 


LATTICE VIBRATIONS 


At film thicknesses suitable for studying the O-H 
stretching region, the infrared spectrum of KOH at 
23°C shows in the region below the stretching band 
and out to 300 cm™ a weak and extremely broad band 
centered near 643 cm (Fig. 5). The only additional 
feature in the spectrum is an indication of a strong 
absorption band just beyond 300 cm. KOD at 23°C 
shows a similar spectrum (Fig. 5), with a broad band 
near 472 cm and the tail of a strong band appearing 
just at the low-frequency end of the spectrum. The 
ratio of the frequencies of the bands for KOH and KOD 
is 1.36. This value indicates clearly that the motion is 
primarily that of the hydrogen atom, and therefore 
the band must be assigned to a librational mode which 
has not “mixed” to any extent with translational modes. 
An assignment of this band to a first or higher overtone 
of a librational mode or to a binary combination of these 
modes may be ruled out because of the absence of a 
band of observable intensity in the region where the 
fundamental or lower combination would occur. (Re- 
member that the selection rules permit infrared activity 
for all modes.) Bands belonging to hydrogen modes in 
the region 500-300 cm-! for KOH (and 450-300 cm 
for KOD) are absent also from the relatively more 
intense low-temperature spectra. We are then forced 
to accept the 643 cm band of KOH (and the 472 cm™ 
band of KOD) as fundamental(s) of a librational mode. 
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The frequency of this fundamental for KOH is con- 
siderably higher than that for the same motion in 
either Ca(OH)» or Mg(OH)>. For these crystals the 
librational frequency has been estimated both on the ' 
basis of neutron diffraction studies™ and on the basis of 
the O-H stretching-libration combinations to be about 
350 cm=. In a harmonic oscillator approximation the 
restoring force for libration is over three times greater 
for KOH than for Ca(OH): or Mg(OH)>:. This strongly 
suggests that in KOH hydrogen bonding makes the 
principal contribution to the librational force constant. 
This conclusion is supported by data on other hydrox- 
ides that are somewhat more strongly hydrogen bonded 
than KOH, as judged from their lower O-H stretching 
frequencies. In these, librational modes occur in the 
region of 700-1200 cm™!.” 

The temperature dependence of the bands in this 
low-frequency region is marked. We have studied the 
temperature dependence of the bands of both KOH 
and KOD and find their behavior similar. Since our 
data for KOD are more complete than they are for 
KOH we show in Fig. 6 (Table IV) a series of spectra 
of KOD at temperatures varying from ~ 80° to — 180°C. 
The band assigned above to a librational mode moves 
progressively to higher frequencies as the temperature 
is lowered (460 cm at 80°C to 534 cm= at —180°C), 
with most of the shift taking place by the time the 
temperature has been lowered to —78°C. Shifting to 
higher frequencies as the temperature is lowered is the 
expected behavior of a librational mode whose force 
constant must depend entirely on the environment of 
the ion. At the lowest temperature (—180°C) two 
weaker bands, 840 and 671 cm for KOH and 613 and 
501 cm=! for KOD, appear. The ratios of the frequencies 
of these bands in the spectrum of KOH to those of KOD 
show that the modes they represent are also librational 
in character (Table IV). As the temperature is lowered 
a band near 360 cm~ also appears. There is nothing in 
the spectrum of the sample at 23°C to suggest the 
presence of this band, but by the time the temperature 
has reached — 180°C it is by far the most intense in the 
spectrum. Its isotope frequency ratio is 1.22, indicating 
that it is not primarily a hydrogen (librational) mode. 
We assign it, therefore, to a lattice translational mode 
involving more hydroxide than potassium motion. 

Further information on the nature of these low- 
frequency modes is available from the spectra of 
KOH-KOD mixtures of varying concentrations. Spec- 
tra of such isotopic mixtures at —180°C are shown in 
Fig. 7. Unfortunately, the concentration of KOD is not 
known, though it is estimated that at least 50% of the 
remaining hydrogen atoms were replaced at each ex- 
change with D.O. The spectrum of the sample after 
the first exchange is very different from the spectrum 
of pure KOH. The most notable new feature is the dis- 
placement of the very strong band at 470 cm™ for KOH 


% W. R. Busing and H. A. Levy, J. Chem. Phys. 26, 563 (1957). 
2% EF. Hartert and O. Glemser, Z. Elektrochem. 60, 746 (1956) - 





VIBRATIONAL SPECTRUM OF CRYSTALLINE KOH 


to 411 cm™ for the mixture. In subsequent exchanges 
the maximum shifts rather gradually to 385 cm™ for 
the most completely deuterated sample. It is important 
to note that there is no residual band near 470 cm™ 
after the final exchange, i.e., the band moves as a whole. 
This behavior is what is predicted* for the translational 
vibrations of mixed crystals, and this adds weight to 
the assignment given this band. In contrast the band 
at 709 cm7, established as a librational mode, remains 
relatively stationary in the spectrum upon exchange, 
while after one exchange there appears near 500 cm 
a new band, which, as seen in successive spectra, is to 
become the KOD counterpart of the 709 cm™ band of 
KOH. This behavior strongly suggests that these 
librational modes involve fairly uncoupled rotational 
oscillation of hydroxide ions at their lattice sites. 


23 F, Matossi, J. Chem. Phys. 19, 161 (1951). 
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In the low-frequency spectrum of dilute KOH in 
KOD there are two weak bands near the positions of 
the librational modes of KOH which cannot be ac- 
counted for readily as KOD modes; the intensities of 
these bands decrease with decreasing OH™ ion concen- 
tration. We suggest that these bands, which appear at 
765 and 670 cm-, are associated with the two librational 
modes of an isolated OH~ ion. The nearness of these 
two frequencies is consistent with a restoring potential 
for libration which is roughly cylindrical about the 
O—H bond and which arises primarily from hydrogen 
bonding. If then the intermolecular force constant 
coupling the librational modes in undiluted KOH is of 
the same order of magnitude as that observed for the 
O-H stretching modes, additional splitting of the order 
of 100 cm™ will occur. It is reasonable then to assign 
all three of the bands (840, 709, and 671 cm“) to 
librational fundamentals of KOH. 
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2,6-Dimethylnaphthalene melted between two silica disks crystallizes parallel to its cleavage plane oa. 
The polarized absorption spectra obtained at 300°K, 77°K, 20°K, and 4°K show no variation in the relative 
intensities of the @ and b spectra, suggesting that there is no change of crystal phase between 300°K and 
4°K. At 4°K three vibrational progressions were found in the @ spectrum and only two in the b spectrum. 
The first bands of the strongest a and b progressions, i.e., the bands at 30 740 cm™ and 30675 cm™, re- 
spectively, are interpreted as transitions to the exciton levels. The weak progression starting at 30 650 cm™ 
appears in both polarization directions. The 30 634 cm™ series, which is also weak, is a polarized. The origin 
of these weak bands is discussed. The polarized fluorescence spectra have been obtained at 20°K and inter- 
preted. Possible locations of the ¢ exciton transition are mentioned. The comparison of these experimental 
results and the theoretical predictions leads to the conclusion that the dipolar moment of the first transition 
of 2,6-dimethylnaphthalene is close to the short axis of the naphthalene ring. 





INTRODUCTION 


HIS study is a continuation of research formerly 

done on the absorption and fluorescence spectra in 
molecular crystals of benzene,’~* naphthalene,?* and 
acenaphthene.**® 


* Talk given at the twenty-sixth annual meeting of the South- 
eastern Section of the American Physical Society, at Gatlinburg, 
Tennessee, in April, 1960. 

PR work was ree at Duke University by the Office 


of Ordnance fy. 
1 A. Zmerli, H. Poulet, and P. Pesteil, Talk given at Colloque 
du C. N. R.’S. at Bellevue (France) in July, 1957, and Compt. 


rend. 245, 517 (1957). 

A. Zmerli and H. Poulet, J ys. 55, 654 (1958). 
vA Zmerli, thesis, Paris sane mg 1958), and J. chim. 

phys. 56, 387 (1959). 


‘H. Poulet and A. Zmerli, Compt. rend. 248, 3148 (1959). 


In this previous work, in the case of light and heavy 
naphthalene** we have reached the two following 
main conclusions: (1) the strong fluorescence bands 
located at 31 061 cm™ in the case of the light naphtha- 
lene and at 31 180 cm™ in heavy naphthalene, and 
which appear weakly in absorption, may be interpreted 
as a vibronic transition 0’1”". (2) The exciton splitting 
is strongly reduced when going from absorption to 
fluorescence. 

Up to now the interpretation of the naphthalene 
spectra does not seem to have reached unanimous 
agreement i in all cases, and new independent observa- 

“6H. Poulet and A. Zmerli, Talk given at Inter- 


Spectrosco 
national C in Bologna (Italy), September, 1959, to be 
published in Spectrochimica Acta. 
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tions are still needed in order to come to a complete 
understanding of the spectroscopic behavior of the 
crystal of this simple molecule. This is why we sought 
by a study of 2,6-dimethylnaphthalene to acquire 
new data on naphthalene. 

McConnell and McClure® studied absorption and 
fluorescence spectra of 2,6-dimethylnaphthalene in 
solution of 3-methylpentane at 87°K. These authors 
attributed the strong bands, observed in absorption 
at 30 950+20 cm~ and in fluorescence at 30 800-50 
cm", respectively, to the electronic transitions 0’—0” 
and 0’—0’’. Wolf’, studying a solution of 2,6-dimethyl- 
naphthalene in ethylalcohol at 87°K, observed an 
intense absorption band at 30 950 cm™ and an equally 
strong fluorescence band at 30 875 cm~. The fluores- 
cence spectrum of the crystal obtained at 87°K and 
published by Wolf’ begins with a weak band at 30 510 


cm-, 


EXPERIMENTAL 


I. Orientation of Samples 


(1) Single crystal preparation. 

The crystal was formed by slowly freezing the 2,6- 
dimethylnaphthalene, melted in a tube. This tube 
terminated in a capillary, in which single crystals were 
previously formed by immersing it in liquid air. One 
obtains in this manner a crystalline mass from which 
one can cut single crystals. 

(2) Identification of the crystallographic axes with 
the principal axes of the index ellipsoid. 

The elementary cell is orthorhombic and belongs to 
the group V™.8 The parameters are a= 7.54 A, b=6.07 A, 
and c=20.20 A. It contains four molecules forming a 
a family (Z=4): I(0, 0, 0) II (3, 3, 0)—IIL(O, 3, 3), 
and IV (3, 0, 3). 

Kitajgordsky® did not give the correspondence be- 
tween the axes a, b, c and the principal axes of the index 
ellipsoid. The 2,6-dimethylnaphthalene possesses a 
perfect cleavage plane. A rather thin single crystal 
parallel to this cleavage plane, observed through the 
polarizing microscope of Descloiseau, shows the classical 
figure of hyperbolas and allows one to mark the optical 
axes plane by observation of the isogyres axes eyes, 
which one can follow by turning the crystal. 

In this way we found the cleavage plane is per- 
pendicular to the obtuse bi-sectrix of optical axes. 
The x-ray diffraction patterns obtained by Dr. P. 
Herpin (Laboratoire de Mineralogie de la Sorbonne) 
show that the cleavage plane is the plane ow and that 
the 6 axis is perpendicular to the plane of the optical 
axes. 

The 2,6-dimethylnaphthalene crystallizes between 
two fused quartz disks perpendicularly to one optical 

a -- McConnell and D. S. McClure, J. Chem. Phys. 21, 1296 
Von HL C. Wolf, Z. Naturforsch. 10a, 270 (1955). 


* A. E. Kitajgordsky, Bull. Acad. Sci. U. S. S. R. (Chem. Sec.) 
6, 587 (1946). 
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axes bi-sectrix. The use of two crossed polaroids and a 
quartz compensator allows one to establish that the 
highest refraction index of the flake obtained in this. 
way corresponds to the perpendicular to the optical 
axes plane, therefore, following the } axis; it coincides. 
with the refractive index m,, of the crystal. 

To identify the other direction of the flake, we 
glued on a glass disk a crystal oriented parallel to the 
cleavage plane ow on which we have marked the a 
axis. We made it sufficiently thin in order to iden- 
tify easily the directions corresponding to its prin- 
cipal indices with the help of two crossed polaroids. 
and the quartz compensator. We observed that the 
index m, corresponds to the a axis. 

We can conclude that the melted 2,6-dimethylnaptha- 
lene crystallizes between two disks parallel to its 
cleavage plane oa. 

The molecules’ orientation in the elementary cell 
lets us anticipate that the index m, corresponds to the 
c axis. 

We have therefore the following correspondence: 


G(my), b(nm), ¢(mg). 


II. Apparatus and Description of Experimental 
Results 


All results at 20°K have been achieved at Paris 
using a medium Hilger quartz spectograph, a Challonge 
hydrogen arc as absorption excitation source, and a 
Cotton arc coupled with a chlorine filter as fluorescence 
excitation source. 

The work on the polarized absorption spectra at 
300°K, 77°K, and 4°K has been carried out at Duke 
University using a Hanovia xenon arc as excitation 
source and a Jarrell-Ash spectrograph (Wadsworth 
mounting). 

It is noteworthy that the @ and 6b spectra obtained 
at 300°K, 77°K, 20°K, and 4°K show no variation in 
their relative intensities between 300°K and 4°K. It is 
therefore concluded that there is no change of crystal 
phase between 300°K and 4°K. 


1. Polarized Absorption Spectrum at 20°K and 4°K 

The principal indices of 2,6-dimethylnaphthalene 
are not known. Because of this, the thickness of the 
studied flakes could not be obtained by measurements. 
An estimated thickness was found by interferometry 
in this way: calling e the thickness of a flake with order 
p, we have the relation eXbirefringence=pXA with 
\=0.550 yw. We have studied the flakes of the orders 
p=8, 2, 3, and 3, but shall limit the description of 
the spectrum to that of a one-quarter order flake 
(Figs. 1 and 2). 

a. a Spectrum.—The a spectrum consists essentially 
of wide bands. The width of these bands varies little 
with the thickness of the flake. The first band begins 
at 30600 cm™ and extends to 30890 cm (Avy= 
width= 290 cm-'). The microphotometer tracing of the 
a spectrum at 4°K shows clearly two separate peaks 
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located at 30 634+10 cm= and 30 650+10 cm™, but 
the strongest wide peak of this band is located at 
30 740+30 cm~ and is followed by two other wide 
peaks at 30 775+30 cm™ and at 30 810430 cm™. 
This first very broad band is followed by a group of 
narrow bands situated at 30 992 cm~ (very intense), 
at 31038 cm™! (weak), and at 31087 cm™ (very 
intense). The second wide band starts at 31 120 cm 
and extends till 31 290 cm (Avy=width=170 cm-). 
At 4°K a separate peak was clearly distinguished at 
31140 cm™. The main peaks of this band are at 
31 215+15 cm, at 31 240215 cm“, and at 31 275+ 
15 cm~. The third band begins at 31 350 cm™ and 
extends to 31 560 (Av=210 cm). At 4°K, one can see 
quite clearly on the microphotometer tracing two 
peaks at 31 350 cm™ and at 31 366 cm“, which look 
like the two peaks at 30 634 cm™ and at 30 650 cm™ 
observed in the first wide band. The narrow bands at 
31 562 cm™ and at 31 578 cm™ show up between the 
third and the fourth wide ones. On the fourth, we have 
been able to distinguish the peaks at 31 61510 cm™, 
at 31655410 cm™, and at 31 700210 cm™. Two 
narrow maxima at 31 788 cm™ and 31 809 cm™ show 
up before the fifth wide band, which begins with a 
shoulder at 31 840 cm and it extends till 32 830 cm—. 
From there it becomes very hard to analyze the tracing 
because of the very strong absorption of the spectrum. 
Nevertheless we have been able to distinguish some 
new peaks for which wave numbers are listed in Table 
I. One plate taken at 20°K with a 3-order flake showed 
a very weak band on the long wavelength side of the 
first main band at 31 472 cm—. 

b. 6 Spectrum.—The first band, the only wide one 
of this spectrum, begins at 30 640 cm and extends to 
30 740 cm (Av=100 cm~). It exhibits a resolution 
which the naked eye can distinguish on a plate taken 
at 20°K and which is clearly demonstrated on a micro- 
photometer tracing of 4°K spectrum. Particularly, we 
have been able to locate in this tracing a weak peak 
at 30 650 cm~ which coincides with the one mentioned 
before in the a spectrum. The main peak of this band is 
located at 30 675 cm=. This first broad band is followed 
by a great number of narrow bands, the wave numbers 
of which are listed in Table I. Note that the bands at 
31 166 cm and 31 390 cm™, like the main peak at 
30 675, are accompanied on the short wavelength side oan ag 
by bands much weaker and may be attributable to 
crystal vibrations. 

The a spectrum appears stronger than the b spectrum, 
although one should have observed [,>J, from the 
orientation of the molecules in the elementary cell. 
Therefore, there is an important effect on the intensities 
due to second-order perturbation. 
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2. Polarized Fluorescence Spectra at 20°K. 


(Figs. 3 and 4) Fic. 1. Microphotometer tracing of a representative plate of 


f the a and 6 absorption spectra of 2,6-dimethylnaphthalene 
The study of the polarized fluorescence spectrum of crystal at 4°K. : 


an oriented crystal shows that this spectrum, which is 
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——— Visible 
31 166 cm™ 
31 390 
cmt 


32097 cm™ 


30 675 cm™ 32°156 cm=! 


30 740+30 cm 


partially polarized, is clearly more intense along the 
c and a axes than along the 6 axis. The intensity rela- 
tion is >>, and I,>Jh. 

This spectrum begins with a band located at 30 472 
cm (J,>I,.>Ip). It coincides within +4 cm™ with 
the band appearing in the a absorption spectrum of a 
#-order flake. It is to be noted that in the @ and c 
fluorescence spectra we have been able to distinguish 
on the short wavelength side of the 31 472 cm™ band 
a weak band at 30 614+10 cm™, which unfortunately 
we could not measure on our plate, but which can be 
recognized with the naked eye. 


DISCUSSION 
I. Analysis of Experimental Results 
1. b Spectrum 


This spectrum can be easily analyzed. It consists 
of two series. The more intense one starts from the 
strongest peak at 30 675 cm, and the other is linked to 
the weak peak at 30 650 cm~!. The interpretation of 
the vibrational structure contains mainly the internal 
vibrations 490, 715, 926, 1184, and 1418 cm™ (see 
Table I). McConnell and McClure® observed, in the 
absorption spectrum of 2,6-dimethylnaphthalene in 
3-methylpentane rigid glass solution, the vibrations 
485, 706, 902, 1189, and 1418 cm~. The vibration 490 
cm~! behaves similarly to the big vibration 433 cm™ 
appearing in the absorption spectrum of naphthalene 

Ultraviolet-——— 


30 472 cm™ 


Fic. 3. Polarized fluorescence spectra of 2,6-dimethylnaph- 
thalene at 20°K. In the top the spectrum along the c axis, in the 
bottom the spectrum along the b axis. 
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Fic. 2. Polarized - ree - 
tion spectra o , 6-di- 
methylnaphthalene (j- 
? ng at cadeg In 
the top the spectrum along 
the ¥ ail in the bottom 
the spectrum along the a 
axis. 


crystal. A Fermi resonance exists between 1418 cm7! 
and 926+490= 1416 cm. It causes the appearance of 
two vibrations 141764 cm which allow explanation 
of the weak band at 32031. cm™ (30 675+1353= 
32 028) and the very strong one at 32156 cm“ 
(30 675+1481=32 156 cm). The lattice vibrations 
35 cm and 118 cm™ appear linked to the pure elec- 
tronic band 30675 cm™ and to the vibronic bands 
31 166, 31 390, and 32 156 cm. 


2. a Spectrum 


This spectrum consists of three series. The very 
strong one starts from the strongest peak at 30 740+ 
30 cm~'. The two much weaker ones are connected 
with the two peaks at 30 634 and 30 650 cm™. The 
series starting at 30 650 cm~ is identical with the weak 
series registered in the } spectrum. The vibrational 
structure of these three series is the same as observed 
in the 6 spectrum. (See Table I). The lattice vibration 
35 cm™ appears superimposed on the pure electronic 
band 30 740+30 cm and the vibronic bands 31 125+ 
15 cm~ and 31 455+30 cm™ of the strongest series. 


3. Fluorescence Spectrum 


The fluorescence spectrum is also easily analyzed 
‘(see Table II) by starting at 30472 cm and sub- 


Ultraviolet-——~ 


30 472 cm™ 


Fic. 4. Polarized fluorescence spectra of 2,6-dimethylnaph- 
thalene at 20°K. In the top the spectrum along the b axis, in the 
bottom the spectrum along the a axis. 
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TaBLE I. Absorption spectrum of 2,6-dimethylnaphthalene crystal (}-order flake) at 4°K, in both a and 6 polarizations. 





a Spectrum 


»ycm™! 


Assignment 


b Spectrum 
Int. Assignment 





30 634410 
30 650+10 


0’’-0' trapped exciton or imper- 
fection 

00’ trapped exciton or imper- 
fection 


30 740+30 
30 775430 
30 810+30 
30 992 


31 038 
31 087 
31 140 


31 215415 
31 250+15 
31 285215 
31 350 
31 366 


0-0’ free exciton band 


30 740+30+252 
30 740+30+298 
30 740+30+347 
30 650+-490 


30 740+-30-+490 

30 740+30+490+35 
30 740+30+490+2X35 
30 634+-715 

30 650+715 


31 455430 


31 562 
31 578 


31 655+10 


30 740+30+715 


30 6344-926 
30 650+-926 


30 740+30+926 
30 740+30+2X<490 
30 6344-1158 

30 650+ 1158 

30 6344-490+-715 
30 650+490+715 


30 650+-2X715 


30 634+715+-926 

30 650+-2490+715 

30 740+30+715+-926 
30 7402-30+2X490+715 


00’ trapped exciton or imper- 
fection 

0’’-+0’ free exciton band 

30 675+35 

30 675+2X35 

30 675+118 


30 675-+490 
30 675-+490+35 


31 366 
31 390 
31 425 
31 460 
31 502 


30 650+-715 

30 675+715 

30 675+715+35 
30 675+-715+2X35 
30 675+715+118 


31 610+10 30 675+926 


3 


{3 650+490+-715 


30 675+1184 

30 675+490+715 
30 675+1353 

30 650+2X715 
30 675+2X715 
30 675+1481 

30 675+1481+35 
> 


qas"egs 


32 562 
32 648 
32 857 
33 095 
33 133 
33 313 
33 476 
33 576 
33 604 


30 650+490+2X715 
30 675+4X490 

30 675+3X490+715 
30 675+2X490+2X715 
30 675+5X490 


eeszaev 4 


675+2X715+1481 





tracting from it the wave numbers of the vibrations 
published by Luther and Reichel,® or their combina- 
tions. One of us (A.Z.) in collaboration with Dr. 
Monique Harrand (Laboratoire de Recherches 
Physiques de la Sorbonne) obtained the Raman spec- 
trum of the crystal powder of 2,6-dimethylnaphthalene. 
The wave numbers of lines observed coincide within 
2 or 3 cm™ with those published by Luther and Reichel. 
In addition we were able to distinguish some lattice 
vibrations in the same spectrum. The very distinct 


*H. Luther and C. Reichel, Z. physik. Chem. (Leipzig) 195, 
103 (1950). . o 





one at 39 cm™ probably corresponds to the vibration 
35 cmq of the excited state, observed in the a and b 
spectra in absorption. 


II. Interpretation 


For the molecular symmetry C; there is no restric- 
tion on the specific orientation of the transition mo- 
ment. To the molecular transition A,—A, there 
correspond in the crystal (V™) four exciton energy 
levels: A,, forbidden by symmetry, and By), (polariza- 
tion along the c axis), Bs, (polarization along the 6 
axis), and B;, (polarization along the @ axis), allowed 
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Taste II. Fluorescence spectrum of 2,6-dimethylnaphthalene at 20°K in the ¢ polarization. 
Av cm™!=y cm=! observed—yv cm calculated). 





ycm- 
Observed 


Assignment 


ycm7 


Calculated 





30 614+10 


30 472 0’ 1” 30 680—208 


0’—0" free exciton band or 
0’—0” trapped exciton or imperfection 
or 


30 472 


0’-0” free exciton band 


30 149 
29 947 
29 720 
29 631 


29 505 
29 417 


30 472—325 
30 472—527 
30 472—755 
30 472—325—527 


30 472—962 
30 472—2X527 


29 295 30 472—1177 


29 187 (30 472 —325—962 or 


30 472—527—755 

30 472—1378 

30 472—755—962 

30 472—527—1378 
30 472—527 —1484 


29 092 
28 757 
28 564 
28 464 
28 333 
29 295 
28 239 
28 121 
28 022 
27 928 
27 711 
27 603 
27 167 
27 077 
26 845 


30 472—2X1177 
30 472—1177—1274 
30 472—2X 1274 
30 472—2X 1378 
30 472—1378—1484 


BS°*SBBBBBSSAE5S 





30 472—527—2X755 
? 
30 472—2X527—1177 


30 472—755—2X 1274 
30 472—527—1378—1484 
30 472—325—755—2X1274 


30 147 
29 945 
29 717 
29 620 


29 510 
29 418 


29 295 
29 185 
29 190 
29 094 
28 755 
28 567 
28 461 
28 335 


28 241 
28 118 
28 021 
27 924 
27 716 
27 610 
27 169 
27 083 
26 844 





by symmetry. In order to get an idea of the order in 
which the exciton energy levels are placed, we have 
calculated them, using the ordinary first order per- 
turbation method,” for the following limiting cases: 
(a) the transition moment M directed along the short 
axis of the naphthalene ring; (b) M directed along the 
long axis of the naphthalene ring. The perturbating 
potential has been reduced to dipole-dipole interaction. 
According to the results of McConnell and McClure,® 
we can estimate the oscillator strength of the electronic 
transition as f=0.006. (Induced vibrational part of 
f has not been taken into account.) Therefore M?= 
0.02 A?. With this value of M? we obtain, using hypothe- 
sis (a), for the transition energies to the exciton levels 
in the three polarization directions: 


AE, >AE,>AE, 
with 
AE,—AE,=16 cm 
and 
AE,— AE,=50 cm=! 
and for hypothesis (b): 
AE,>AE,.>AE, 
with 
AE,— AE,= 260 cm- 
and 
AE,— AE,=96 cm“, 
10D. P. Craig and P. C. Hobbins, J. Chem. Soc. 1955, 539. 


The multipole-multipole interactions can affect these 
values notably, but it is almost impossible that they 
change the order of the levels obtained in the (b) 
hypothesis. From the analysis of the absorption spectra 
we can attribute the very strong bands at 30 740+30 
and 30 675 cm, which are the origin of the strongest 
series in the a and 6 spectra, respectively, to the pure 
electronic transition 0/0’ of the free exciton. There- 
fore, we can write AE,=30 740430 cm and A= 
30 675 cm~. The comparison of these experimental 
results with the theoretical predictions leads us to the 
conclusion that the dipole moment is very close to the 
short axis of the naphthalene ring for the first transi- 
tion of 2,6-dimethylnaphthalene. This appears to be in 
agreement with the orientation of the ‘spectroscopic 
moment” due to the methyl substituents for a transi- 
tion of type LZ, in Platt notations." 

It remains to locate the exciton transitions AZ,. 
There are several possibilities. 

First, the appearance of 30 472 in absorption. (This 
appearance is perhaps due to the imperfect orientation 
of our #-order flake.) Its very strong intensity in the 
c fluorescence spectrum, and the ease with which we can 
explain almost all the fluorescence bands would make 
it possible to consider the 30 472 cm™ band as elec- 
tronic transition of the crystal polarized along the ¢ 
axis. 


uJ. R. Platt, J. Chem. Phys. 19, 263 (1951). 
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On the other hand, the appearance of the very weak 
band 30 61410 cm™ along the c axis in fluorescence, 
and the weak absorption band 30 472 cm~ which coin- 
cides with the strongest fluorescence band recalls the 
situation encountered by McClure in the case of the 
naphthalene” with the bands 31 476 cm (31 476 cm 
in absorption and 31 463 cm in fluorescence) and 
31 062 cm. 

By analogy with naphthalene we may attribute 
the band 30 61410 cm“ to the pure electronic transi- 
tion connected with the exciton energy level £.. Still 
following the analogy with naphthalene?* we could 
attribute the band at 30 472 cm~ to a vibronic transi- 
tion 10’. Nevertheless, in this case, the vibration 
quantum should be rather small. The vibration of 208 
cm™ would fit very well in order to make the fluores- 
cence start from a level at the middle of the exciton 
band as in the case of naphthalene.?:* This assignment 
would remain valid for any location of AE, between 
30 472 cm and 30 675 cm™. The two previous assump- 
tions on the location of AE, would agree with the 
theoretical predictions of a dipole moment almost 
directed along the short axis of the naphthalene ring, 
and in this case we should have AE.<AE,<AE,,. 

The two weak series appearing in absorption might 
be analogous to some bands observed in anthracene 


(1988). S. McClure and O. Schnepp, J. Chem. Phys. 23, 1575 
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and phenanthrene by Sidman® and McClure“ who 
attributed them to trapped excitons. Nevertheless, it 
could be reasonable to link them to some crystal im- 
perfections in which the molecules could be enclosed. 
The way of preparing our flakes by pressing the melted 
substance between two silica disks may create such 
imperfections. 
III. Conclusion 


We have presented an analysis of the polarized 
absorption and fluorescence spectra of 2,6-dimethyl- 
naphthalene. The absorption bands at 30 470+30 cm 
(@ spectrum) and 30675 cm (6 spectrum) are as- 
signed to the electronic transition to the exciton energy 
levels E, and E,. From our results it is very difficult 
to locate with certainty the transition AZ.. Two possi- 
bilities have been mentioned. In spite of this uncer- 
tainty it is possible to assign the first transition of 2,6- 
dimethylnaphthalene to a dipolar moment very close 
to the naphthalene ring. 
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Three suggestions are made and discussed concerning the generalized Hiickel and related methods for 
treating the quantum chemistry of complex unsaturated molecules: (1) Justification for the assumptions 
of zero overlap and zero differential overlap resides in two facts: (a) For many molecules the atomic orbitals 
in the LCAO molecular orbitals may be replaced by the corresponding orthogonalized atomic orbitals of 
Léwdin, without effect on the molecular orbitals. (b) Integrals involving charge distributions which are 
products of orthogonalized atomic orbitals are small. (Observations previously made by several authors.) 
(2) Molecules isoelectronic with benzene are conveniently handled making use of molecular orbitals ap- 
propriate to the full benzene symmetry, for then deviations from benzene symmetry can be classified and 
treated systematically using symmetry combinations of basic integrals. (Formulas are given.) (3) The 
two-center coulomb repulsion integrals, previously dealt with by rather arbitrary semiempirical procedures, 
may be expanded by multipole expansion methods, leaving the independent multipoles of each atomic 
orbital as its defining theoretical or semiempirical] characteristics. 





I. INTRODUCTION 


ECENT research in the theory of the electronic 

structure of complex unsaturated molecules'~* 
has produced a fundamentally more satisfactory theory 
and improved agreement between theory and experi- 
ment, but the methods that have been developed have 
admittedly been in need of further modification and 
clarification. The comments in the present paper are 
intended to provide insight into certain theoretical 
aspects of these methods, to suggest techniques for 
carrying out calculations with these methods on 
certain classes of molecules, and to propose for study 
a new way of looking at certain integrals basic in these 
methods. 

More specifically, in Sec. II the point is made and 
amplified that when zero overlap and zero differential 
overlap® properties are ascribed to atomic orbitals in 
the semiempirical LCAO molecular orbital method 
called the generalized Hiickel method,’ the most satis- 
factory interpretation is that these atomic orbitals are 
orbitals that have been orthogonalized by the method 
of Léwdin”; and further, that this assumption produces 
no error whatsoever in certain important cases. In 
Sec. III formulas for handling molecules isoelectronic 
with benzene are displayed in a convenient format. 
Finally, in Sec. IV the idea is broached of using multi- 

* Supported in part by research grants from the National 


Science Foundation, the Office of Ordnance Research, U. S. Army, 
and the Petroleum Research Fund of the American Chemical 
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pole expansion formulas for two-center electronic 
repulsion integrals of the simple coulomb type. .. 


Il. REMARK CONCERNING THE USE OF 
ORTHOGONALIZED ATOMIC ORBITALS 


Sometime ago Léwdin” proposed using in molecular 
calculations orthogonalized atomic orbitals (AO) built 
from the ordinary atomic orbitals (AO) by a certain 
orthogonalization process, and he indicated various 
formal advantages proffered by such functions. Later 
McWeeny" actually employed such orthogonalized 
orbitals in some calculations by a rigorous valence bond 
method. While he obtained interesting numerical 
results and developed various significant theorems, he 
found that the individual “contributing structures” in 
the orthogonalized atomic orbital scheme, which he. 
labeled the VB scheme, do not have the same physical 
significance as the corresponding structures in the 
usual nonorthogonalized or VB scheme—a rather 
disappointing circumstance. 

It will be shown in the following that the situation 
is often much more satisfactory when the LCAO 
molecular orbital scheme is used: Quite arbitrary 
replacement of AO with AO may not change the 
physical signficance of a molecular orbital configura- 
tional wave function at all. 


Hydrogen Molecule 


The hydrogen molecule illustrates well what is in- 
volved. To obtain an approximate wave function for 
its ground state by the valence bond method, starting 
from the usual nonorthogonal atomic orbitals 1s, and 
i1s,, with overlap integral S, one would ordinarily 
merely linearly mix the two (unnormalized) structures, 


Poovalent = 1sq(1) 15,(2) +154(2) 1sp(1) ’ 


Pionic= 15,(1) 154(2) +15y(1) 15,(2), (1) 


4 R. McWeeny, Proc. Roy. Soc. (London) A223, 63, 306 
(1954); A227, 288 (1955). 
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to give a covalent-plus-ionic function of the form 
V=A Peovatentt A Pionic- (2) 


Alternatively, however, one could start from the 
orthogonal atomic orbitals 


Aa=[4(1+S)4+3(1— S)4](15,) 

+[(4(1+5)4- 3(1—S)4](1s), 
do=(4(1+ S) 4-3 (1— S)4) (150) 

+(3(1+5)4+ (1— S$) ] (150). 
One would then mix the two structures 
Beovaient =Aa(1)As(2) +Aa(2)As(1), 
Pionic=a(1)Aa(2) +As(1)A0(2), 

and obtain 


(3) 


(4) 


Vv =A Beovatens tA wPion ice (5) 


Equations (2) and (5) give the final wave function in 
the VB and VB procedures, respectively. These are 
naturally the same. However, and this is the essential 
point which vitiates the VB procedure, 


Poova lent ¥# Deovaleat 
and 


Pionic¥ Bion icy (6) 


which means that any truncation of the covalent-ionic 
mixing (as, for example, by restriction of the struc- 
tures to be mixed to the single one covalent in type) 
will give different results in the VB and VB methods. 
Indeed, as Slater first showed," the single VB structure 
Peovalent iS a poor approximation indeed for the ground 
state of the hydrogen molecules, whereas ®oovaient is the 
original description of Heitler and London. 

The molecular orbital situation is different. In the 
customary LCAO form of this method, starting from 
the same atomic orbitals 1s, and 1s, one defines mo- 
lecular orbitals 


d:=(2(1+S) F(1sc+ise), 
¢2=[2(1—S) F4(1s.— 150), 

builds configurational wave functions, 
:=:(1)Gi(2),  B2=G2(1)a(2), (8) 


and mixes these to give the final approximate wave 
function 


(7) 


Vv = B,%,+B.4,. (9) 


This is the MO method, including configuration inter- 
tion. Alternatively, in what may be termed the MO 
method, one would start from molecular orbitals 


di oe 2-4(Aa tro) ? 
G2 ke 24(\.— Ao) ? 
2 J. C. Slater, J. Chem. Phys. 19, 220 (1951). 


(10) 


build configurational wave functions 


$:=$:(1)$2(2), B2=G2(1)42(2), 


and mix these to give 


(11) 
v=B,6,+B,4:. (12) 


Again the final result is the same (and the same as in 
either the VB or VB methods), but this time one has a 
more detailed identity, namely, 


odi=oi and ¢:=d. 


From this it follows that 


(13) 


$= and &,=%. (14) 
That is, the MO and MO methods are identical “step 
by step”: they give identical descriptions whether 
or not configuration interaction is carried to its full 
limit. 


General Case of High Symmetry” 


P” In the case of the hydrogen molecule it thus turns out 
that the coefficients of the AO in the MO are in the 
same ratios as the coefficients of the AO in the MO. 
This result is of more practical interest than the simple 
identity between the MO and the MO, for it implies 
that, for such a case, the LCAO coefficients themselves, 
as well as later results of calculations, are essentially 
the same in the MO and MO methods. For purely 
theoretical work this is not so helpful, because precise 
orbital forms must be specified before purely theoretical 
calculations can be carried out, but the advantages are 
definite for semiempirical schemes, in which integrals 
are evaluated by more devious means. 

The MO and MO methods unfortunately are not 
always identical in this “complete sense.” The simplest 
case when they are is when the molecular symmetry 
is high enough to determine the LCAO coefficients 
uniquely, that is, when each molecular orbital is a 
symmetry orbital for the problem. (Hydrogen falls in 
this class of molecules, as do ethylene, cyclobutadiene, 
and benzene, but not butadiene.) 

To lay the argument out precisely, in the usual MO 
method one sets out to determine the coefficients 
C,; in the expansions, 


$5= DxeC ois (15) 
Dp 


of the molecular orbitals @ in terms of overlapping 
atomic orbitals x. But alternatively, one can write as 
well the molecular orbitals in terms of the ortho- 
gonalized orbitals \ of Léwdin,” 


$j= DeDai- (16) 


13 Compare F. Peradejordi, Compt. rend. 243, 276 (1956). 
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Here, 
Aq= DXel ve 
2 


and 


Cyj= DT Dai, 
q 


where 7p, is the element in the pth row and gth column 
of the matrix 


(17) 


1 Sie Sy °° -|7 


T=(S)t= Sy 1 Sg ** 


in which 


Syn= [xoxo 


The question now is, are the D,; of Eq. (16) the same 
as the C,; of Eq. (15)? 

In general, the answer to this question is no, but in 
case the C,; are determined by symmetry the D,; are 
also, and the two sets of coefficients differ at most by 
constants N;: 


= DdDpi=N i LxeDpi=9i.- (19) 
Pp Pp 
This follows from the fact that the transformation to 
Léwdin orbitals, Eq. (17), leaves the symmetry 

properties of the orbitals unchanged. 

The outside identity of Eq. (19), 6;=9; is not so 
surprising, for any reasonable method for arriving at 
LCAO molecular orbitals would be expected to give 
results unaffected by an intermediate linear trans- 
formation of the starting orbitals. It is the inside 
equality that is interesting and important; it shows 
that in determining the coefficients C,; (up to con- 
stants) one can work as well with the \ as with the x. 

What this means becomes clear when one considers 
the example of the benzene molecule. In the usual 
rigorous treatment of the pi electrons in this molecule,“ 
one starts with molecular orbitals 


(20) 


6 
$;= (1/60;)! pw? x», 
p=l 


where w=exp(2mi/6) and the oj; are normalizing fac- 
tors; the x, are overlapping. One then builds various 
many-electron wave functions and mixes them varia- 
tionally to give approximations for the wave functions 
for the several molecular states. The calculation is 
very tedious, mainly because of the host of integrals of 
several kinds which enter the formulas. 

One could start from the molecular orbitals expressed 
more simply in terms of Lowdin orbitals \ derived from 


oan Goeppert-Mayer and A. L. Sklar, J. Chem. Phys. 6, 645 
1 : 


. ™R.G. Parr, D. P. Craig, and I. G. Ross, J. Chem. Phys. 18, 
1561 (1950). 
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the x by the transformation of Eq. (17). By Eq. (19), 
one would have 


6 
$= (1/6)* wih y= (21) 
p=1 

The many-electron functions consequently are ex- 
pressible as well in terms of the ¢ as in terms of the ¢, 
and the various integrals that enter the final formulas 
may be interpreted as over orihogonalized orbitals \ just 
as well as over nonorthogonal orbitals x, with no error. 
Overlap integrals may be struck out identically, and 
integrals involving electron distributions divided be- 
tween different orthogonal orbitals may be set equal 
to zero as a reasonable approximation. Explicit calcula- 
tions verify that this last, which is no mvre or less than 
the approximation of zero differential overlap, is a good 
approximation in this problem.'* 

Equation (21) has already been written down by 
Léwdin for Bloch orbitals in a crystal"; its implications 
for calculations on benzene have, however, not been 
pointed out so explicitly before. 


Alternant Hydrocarbons and Similar Cases 


Consider now a case in which the molecular orbital 
coefficients C,; are determined not by symmetry alone 
but by solution of secular equations of the type 

LEM y— Srotti |Cos=0. 


Pp 


(22) 


Here, 


*M p= | Xr*uxeAdd, (23) 
where yw is an approximate one-electron operator, as, 
for example, the LCAO SCF operator in Roothaan’s 
method”; the yw; are constants. Solution of these 
equations provides molecular orbitals @ from which 
many-electron wave functions can be built. 

Alternatively, molecular orbitals ¢ are defined by 
the coefficients D,; which are solutions of the secular 
equations of simpler form, 


DPM vo— beats Das =0, (24) 


Mua= [detdade, (25) 
and the 6,, are Kronecker deltas. 
__ The ¢ and the ¢ are identical, so again the MO and 
MO methods are identical step by step. This time, 
however, the coefficient C,; and D,; will in general be 
different. 
Suppose, though, that the matrices *M=(*M,,) and 
S=(S,,) happened to commute. Then *M and T 
16 R. McWeeny, Proc. Roy. Soc. (London) AG Y (1955). 


See also G. G. Hall, Trans. araday Soc. 50, 773 
17C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 
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would commute, 


oy M oq gd ji . MrT 1g. (26) 


Therefore, multiplying Eq. (24) by 7;,., summing over 
s, and using Eqs. (26) and (17), one finds 


SPM — Frets JC.3=0. 


(27) 


That is, the C,; satisfy the same secular equations as do 
the D,;. Or: For a given j, the set D,; differs from the 
set C,; by a common constant factor at most, the MO 
and MO methods are equivalent in the complete sense, 
no error is incurred if the assumption is made in semi- 
empirical calculations that the atomic orbitals of the 
problem are orthogonal. 

As was first suggested by Léwdin,” alternant hydro- 
carbons are an important large class of molecules for 
which the assumption that the matrices S and *M@ 
commute, with » the LCAO SCF operator, should be 
very good.'* 


General Case 


No matter what the molecule is, the MO and MO 
methods would be equivalent step by step if the 
operator w were taken to be the same in Eqs. (23) and 
(25), although the C,; and D,; would be different. 

Furthermore, the approximation that the matrices 
S and *M commute may often be a good one, with u 
the LCAO SCF operator, in which case the D,; and C,; 
will be nearly the same. (Peradejordi has demonstrated 
this for butadiene.) It may then prove expeditious to 
solve Eq. 24 and make up for the minor deficiencies 
in the molecular orbitals obtained by a later configura- 
tion interaction calculation. Or, the operator » might 
be slightly modified in order to make S and *M com- 
mute and the D,; and C,; be the same, again with 
configuration interaction included later.’ 


Discussion 


One may conclude from this discussion that purely 
theoretical MO-type methods have advantages that 
could be explored further. Probably more important is 
the inference that semiempirical MO-type methods 
have good justification; the atomic orbitals in the 
generalized Hiickel method, for example, may be 
thought of as Léwdin orthogonalizations of ordinary 
atomic orbitals. The approximation of zero differential 
overlap then is the approximation that charge dis- 
tributions which are products of orthogonalized atomic 
orbitals may be ignored. Further numerical calcula- 
tions, checking this, would be helpful. 

Interpretation of the basic integrals in the generalized 
Hiickel method as over orthogonalized atomic orbitals 


18 See also B. H. Chirgwin, and C. A. Coulson, Proc. Roy. Soc. 
(London) A201, 196 (1950). 

% For example, Mulliken-t approximations in the LCAO 
SCF operator probably reduce its commutator with S. 
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has one consequence that has not yet been mentioned: 
The orthogonalized analog of each atomic orbital will 
have a form which varies from one molecule to the next. 
Because of this, the invariance of the basic integrals 
from one molecule to another, which has been postu- 
lated,'-* will require verification and perhaps modifica- 
tion.” A careful comparative study of the naphthalene 
and benzene molecules could shed much light on this 
question. 

On the other hand, there is a final strong argument 
that can be given in favor of these semiempirical pro- 
cedures. The form of the “ordinary” atomic orbitals 
has not been specified anywhere in this discussion—it is 
a degree of freedom which one should recognize. Thus 
the precise values for the overlap integrals S,-p can be 
considered variable. (It has already been pointed out 
that the integrals *M,-, can be adjusted by changes in 
uw). Or, one can transform back from very good mo- 
lecular orbitals to an orthogonalized atomic basis; this 
would make the orthogonalized atomic orbitals identical 
with what Lennard-Jones and Hall have termed equiva- 
lent orbitals.’® 


Ill. REMARK CONCERNING THE TREATMENT OF 
BENZENE-LIKE MOLECULES 


In an earlier paper® equations were given for treating 
by the generalized Hiickel method molecules like 
ethylene which have two = electrons, and it was demon- 
strated how setting up such a problem in a certain way 
gives formulas in which theoretical electronegativity 
differences appear perspicuously. Here the same sort 
of procedure will be applied to analogs of the benzene 
molecule. 

A benzene-like molecule is defined as a molecule such as 
benzene, toluene, or pyridine, the properties of which 
may be well described in terms of the behavior of six 7 
electrons which have available six 2rp atomic orbitals 
arranged more or less hexagonally. In toluene a better 
description requires explicit consideration of two extra 
m electrons from the CH; group (hyperconjugation) ; in 
the terminology that has been suggested® this would 
involve “mesomeric effects” of a substituent. The 
problem treated in the present paper is just the six- 
electron one—only “inductive effects” of substituents 
are covered.” 

Encouraging results for the spectra of several nitrogen 
heterocyclic analogs of benzene have already been re- 
ported.” The present more systematic development will 
deal with all benzene-like molecules; it should provide 


% Professor K. Ruedenberg has informed the author that he 
has developed a theory explicitly dealing with overlap of nearest 
neighbors. Also see work cited in footnote reference 29. 

21 Com the introductory remarks in R. McWeeny, Proc. 
Roy. Soc. (London) A237, 355 (1956). 

2 See however Sec. 5 of footnote reference 6. 

28 Work cited in footnote 1, p.767. R. C. Hirt, F. Halverson, and 
R. G. Schmitt, J. Chem. Phys. 22, 1148 (1954); R. McWeeny 
and T. E. Peacock, Proc. Phys. Soc. (London) A60, 41 (1957) ; 
J. N. Murrell, Mol. Phys. 1, 384 (1958). 
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Taste I. Character table for the group Ce." 








8Cy Operation” 
Representation £ Cs Ce Cé Ce 





Toor A 1 1 

T, or Ei, ‘ —1 

Tor A —1 

TY, or Eo, 1 

T_: or Ee, 1 

T; or B -1 -1 





* The two degenerate representations of the group Ce can be treated asmade 
up of two one-dimensional representations each if complex characters are used, 
as shown: w=exp(27i/6). 

> Here Ce" is the symmetry operation: rotate the molecule the angle 60n° 
about its sixfold axis of symmetry. 


a useful framework for studying many properties of 
many such molecules. 


Starting Wave Functions 


The key to a simple and general treatment of benzene- 
like molecules is to set up the problem unprejudiced as 
to the type or location of the perturbation from the 
parent “standard” molecule benzene. With six m elec- 
trons and six 2pm overlapping atomic orbitals xo, x1, 
X2, X3, X4 Xs arranged hexagonally, the orthonormal 
molecular orbitals appropriate for the full benzene 
symmetry may be written, according to Eq. (21) 
(changing the numbering of the orbitals for con- 
venience) , 


Ly 
j= 64) wir», 
p=0 


j=0,+1,+2,3, (28) 


where w=exp(2mi/6) =cos( 22/6) +i sin(2x/6) and the 
A, are the orthonormal Léwdin analogs of the xp, 
expressible in terms of the xp by Eq. (17). 

The subscript 7 which labels a molecular orbital 
indicates the irreducible representation of the group C., 
to which the orbital belongs. The character table 
for this group is given in Table I; the determination of 
the ¢; from this table and the transformation properties 
of the x, or A,» follows the usual standard procedure. 

Now the molecular orbitals of Eq. (28) will not be 
quite the best ones for the ground state of the arbitrary 
benzene-like molecule. For each molecule an LCAO 
SCF calculation could be performed to improve them," 
but an alternative method is better. This is to make up 
for deficiencies in the Eq. (28) orbital description 
for a given state of a given molecule by linearly mixing 
in corresponding functions for other states—the con- 
figuration interaction procedure. Symmetry present 
in benzene itself will make many of the configuration 
interaction matrix elements zero for benzene itself; 
nonzero values of these elements in a molecule which 
does not have full benzene symmetry produce the same 


effects as would alteration of the linear coefficients in 
the LCAO MO. This method takes advantage of the 
uniquely simple form of the linear coefficients in the 
benzene orbitals, and it gives formulas which are quite 
general. 

Of the great many “states” that could be admixed, 
only the most important will be considered here: the 
“ground state” coming from assignment of two elec- 
trons each to the lowest-energy molecular orbitals 
do, oi, and @_, and the “singly excited states” coming 
from promotion of one electron from one of these 
orbitals to a higher orbital. Every such “one-electron 
jump” gives rise to one singlet and one triplet state, so 
that ten starting singlet wave functions and nine 
starting triplet wave functions are thus defined. In 
Table II these “set A starting functions are explicitly 
given in terms of Slater determinants formed from the 
basic one-electron orbitals of Eq. (28). The notation 
adopted is that Vj represents the singlet state (or its 
wave function) arising from excitation of one electron 
from the orbital ¢; to the orbital ¢, from the (singlet) 
ground state NV; Ty represents the corresponding 
triplet. 

The assumption now is that the ground-state z-elec- 
tronic wave function of a benzene-like molecule and 
the wave functions for its lower w-excited states are 
expressible in the form 


V=A,9,4+ Aro+::, 


where the ® are the starting functions of Table II, or 
suitable combinations of them. This would in fact give 
for the ground state a function equivalent to the LCAO 
SCF function, provided the SCF MO differed only 
infinitesimally from the MO of Eq. (28). (Just such a 
procedure has been effectively used by Brion and 
others” to generate SCF MO by successive approxi- 
mations.) To get comparable accuracy for excited states 
one should include two-electron as well as one-electron 
jumps,” which will not be done here; nevertheless, the 
results for the lower excited states should be reasonably 
good. 

The problem then is a linear variational one of some 
magnitude; in the general case determination of the 
coefficients A in Eq. (29) requires computation of a 
large number of matrix elements and solution of equa- 
tions of high order. 

The secular equations would be the more easily 
dealt with the more completely diagonal they were for 
the special case of full benzene symmetry. If the set A 
functions were used, the symmetry characteristics, 


(29) 


Vix and T CRepresentation T,-; of Ce, (30) 
% H. Brion, R. Lefebvre, and C. M. Moser, J. Chem. Phys. 23, 
1972 (1955). See also J. A. Pople, Proc. Roy. Soc. (London) 
oy: oss) (1955), and J. A. Pople and P. Schofield, idem A233, 
% The importance of two-electron jumps has been emphasized 
Pols) urrell and K. L. McEwen, J. Chem. Phys. 25, 1143 
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TABLE ITI. Starting wave functions for benzene-like molecules: set A. 





Configuration* Starting state>.¢ 


Starting wave function*¢ 





Fr—? 


071 — 122 
1?—1—2 
1—12—2 
12—12 


O1?—192 
017-12 


N=V oo 


Vie and Tr 
Vise and 74.2 
Vi-g and Ti-2 
Vie and Tr12 


Vez and Tw 

Vo-2and To2 
Vis and Tis : 
Vii3 and T_1s 


Vos and Tw 


(0011 —1—T) 


(0012 —1—1) + (0021 —1—1) 

(OOS PR 11—2—1) 
001— a ORS —2i-1-I)] 

(Ot. 12) + (00112—T1) ] 


(0211 —1—1) +(2011—1—1) } 
(0O—211-1-1)+ eae =1—1)} 
tong i— poet i-—1-I)] 
(0011 — 13) + (00113—1) } 


2-4[ (0811 -—1—1) + (3011—-1—1) ] 








* Here 0%1?—1?, for example, denotes the configuration depi*p_1?. 


> These starting states do not necessarily cc respond to actual molecular states. See text. 

© Vjz and T jx denote singlet and triplet starting states arising from the one-electron excitation 4+—@j from the ground starting state NV. 
4 Here (0011—1-T), for example, denotes the normalized Slater determinant (6!)4Z? (— 1)? { (ocx)! (Go8)2(prex)*(18)* (G_12)5 (_18)4]. 
© The upper sign goes with V, the lower sign with 7. Only one component of the three degenerate components of each triplet state is listed. 


plus the fact that nonzero interaction between two 
functions for benzene requires that their product have 
symmetry Ip, show that one would have nothing worse 
than a 3X3 equation for benzene, but one can in fact 
do much better than this if one replaces the set A 
functions of Table II with the set B functions of 
Table III. 

The set B functions are, up to constant factors, sums 
and differences of set A functions which are degenerate 
because they are complex conjugates of each other. 
Regardless of the molecular symmetry, 


Vix = V_+4.* and Tie= , re (31) 


so that replacement of Vj and V_j;. by Vat 

24( Viet V_j-) and Va =i244 (Va- V_j-+) gives 
two real orthonormal functions, and similarly with the 
triplets. And, as will be shown, in the case of full 
benzene symmetry, + and ~ functions do not interact. 
Consequently in the case of full benzene symmetry the 


only interactions among the set B functions which are 
not zero are between V;_,+ and Vos, between Vt and 
Vist, between Voz- and Vis-, and between the corre- 
sponding triplets. 

The Vo and Vj; states, and the 7,2 and 7}; states, are 
accidentally almost degenerate in the benzene case, 
which suggests that a final transformation of the basic 
functions would bring the secular equations still closer 
to a completely diagonal form for the case of full 
benzene symmetry: 


Vat t= 2-4( Vort+ Vis") ’ 
Vogt ~=24(Vozt— Vist), 


wt +=2A( Test + Tist), 
Toot —=274( Tet Tis*), 
Var t=24(Ver+Viar), To t=24(To + Tis), 
Ver-=24(Ver—Va), Te = (Tw Ts). 


(32) 


TABLE III. Starting wave functions for benzene-like molecules: set B.* 





Starting state>-¢ 


Starting wave function®-*¢ 





N 


Viet and Ti2* 
Vi-g* and Ti-2* 
Vat and Tot 
Vist and Ti3* 


Va and To 


Vie~ and 7T):7 
Vie" and 7).- 
Vor and T.- 
Vis~ and Ti3" 


N 


Vigt = 274 (Viso+Viz) and Ty: ==274(T1-2+Ti2) 
Vygt =24 (Viet V. 


12) and Ti-2* -= 24( Ti-2t+ T-12) 


Veet =2-4(Vo2r+Voe) and Tet=24(To2+Te) 
Vist = 2-4 Viss+ Vis) and T13t = 274( Tois3+ Tis) 


Vos and 7'o3 


Vio =424(Via_o— Viz) and Ty =i24(T1-2— Tiz) 
Vi-g =i274(Vi-o— Vise) and Ty-37=4274(T2— T-12) 
Vea =i27 ( Vo-e— Vee) and Te~ =i274(To2— Tw) 
Vig =4274(Viig— Vis) and Ti37=i24( 7 43— Tis) 





® The final, set C, starting functions are these set B function modified as indicated in the text, Eq. (32). 


> See Table II, note b. 


© The symbols N, V, and T denote both states and wave functions for states. 


4 The wave functions are given in terms of the set A starting functions of Table II. 


° In Duy sy try, the sy 
Vis" CE2,; triplets same as corresponding singlets. 





tries of these starting functions are as follows: N CAig; Vis*, Vio~, Ei; Viet, Vos Bin; Vir Co Bau; Vos*, Vis", Vor, 
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TABLE IV. Integrals over molecular orbitals for benzene-like molecules. 








Symmetry 
classification* 


Core integrals>:4 


Electronic repulsion 
integrals*-4 





To Too=Io=€0 
ha=h=a 
Io2=I2=€ 
I3=I;=6 


r; or Ty Tho and Liyo=hhe* 
Tey and I_y =Jo1* 


Ts_2 and I-32 saad T3_2* 


Ty and Tau=hi* 
Tx9 and I_20= Ioo* 

J; and I_y =I3..* 
I-2 and T_e=Iy2* 


Iu and Ia =In* 
Ts0 and I-30 130* = 130 


Ign=I_s. and Tg =In=T* 





Loo= Jij= J = ij 
ha=Ka=6n 
Lr-2=Ke=5e 
Ls-3= K 03 = 503 


Lio and Liio= Lyo* 
Inn and Lia= Len 
Lg-2 and L_s.= L3_* 


In and Lii= L* 
Lao and L_go= Lao* 
In. and La= I,-\* 
Ly-2 and L»= Liys* 


Im and L_s1= La* 
Igo and L_s9= Lgo* = Leo 
Dya= Lo and La= [n= Ly* 





® Irreducible representation of group Cs, see Table I. 


» For definition of Jj, see Eq. (35) of text. The contraction J;=I;; is convenient; the notation €;=/ j; has also been used by certain authors. 
® For definition of Ly, see Eqs. (37) and (39) of text. The J, K notation for the first four of these integrals is more standard; the y, 6 notation has also been 


used by certain authors. 


4 For full benzene symmetry, all integrals vanish except those having symmetry Io, leaving four distinct integrals of each type. In the general case, the number 
of independent integrals of each type is 21; the integrals, J_30, Z4_1, Ja, L-30, Li_1 and L_«1, are redundant but are included for convenience. 


These functions together with the other unmodified set 
B functions of Table ITI, NV, Vist, Vis~, Vist, Vis, 
Vos, Tist, Ti, Ti-e*t, Ti-s-, Tos, are the final, set C, 
starting wave functions for the problem. 


Secular Equations 


The Hamiltonian operator for the mw electrons has 
the form’ 


6 6 
H= > Heore(u) + 4D.’ (€/tw) ; 


u=l Byv=l 


(33) 
the problem is to determine S-matrix elements, 
Sun= [Pn *Budo, 
and H-matrix elements 
Hnn=(®m||®) = [&n*Hxde, (34) 


where the @ are the set C starting functions of Table III 


and Eq. (32). The secular equations for the singlet and — 


triplet states then are 10X10 and 9X9 equations of the 
form |(Hmn— SmnE)|=0, where E is the total x-electron 
energy; the corresponding wave functions are of the 
form of Eq. (29), with > nAn(Hmn— SmnE) =9. 

The set C functions are orthonormal by construction; 
hence Smn=8mn- The H matrix presents more difficulty. 
Rules for obtaining matrix elements between Slater 
determinants for an operator of the form of Eq. (33) 
are available, however,” and each set C function is a 
linear combination of Slater determinants. Such matrix 


6 For example, E. U. Condon and G. H. Shortley, Theory of 
Atomic Spectra (Cambridge University Press, Cambridge, Eng- 
land, 1935). 


elements always are expressible as linear combinations 
of two kinds of integrals over the molecular orbitals ¢;, 
integrals arising from the terms Hore in Eq. (33) and 
integrals arising from the terms e?/r,,. 

The first class of integrals are the core integrals, 


(35) 


ine [s(1) Hese(1)0(1)d0(1). 


There are 21 distinct ones of these, since from Eqs. 
(28) and (35) one has the identities 


(36) 


In Table IV are listed those of these integrals, which 
are taken here as independent, and their symmetry 
classifications. 

The second class of integrals are the electronic 
repulsion integrals, 


(ij | kl) 


Te = Tj = 15 a* = 1; 4 0= 1546, 


r i] :*(1) Gu*(2) (2/ri2)j(1)62(2)d0(1)d0(2). (37) 


There are a great many of these. If, however, one as- 
sumes zero differential overlap, 


Ap(1)A,(1)do(1)=0 for pq, (38) 


one can see that two indices, w=j—i and v=/—k, 
suffice to define these integrals, so that a more compact 
notation suffices for them: 


Ly = (i, itu | k, R+v). 
Further, one has the identities, 


Ly=Ly= L_,*= nro = Lyie,r 


(39) 


(40) 
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Consequently the number independent of these inte- 
grals also is 21; in Table IV are listed those here chosen 
as basic and their symmetries. 

In Table V the H matrices for the singlet and triplet 
states of benzene-like molecules are given in terms of 
real parts, Jj,’ and L,,’, and imaginary parts, J,‘ and 
Ly‘, of the integrals Jje=Ij’+i]j,' and Ly=Ly’+ 
iL,,' listed in Table IV. 

Three sample calculations of H-matrix elements may 
be given without detailed comment: 


(NW || Y) =[(0011—1—1) || (0011-1—-1)] 
= 29+ 27 ut 2hiat Jot (4Ju—2Ko) 
+ (4Jo1—2Ko1) +Jut (4Sia— 2K) + Ju 
= 2Io+4/,+15 J —4Ko—2Koo, 
(N || Vist) =2->C(N || Vie) +(N || Vie) J 
=24C(N || Viz) *+(N || Vis) J 
=2! Re(N || Vis) 
=Re{[(0011—1—1) || (0012—1—1) ] 
+[0011—1—1) || (0021—1—1) }} 
=2 Re[{(0011—1—1) || (0012—1—1) ] 
=2 Re{J_12+2(12 | 00) — (10 | 02) 
+(12 | 11)4+2(12 | —1-—1) —(1-—1] —12)] 
=2(Loit5Li— Lr1— Ls-2)’, 
(Vist || Vis~) =$4[Va-e+Vie) || (Vr-e— Vie) J 
=—}i{(Vi2 || Vic) — (Vie || Vie) *] 
+[(V_1-2 || Viz) — (V1 || Viz) *J} 
=Im[(Vie || Viz) +(V—1-2 || Vie) J 
=Im(V_1-2 || Viz) 
=4 Im{[(0011 —1—2) + (0011—2—1) ]|| 
<[(0012—1—1) +(002I1—1—1) }} 
=Im{[(0011—1—2) || (0012—1-1)] 
+[(0011—1—2) || (0021-1—1)}} 
=Im[(12 | —2—1) —(1—1 | —22) 
+(12| —2—1)] 
= (2Lu—L4-2)'. 


Here Re and Im refer to real aud imaginary parts of the 
quantities indicated; other notations are explained in 
Table IV. 


Reduction to Integrals over Atomic Orbitals 


The matrix elements in Table V are expressible in 
terms of integrals over orthogonalized atomic orbitals 
X», through the use of Eq. (28). These integrals again 
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involve either the core Hamiltonian or electron repul- 
sion, and there are again 21 independent ones of each 
type. These are listed in Table VI. 

The matrix elements can be classified by their sym- 
metry, according to the rules 


I, Representation Tj; of Ce, 


LyCRepresentation I,,, of Ce. (41) 


It, therefore, is expedient to introduce as the entities to 
be algebraically manipulated in the problem symmetry 
combinations of the basic atomic integrals; these are 
listed in Table VII. 

One then has, in the notation of the tables, 


T 5x = A je F2 Bi cos (j— k) «/6] 
+2B 541" cosl( j—k) 4/3 ]+B ji cosl(j—k) 2/2] 


(42) 
and 


Lye = Cup +2C yy." cosl (u—v) 2/6] 
+2C ys cosl (u—v) 4/3 ]+Cu4." cosl(u—v) 2/2]. 
(43) 


From these two basic formulas one can determine any 
desired J, or Ly, for any given values of the integrals in 
Table VII, and hence determine all secular equation 
elements in Table V for given values of the integrals. 


Simplification : 
Introduction of Atomic Electronegativities 

The quantities A;, which enter the secular equations 
through the dependence of the J on them, Eq. (42), 
are symmetry combinations of the a); each a, in turn 
is a one-electron energy in the field of the molecular 
core, for an electron in a Léwdin orbital A,. An ap- 
proximate treatment of these terms much simplifies the 
secular equations. 

The first approximation is that in those combinations 
of the a, which vanish for full benzene symmetry; the 
Léwdin orbitals \ can be replaced by the nonorthogonal 
atomic orbitals x, that is, 


A;=*A;=(1/6) Diwi*ay, j#0, (44) 
Pp 


tay [ x9"(1) Hoore(1)x9(1)d0(1). 


(45) 


Strictly speaking the a, contain not only terms *a, but 
also terms *8p¢, but it is reasonable to suppose that these 
last cancel in the A; having 7 #0. (In Ao, which would 
enter importantly the theoretical expression for the 
ionization potential, for example, this approximation 
would not be so good.) 
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TaBLe V. H matrices for singlet and triplet states of benzene-like molecules in terms of integrals over molecular orbitals. 





Matrix element* 


Formula>:*4 


‘Corr nding 
triplet element®-* 





(N || ¥) 


(Via* || Vis*) 
(Vi-s* || Vi-s*) 
(Vea* * || Voa* *) 
(Vat || Ve*~) 
(Von || Vos) 
(Vis || Vis) 
(Vis || Vis) 
(Var * || Vor“ *) 
(Var || Ver ~) 


(N || Vis*) 
(N || Vi-s*) 
(N || Voe* *) 
(N || Ve*~) 
(N || Vos) 
(N || Vis) 
(N || Vi-s-) 
(N || Var *) 
(N || Var ~) 


(Vist || Vi-e*) 
(Vist || Voe* *) 
(Vis* || Voe* ~) 
(Vist || Vos) 
(Vist || Vis) 
(Vis* || Vis) 
(Vist || Vos~ *) 
(Vis* || Vor~ ~) 


(Vi-2* || Vos* *) 
(Vi-s* || Vet ~) 
(Vi-2* || Vos) 
(Vi-s* || Vis) 
(Vi-s* || Vi-e-) 
(Vis || Voe~ *) 


(Vi-s* || Voom ~) 


219+-414+15J —4Ka—2Ka 


—h+I2+2Ka—Kost[2Lu— Lis)” 
—h+h—Ket3Ke 


—} (Toth) +3 (24+Ts) +3Ka— Kot} lee tIu—2Lat7 Lee Ln)" 
—4$ (Toth) +43 (2+Is) +2Ka—Ke—Kot}[Ie2—In—2Lpa— be t3 Ln)" 


—Iot+I;+2Ka—2Kat+Kos 
—I+I2+2Ka—Koa— [2Lu— Iy-2]" 
—)+h+Ke—Ke 


—}(Lot-h) +3 (12+1s) +3Ka—Kos—$(Le—In —2L41+7 Le2— In)" 
—} (Toth) +3 (2241s) +2Ka—Ke—Ko—$[Le2—In—2 Lp — Lee +31)" 


2[J21t+5Li— Loa— Ls-2]" 
2[Iu+5Ls0—2Lm]" 

24 [ Too+-Is-1+10L20—2L51— Li— Ly-2)" 
2! [I2o—Ls-1— Ln + Le-2)” 

24 [Iso+5Le0—2Ln)° 
2[L21+5 Lie Lna— Ls-2)* 
2[In+5Ls0—2 Lm ]* 

24 [ Teo+Is1+10L20—2L5-1— Ln — Les) 
24 Jeo—Is-a— Ln + Le] 


[Is-2—Iut Lnt+2L¢41— Le-2)" 

274 [Ts-2—Io—2Lo-2+4L21—2L41+41a)" 
—2A9[Is2thot10L—2Le2—2L24)° 
24(2Ls41—Lu)" 

[2Lu—L4-2]* 

— [TeatIn+10L—2L44— Le-2— In}6 
274 [Ts2—lio—2Lp-2t+4121—2L41+41n)! 
—2A4[Ty2thot10L—2Ls2—2L24)' 


24 [Is-2—Not+6Le2—21e4)" 

—24 Isat hot10Li0— 2142-2124)" 
24(2Ka—Ka) 
—[e2—IntIn+2Le4— Les]! 

0 

—24[Is2—lot6Le2—21r4}§ 

29 [Isat t+10L0—2Lo-2—2 124) 


—2Ka—(2Lu)’ 
tit. 

—4Ka— [41+2]" 
same 

—2Ko 
—2Ka+[2LZn]’ 
same 

—4Kot [4L42]" 


same 


eoeoeeoeeooc 8S 8S © 


—[4L4)" 
—24[41i14+41a)" 
same 

—274(2L4)" 
—([2Ln]}é 

same 
—24[41,14+41n)* 


same 


—24(8Lz2]" 
same 
—24(2K 0] 
+ [4144] 
same 
+274(8L,-2}* 
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Taste V.—Continued. 





Matrix elements* 


Formula>.«-4 


Corresponding 
triplet element*:* 





(Veet * || Voe* ~) 
(Veet * || Vos) 
(Veet * || Vis) 
(Vert * || Vie) 
(Veet * || Voe~ *) 
(Vent * || Voa~ ~) 


(Voo* ~ || Vox) 
(Veet ~ || Via) 
(Veet ~ || Vi-e~) 
(Veet ~ || Vor *) 
(Vee*~ || Voe~ ~) 


(Ves || Vis) 
(Vos || Vi-z) 
(Vow || Vem *) 
(Vox || Vor~ ~) 


(Vis™ || Vi-e™) 
(Vis || Vor“ *) 
(Vis™ || Vem ~) 


(Vi-2- || Vos~ *) 
(Via || Vor ~) 


(Ver * || Var) 


—4(Lo—Li—La+1s) + (Les t+Iut+10L—2L.4— Lr2— Ln)" 
[Is-2—Jio+2Le-2]" 
—24[Is-2—Iho—-2ho2t4leit2bi—4ly)' 

= 24 [Isat hot10L0—2Ls-2-2L24)§ 
—$[Ie2—In—-2L,44+7 L4-2— In)}* 

—$ [Leet -10Le0—2 Lh — Lee— Lu) 


[Js-2+Tiot+10Li0—2L4-2—2L24]" 

274 [Ts-2+-Tiot+10L0—2L3-2—2L-1]' 

274 [Ts-2—Tot+-2 Lr —214-2]' 

—$ [Teo tIut+10L0—2 La — Lee Li} 
—$[Ie2—In—2La— Ln2t31n)* 


—2(2L4—In]}* 

0 

— [Is-2—Tiot+2L4-2]* 

— [Ta-e+Tiot+10Li0—2 Ly2—2 Los ]' 


— [Te-etIut10L—2L1— Lie Li)’ 
2749 [Ts-2— Tio 2 Lg-2+-4it2loi—4ln)" 
2749 [T sat hot 10 Lyo—2L3-2—2L21]" 


—24 [Tee +Tiot+10Li0—2L4-2—2124]" 
24 [Is-2—liot2L1—-2L4-2)" 


—4$(To—hh— Ta +-1s) — 3 [Tea tin t+10Le0—2 L341 — Le2— Ln)" 


same 
+274([41,,—41n]* 
same 

+([4L.-2]* 


same 


same 


same 


+24[2L54]* 
same 
+[4Zz-2]* 


same 


same 
—24[4L,1—41n]’ 


same 








* (®n || Ov) =J[Pn*HPade, where the ® are the real set C functions of Table III and Eq. (32). 


» For definitions of Jjx and Ly», see Eqs. (35), (37), and (39) of text. 


© For full benzene symmetry, all terms in brackets [ ] vanish. For full benzene symmetry, therefore, the only nonzero off-diagonal matrix elements are 


(Vist | Vos), (Voxt* \| Vos*~), (Vor* ll Vor ~), 


and the corresponding triplet elements. 
4 Except for (N || V) itself, diagonal elements are relative to (N || N). 


® All elements relative to the corresponding singlet elements in the previous column, except those which are zero, which are so marked. 


Elucidation of the *e, now follows familiar lines.!+" 
Breaking down Hore, one finds 


Xp = —Ip— Pp— Lito (46) 


where J, is the ionization potential for a neutral atom 
p and P, is the total attraction of the neutral atom # in 
the molecule for the rest of the molecule; the yp, 
strictly are electron repulsion integrals over the x, 
but they may be supposed instead to be over the A 
(actually, the corresponding terms in a, involve both 
the x and the A). One also sets! 4 


Yop =1p— Ay, (47) 


where A, is the electron affinity for atom , and one 
defines the effective electronegativity of atom p in the 
molecule as® 
Yo=3(Ipt+Ap) +Pp. (48) 
Then one obtains 
Xatp = — Yp— FY pp— Dew (49) 
oP 
and finally, for j~0, 
Aye — ¥j—6Lp—3( Do Lw) 5. (50) 


Here (do Lw)5 is the sum over p—v=0, +2, +4, 6 or 
+1, +3, +5 of all the L,, having u+v=j, and the 
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TABLE VI. Integrals over atomic orbitals for benzene-like 
molecules. 








Core 


Electronic repulsion 
integrals*-° 


integrals>-° 





ao Yoo 
@ yu 
a2 22 
Y33 
"4 
55 


ya 
Biz ve 
Bos 2 
Bas 34 
Bas 45 
Bso 


Boe yon 
Bis 7yi3 
Bos yu 
Bss "35 
Bao 40 
Ba Ys 


Bos Yes 
Bus yu 
Bos 125 





® ap=JAp*(1)Hoore(1)Ap(1)d0(1); Bpg= fAp*(1)Hoore(1)Ag(1)d0(1). 

» -yng= Jf [Ap*(1)Ap(1) (e2/ri2)Xg* (2)Ag(2)d0(1)dv(2). 

° For full benzene symmetry, only four core integrals are distinct, ao, Bo, 
Boz, and Bos; and only four electronic repulsion integrals, yoo, yo1, Yor, and os. 


quantities 


Y;=(1/6) D wiry, 
Pp 


(51) 


are generalized electronegativity differences—sym- 
metry combinations of effective atomic electronegativi- 
ties. Specifically, Eq. (50) gives the following approxi- 
mate equations: 


A,+5Ly— Ina 32 — Vi, 
AgtSLo— 2L31— Ly2— Ly — Y2, 


Ast5Ly—2Ly~— Y3. (52) 


Tas_e VII. Symmetry combinations of integrals over atomic 
orbitals for benzene-like molecules.*:> 








Core integrals*4 Electronic repulsion integrals*-4 





A;=B= (1/6) Zw!Pay 

BY = (1/6) Twi PMB, oir 
B= (1/6) Zpcof? MB, pie 
B= (1/6) Zoi? MB, ps 


C= (1/36) Do!?-ypp 

f= (1/36) Loh yy p11 
C= (1/36) ZpwiP yy pie 
Ci*= (1/36) Zyl? Wp 4s 








® Sums over / are from 0 to 5; w=exp(27i/6). 

> The subscript j indicates the irreducible representation of the group Cs to 
which a given symmetry combination belongs. 

© For full benzene sy try, all sy try combinations not having j=0 
vanish, leaving four distinct core integrals and four distinct electronic repulsion 
integrals: Ao=ao, Bo™=Bo1, Bo%=Bo2, and Bo™=Bo3; Co=1/6y00, Co™!= 
1/6yo1, Co®=1/67y02 and Co™=1/6yos. 

4 In each case j=0, +1, +2, 3, with the 7=+1 and j=3 integrals redundant 
for Bj and C;®. Thus the number of independent integrals of each type in the 
most general case is 21. 
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TaBLe VIII. Simplified formulas for selected matrix elements.* 





Corresponding 


Matrix element triplet element 


Formula> 





(N || Vist) 
(N || Vi-s*) 
(N || Voe* *) 
(N || Vat -) 
(N || Vos) 

(N || Vis) 
(N || View) 
(N || Voor *) 
(N || Vor ~) 
(Vist || Vi-s*) 
(Vist || Vis) 
(Vist || Vie) 2Y3' 

(Vist || Vis“) — (4B Ly +-2L¢1— Lys)! 
(Vi-st \| Vie) 0 

(Vie || View) 2¥2 


—2Y;" 

—2Y;" 

—8tYy 
—24(—2B"+ Ln — 142)" 
—2Y," 

—2Y;' 

—124(—B,): 

—8i Vy 
—24(—2By"-+ Ln — Ly-2)* 
(—4B'+ Ln+2L.1— 14-2)" 
(2Lu— Ly2)* 


coo cocooeoess & 





® From Table V and Eqs. (42), (52), and (53). 
> See Table V, notes a, b, and e. 


TABLE IX. H matrices for benzene-like molecules possessing a 
vertical plane of symmetry.*» 





Corresponding 


Matrix element*4 Formula® triplet element! 





(N || N) 21o+4h+15J—4Ka—2Ke 
(N || Vis*) {[—2¥,]" 

(N || Vi-s*) [—2¥3]" 

(N || Vis) 0 

(N || Vis) 0 


(Viet || Vist) —+h+2Ka—Ke 
+ [2Lu—Ly2]" 


(Vist || Vig) = [—4B"+Ln4+2Le.—Le2]" [—41,4]" 

(Vit || Vu-) 0 0 

(Vist || Vier) 0 0 
—h+h-—Kat3Ke —4Kws 

(Viet || Vis“) 0 0 

(Vi-s* || View“) 0 0 

(Vis || Vis) —htht+2Ka-Ko —2Kat(2LZn]" 


_ 11 


—2Ka— (2Zu]* 


(Vis™ || Via) 
(Vi-s™ || Vi-e-) 


[2¥2]" 
—h+h+Ke—Ke 


same 


same 





® From Tables V and VIII, from which matrix elements involving higher 
states also may be determined. To obtain matrix elements in terms of integrals 
over atomic orbitals, use Eqs. (42) and (43). 

b Plane of symmetry through atoms 0 and 3, or bonds 0—1 and 3—4, 

© See Table V, note a. 

4 For De, symmetries, see Table III, note e. 

© See Table V, notes b to d. 

f See Table V, note e. 





MOLECULAR ORBITAL THEORY 


A second approximation, of comparable accuracy, 
is that the nonneighbor 6,, may be neglected in those 
combinations of the 8,, which vanish for full benzene 
symmetry, that is, 


BY~0 and BM#=~0 for j+0. (53) 

Equations (52) and (53), together with Eq. (42), 
lead to considerable simplification in many of the 
matrix elements in Table V. Modified formulas for some 
of the most important are displayed in Table VIII. 


Secular Equations for Molecules with a Vertical 
Plane of Symmetry 


While the present purpose is not to perform specific 
calculations, it may be useful to display the formulas 
for one special case of very frequent occurrence, that in 
which the molecule retains one or more planes of 
symmetry in addition to the molecular plane. If such a 
plane passes through either atoms 0 and 3 (for example, 
any mono-substituted benzene) or through bonds 0—1 
and 3—4 (for example, any ortho di-substituted ben- 
zene), all interactions between + and — states vanish, 
and one gets the simplified secular equation matrix 
elements listed in Table IX. 

For such molecules the secular equations take fac- 
tored forms, with further simplifications for cases of 
still greater symmetry. Table IX includes as special 
cases, among others, the secular equations for s-triazine, 
pyridine, pyrazine, and pyrimidine given in Tables 
VITI-XI of the second work cited in footnote 1, and 
the secular equations for borazole. 

It will be noted that effects of perturbations are of 
two kinds, nonvectorial and vectorial, or symmetry- 
independent and symmetry dependent. A perturbation 
may affect one or more of the basic integrals of Table 
VI and hence change the integrals Jo, J, J2, J, Kn, Kos, 
Kos which enter the formulas of Table [X even for full 
benzene symmetry. Or, depending on its symmetry, a 
perturbation may cause one or more of the bracketed 
quantities in Table IX to become nonzero, the L,, terms 
and the terms involving electronegativity differences. 
A spectroscopic shift relative to benzene in general thus 
is compounded from a part independent of symmetry 
and a part which depends on symmetry. 

For actual numerical calculations, the suggested 
procedure is first to compute all integrals for benzene 
itself, and then to compute integral increments for the 
molecule(s) of interest relative to benzene. When the 
latter are small, perturbation techniques may suffice 
for determination of spectroscopic shifts. 


Dipole and Transition Moments 


To obtain formulas for dipole and transition mo- 
ments, one may assume that all molecules have the 
regular hexagonal shape with side R. Assuming further 
a center of charge of the orbital A, at nucleus p and 
ignoring overlap effects, one then has the basic formula 


for determining pi-electron moments, 
[6st6.d0=(R/2)C1By44+830,-1) 


+j(Sj21—-Si42-1)¢], (54) 


where i and j are unit vectors from the molecular center 
toward atom 0 and the 1—2 bond, respectively, and 
the 6 are Kronecker deltas. From this formula follow the 
matrix elements (| M, | ®,) for the total pi-electron 
moment 


6 
p= 


among the set C starting functions of Table III and 
Eq. (32). Namely, 


(N | M,| Vat) =—eRi, 


all other matrix elements of M,=0. 


(N | M, | Vis) =—eRj, 
(55) 


These simple results imply that all dipole and transition 
moments are zero except those involving both the 
starting function NV and one of the functions V,:+ and 
Vir. 

Consider for example the question of the dipole 
moment of the ground state. If NV is the main component 
of its wave function, with Vi:+, Viz~ and other states 
making small contributions only, the dipole moment 
will be given by the formula 


(ux/eR) =— (4/AE)¥;. 
Here the quantity 


(56) 


Ni=Vvi+ Vij (57) 


is an average of electronegativity vectors for the six 
atoms, the vector y,: for atom p being directed from 
the molecular center toward atom #, as shown by Eq. 
(51). AE is the 1A,,—'E,,, energy difference for benzene 
itself (+-7.0 ev) 1° 

Or, consider the moment for the 'A—'Zy transition 
in a benzene-like molecule,” the transition which for 
benzene itself is 1A1,—'Ba, or N—Vi_2-. For benzene 
itself this transition moment is zero, since V::~ does 
not mix with V;.+ or Vis-, and neither does NV. But ina 
perturbed benzene these mixings may occur. From 
assuming they are small, the formula for the transition 
moment is 


m(!A—'"Zp) /eR=(2/AE’) Y¥2. (58) 


Here AE’ is the 'By,—'Ey, energy difference in 
benzene itself (+2.1 ev)! and the quantity 


Yo= Ya‘i+ Yo'j (39) 


is an average of electronegativity vectors Yp2 on the 
six atoms, Yy2 being perpendicular to the radius vector 


7 J. R. Platt, J. Chem. Phys. 19, 263 (1951). See also J. A. 
Petruska, Ph.D. thesis, University of Chicago, 1960. 
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to atom ~, pointing in the clockwise direction if p 
is odd, in the counterclockwise direction if p is even, as 
required by Eq. (51). 

Similar arguments could be given concerning other 
transition moments, or dipole moments of excited 
states. 

Such vectorial constructions of transitions moments 
have been previously discussed at length by Platt.” 
Platt did not obtain explicit formulas from an orbital 
theory, but rather introduced empirical parameters for 
substituents which he called spectroscopic moments. 
Equation (58) is explicit; it makes clear the relation 
between spectroscopic moments and atomic electro- 
negativities. 

One simple example of the use of the foregoing equa- 
tions will suffice to illustrate what may be done with 
them. For pyridine, a previous calculation gave, es- 
sentially through an equation like Eq. (58), an f value 
for the ‘A—'Z» transition of 0.046, compared with an 
experimental 0.041.% The parameters used there give 
Y,=0.26 ev, from which according to Eq. (56) the 
pi dipole moment for the ground state would be 


tr =4(0.26) (4.8) (1.4) /(7.0) =1.0D. 


The experimental moment is more than twice this, but 
a substantial part of the total moment would be 
expected to be lone pair and/or sigma electron con- 
tributions. 


Discussion 


Many extensions of this analysis are possible, and 
there are many applications of it. 

Among the properties that have not been considered 
here are ionization potential, electron affinity, reso- 
nance energy, electron densities, and bond orders. 
Formulas for these can be written out, although there 
are special problems associated with each of them.” 
It seems important to try to work more properties into 
a single coherent semiempirical scheme. 

Among the further developments or extensions of the 
mathematical treatment that should be examined are: 
(1) The systematic cataloging of the various types of 
perturbations and their effects, using group theory. 
(2) The systematic simplification of the equations for 
the case that all perturbations are small. (3) The in- 
clusion of two-electron jumps. (4) The extension to 
include mesomeric effects.* (5) The development of the 
equations for the LCAO SCF orbitals as obtained from 
this treatment.* (6) The further examination of the 
effective electronegativities y, and the changes in them 
produced by charge transfer.™ 

Especially interesting would be the extension to the 
arbitrary cyclic polyene (which is essentially trivial) .” 


*8 Work cited in footnote reference 1, p. 767. 

*P. G. Lykos, Ph.D. Thesis, Carnegie Institute of Tech- 
nology, 1954. 

0 J. M. Parks and R."G. Parr, J. Chem. Phys. 28, 335 (1958) ; 
32, 1657 (1960). 
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The cross-linking in molecules such as naphthalene 
can be viewed as a perturbation of corresponding 
cyclic polyenes. This approach was employed by 
Moffitt®!; the present method would provide theoretical 
formulas for some elements treated by Moffitt as being 
purely empirical. 

The most dubious point about the analysis is not 
the pi-electron approximation itself, which is quite 
securely based,® but the replacement of atomic orbitals 
by their orthogonalized counterparts and the subse- 
quent neglect of overlap distributions. There seems to 
be no simple alternative to this last, however. The most 
general benzene-like molecule as here treated is a 42- 
parameter problem; treated without the zero differ- 
ential overlap assumption it involves many hundreds of 
parameters. 

It may be pointed out that formulas for various 
simpler theories of benzene-like molecules can be 
obtained from those given here. If one wished to neglect 
electron repulsion altogether, for example, one could 
merely strike out J, Ku, Koo, Kos, and all L,,. 

The most notable result of the analysis is the demon- 
stration that the atomic electronegativities of Mulliken, 
modified as required by the molecular environment, 
determine in a simple way all charge distributions in 
benzene-like molecules. 


IV. REMARK CONCERNING USE OF MULTIPOLE 
EXPANSION FORMULAS FOR ELECTRONIC 
REPULSION INTEGRALS 


Following are reasons for considering evaluation of 
two-center coulomb repulsion integrals in the gen- 
eralized Hiickel method by multipole expansion 
methods: 

(1) Pariser and Parr’ introduced nonoverlapping 
uniformly charged sphere approximations for pi 
orbitals, which gave a formula for two-center coulomb 
integrals that involves reciprocal square roots of dis- 
tances. Expanded in inverse powers of the internuclear 
distance R, this becomes an infinite series in (1/R). 
Just the first term in this series, (e?/R), was used by 
Pople,? but he later turned to the Pariser-Parr values.” 
Simpler than the complete Pariser-Parr series and yet 
more accurate than the simple Pople expansion, the 
multipole expansion formula involves only odd powers 
of (1/R) up to the fifth, and the successive terms have 
simple physical interpretations. 

(2) Mulligan* and Parr and Taylor® observed that 
multipole expansions formulas of a variety of purely 
theoretical electronic repulsion integrals over Slater 
orbitals are surprisingly accurate, even down to nearest 
neighbor distances, and that such expansions can be 


31 W. Moffitt, J. Chem. Phys. 22, 320 (1954). 

2 P. G, Lykos and R. G. Parr, J. Chem. Phys. 24, 1166 (1956); 
25, 1301 (1956). 

3A. Brickstock and J. A. Pople, Trans. Faraday Soc. 50, 
901 (1954). 

4 J. F. Mulligan, J. Chem. Phys. 19, 347 (1951). 

% R. G. Parr and G. R. Taylor, J. Chem. Phys. 19, 497 (1951). 
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obtained from purely theoretical formulas by merely 
striking out terms behaving as e~*. As was shown in 
Sec. II the repulsion integrals in the generalized Hiickel 
method may be regarded as over orthogonalized atomic 
orbitals. These might be expected to more closely 
follow multipole expansion formulas than do Slater 
orbitals, since they more closely obey the necessary 
condition for a multipole expansion formula to be an 
exact formula—detailed nonoverlapping of the elec- 
tronic distributions (zero differential overlap). 

(3) Adoption of multipole expansion formulas would 
allow the characterization of each pi orbital in a 
problem by specification of a value for its quadrupole 
moment, from which all two-center repulsion integrals 
involving it could be computed from simple classical 
formulas. 

Multipole expansion formulas for electronic repulsion 
integrals between two electrons in two p orbitals on 
two atoms will be given and discussed later. Calcula- 
tions testing the validity of such expansions will be 
performed, and an examination will be made of the 
effects of the Léwdin orthogonalization process. 
Finally, advantages and disadvantages of the multipole 
expansion formulation will be summarized. 


Multipole Expansion Formulas for Two-Center 
Coulomb Repulsion Integrals Involving p Orbitals 


An electron in a p orbital x on an atom defines a 
distribution of electricity e2=ex? which has a charge 
(monopole moment) e and quadrupole moments, but 
noYdipole or other moments. This distribution is 
cylindrically symmetrical about some axis z, as a result 
of which the nonzero elements of the traceless quad- 
rupole moment tensor can be expressed in terms of a 
single element,” 


Qu=e f (3312) Ado=eq, (60) 


Indeed, Qr2=Qyy= —}eq. The quantity q is the scalar 
quadrupole moment of the distribution Q. 

Consider now two ? orbitals x4 and xz, centered at 
points A and B, a distance R apart. Let the corre- 
sponding distribution be Q4 and Qs, with scalar quad- 
rupole moments ga and gg. Then the coulomb repulsion 


integral, 


vas i] O4(1) (2/rie) Qn (2)d0(1)dv(2), (61) 


has a multipole expansion in powers of (1/R) provided 
R is not zero. Namely, if 04, ¢4 and 0g, $s are polar 
coordinates of the axes of x4 and xz» with respect to the 


% J.O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
Theory of Gases and “erg (John Wiley & Sons, Inc., ‘New York, 
1954), pp. 26-28, 83 


A-—B line of centers, one has the formula,* 
vas~e’ {| R+ (4R*)—[ga (3 cos*@g—1) 
+q2(3 cos*@4—1) ] 
+ (3qaqe/16R*)[(1—5 cos*@,4—5 cosz 
— 15 cos*#4 cos*@g) +2(sinO, sinds cos(¢4—¢z) 
—4cos04 cosdz)*]}. (62) 


Here the successive terms represent charge-charge, 


charge-quadrupole, and quadrupole-quadrupole inter- 
actions. 


The special case of most interest is the one in which 
xa and xg are parallel pi-type orbitals, a and 5.” 
Here 04=0s =}, ¢4—¢8=0, and Eq. (62) gives 


ver~e’{ R—[(ga+ga) /4R*]+ (9qaqe/16R)}. (63) 


If xa and xg are pi-type but mutually perpendicular 
orbitals, a and 8,,” on the other hand, 04=03=42 but 
¢4— 8 =}n, and Eq. (62) gives 


yar ~e'{ R*—[(ga+qe)/4R*]+ (3qaqe/16R5)}. (64) 
If finally x4 is a pi-type orbital a and xg a sigma-type 


orbital b,,7 64=4, 63=0, o4—o2=0, and Eq. (62) 
gives 


Yab,~e{ R*—[(ga—2gn) /4R*]— (3qaqn) /16R*) }. (65) 


For the homonuclear case ga=qs=q, these formulas 
reduce to the following: 


vav~e{ R— (q/2R*) + (9¢2/16R®) } 
(homonuclear case) , 
Yar~e{ R*— (q/2R*) + (3q°/16R°) } 
(homonuclear case), 
Yar, ~e'{ R*+ (g/4R®) — (3¢°/4R°) } 


(homonuclear case). 


(66) 


(67) 


(68) 


All of these formulas would be exact for all R for 
distributions 24 and Qg which are point (ideal) charge- 
quadrupoles, or which are “spherically disconnected” 
and have the indicated moments*; for actual p func- 
tions they are asymptotically valid for large R. 

Up to this point the radial factors in the p orbitals 
have not been specified. For 2p hydrogen-like orbitals, 
effective charge Z, one would have 


q=24a¢/Z* (2p orbitals), (69) 


( oun G. Parr and B. L. Crawford, Jr., J. Chem. Phys. 16, 1049 
1 s 
% Per-Olov Léwdin, Phil. Mag. Suppl. 5, 1 (1956). 
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TABLE X. Exact and asymptotic values for coulomb integrals 
involving 27 orbitals.* 





6 8, 





LZ ya 
Exact°® 
Asymptotic? 
Truncated Asymptotic® 
Orthogonalized! 


0.1308 
0.1528 
0.1111 
0.1216 


0.1080 
0.1115 
0.1016 
0.1045 


Zyab 8 
Exact® 
Asymptotic? 


0.1242 
0.1250 


0.1047 
0.1049 0 


2 yar 
Exact°® 
Asymptotic? 


0.1422 
0.1389 


0.1200 
0.1235 


0.1003 
0.1017 








® Values in e*/ao units. 

> p=ZR/ao. 

© Footnote reference 39. 

4 From Eqs. (70) to (72) of text. 

© Quadrupole-quadrupole term omitted. See text. 

f From Eq. (75) of text and numerical values from footnote reference 39. 


and in this case Eqs. (66) to (68) give, with p=ZR/ao, 
yav~Z (€*/ao) [(1/p) — (12/p*) +(324/p*) J 
(homonuclear case, 2p orbitals) , 


yab,~Z (€*/ a0) [(1/p) — (12/p*) + (108/p*) ] 


(homonuclear case, 2 orbitals) , 


(70) 


(71) 


Yyav,~Z (€/a0)[(1/p) + (6/p*) — (432/p%) J 


(homonuclear case, 2 orbitals). 


(72) 


These formulas have been given previously by Mul- 
ligan.* Corresponding formulas for the heteronuclear 
case may be obtained by setting ga=24a’/Z,? and 
qp=24a¢/Z,* in Eqs. (63) to (65). 


Numerical Values. Effects of Orthogonalization 


In Table X are given typical exact values of Z~ ya», 
Z~ ya», and Z~ya»,, taken from the tables of Kopineck,” 
and approximate values calculated from Eqs. (70) to 
(72). 

As would be expected, the approximate values are 
very good for large values of R. The remarkable feature 
is how good they remain for small values of R. For a 
carbon 2pm orbital with the Slater Z equal to 3.18, 
for instance, for R equal to the neighbor C—C distance 
in benzene, p is 8.37, and it can be seen from Table X 
that the asymptotic formulas are good to a few percent 
for this p value. 

Also included in Table X are some integral values 
calculated from Eq. (70) with the quadrupole-quad- 
rupole term deleted. Truncation produces considerable 
error for p equal to six, but only a few percent error for 
p equal to eight or higher. 

Effects of transforming the atomic orbitals to a 
localized orthogonal set may be examined by explicitly 


8H. J. Kopineck, Z. Naturforsch. 5a, 420 (1950). 
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carrying out the Léwdin orthogonalization procedure.” 
The Léwdin orthogonalized analogs of xq and x» are, 
by Eq. (3) of Sec. II, 


Na= AxatBxr 
My =Bxat Axo, 


2A =(1+5S)4+(1—S)-, 
2B=(1+S)4—(1—S)-4, (74) 


and S is the xs—x» overlap. The coulomb repulsion 
integral between A, and A, accordingly is given by the 
formula. 


yab= (ABS) yer + 2A?B*Y700-+44 B( A?+B*) (aa | ab) 
+4A*B*(ab| ab), (75) 


where (aa | ab) and (ab | ab) are hybrid and exchange 
integrals. All quantities in this formula may be found 
in the literature**; some values are included in Table X. 

The orbitals A, and A» differ from the orbitals x, and 
x» by terms that become exponentially small for large 
R. This means that ya has the same asymptotic 
expansion as Yas, namely, Eq. (70). The numbers in 
Table X thus show that the discrepancies between 
asymptotic and exact values for *yas in fact are greater 
than the corresponding discrepancies for yas, contrary 
to the supposition (2) at the beginning of this section. 
The errors remain small, however, so that one may say 
that multipole expansions are essentially as good for 
the coulomb integrals over orthogonalized orbitals as 
for these integrals over nonorthogonalized orbitals. 


and 


(73) 
where 


Discussion 

The foregoing would appear to indicate that multipole 
expansion formulas might well be systematically 
studied in the context of the generalized Hiickel method. 
They can reproduce purely theoretical integrals with a 
precision matching the inherent precision of the 
method as a whole. They involve a single parameter 
for each pi orbital, its quadrupole moment, which has a 
simple physical meaning, and they accordingly provide 
a simple means for evaluating pi repulsions in hetero- 
polar systems." They are independent of the form of the 
radial factors in the actual orbitals and so have an 
inherent accuracy which transcends the accuracy 
limit imposed by a particular orbital iorm. They are 
purely classical in nature and so have attraction as 
possible ingredients in a possible complete unified semi- 
quantum-mechanical theory of chemistry. 

On the other side, use of multipole expansion for- 
mulas precludes use of a single formula for integrals ya, 

The moments of the distribution \,? actually differ from 


those of the distribution x,*. These differences go to zero as S, 
however, and are here neglected. 

4 The ieee ep is provided by 8 (63)—(65). It may be 
noted that to the extent the quadrupole-quadrupole terms may 
be neglected, a heteropolar integral is an arithmetic mean of the 
corresponding homopolar integrals. Thus Yen*4 (Yeo+Ynn)- 
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for all distances, including R=0, which would have 
certain advantages. (Spectroscopic intervals depend 
on differences Yyaa— Yas, NOt on absolute values of 7as.?*) 
The quadrupole-quadrupole terms tend to get sus- 
piciously big for the small Z values required by at- 
tempts” to fit empirical ya» values* with purely theo- 
retical integral values. 
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Charge Transfer and Fluorescence Quenching. 
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A charge-transfer-interaction mechanism has been proposed for the quenching of fluorescence of a number 
of polynuclear aromatic hydrocarbons by aromatic solvents, especially methylated benzenes. The quenching 
efficiency has been found to be in the order benzene< toluene <xylene<mesitylene, which is also the order 


in which ionization energy of the solvents diminishes. 





T was suggested by Weiss! that the quenching of 
fluorescence of a compound by foreign substances is 
due to electron-transfer reaction between the fluorescent 
and the quencher molecule. It was later pointed out 
by Orgel? that the efficiency of various anions in quench- 
ing the fluorescence of organic dyestuffs in aqueous 
solution follows closely the order in which the anions 
can undergo electron-transfer reaction, Thanks to 
Mulliken’s recent work*® on the quantum mechanical 
basis of molecular complexes, we have now a better 
understanding of the donor and acceptor strength of a 
number of closely related compounds. This has led us 
to examine the proposed charge-transfer mechanism 
for fluorescence quenching more closely. 

As a first step, we proceeded to examine the solvent- 
quenching phenomenon. It has been known for quite 
some time that the intensity of fluorescence of aromatic 
hydrocarbons diminishes as we go over from benzene 
to xylene solution.‘ As we had experimental data on the 
ionization energy of a series of methylated benzenes, 
our objects were to measure the fluorescence intensity 
of a number of polynuclear aromatic hydrocarbons in 
benzene, toluene, xylene, and mesitylene and to see 

1 J. Weiss, Trans. Faraday Soc. 34, 451 (1938); 35, 48 (1939). 

2L. Orgel, Quart. Revs. (London), 422, 1954. 

*R. Mulliken, J. Amer. Chem. Soc. 64, 811 (1952). 


4 Hirschleff, Fluorescence & Phosphorescence (Methuen & Co., 
Ltd., London) 1938. 


how well they could be explained in terms of donor- 
acceptor reaction between the solute and the solvent 
molecules. 


EXPERIMENTAL 


The fluorescence measurements were made in a right- 
angle scattering setup described by Kuhn and Stupp.5 
Our intensity meter consisted of a 1P21 photomultiplier 
tube in conjunction with a dc amplifier, similar to the 
Photovolt light-scattering instrument. The concentra- 
tion of the fluorescent hydrocarbon was so adjusted 
that the light intensity was in the linear part of the 
phototube response curve, and the phototube output 
current was taken as directly proportional to light 
intensity. 

The exciting light was isolated from a stabilized AH4 
mercury-arc lamp by means of a Corex filter with 
transmission characteristics that showed a maximum 
transmission at 365 my and dropped to zero at 350 my 
and 375 mp. The transmission characteristics were 
measured in a Beckman spectrophotometer, Model 
DU. 

The solvent used were all Merck’s chromatog- 
raphically pure samples, which were degassed and 
freshly distilled before use. The hydrocarbons were 
supplied by B.D.H. and L. Light & Company and were 


5 R. Stupp and H. Kuhn, Helv. Chim. Acta., 35, 2469 (1952). 
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Taste I. Intensity of fluorescent emission of polynuclear aromatic 
hydrocarbons in solutions. 





Intensity in arbitrary units J.E. (ev) 


Benzene 
9.24 


Concentration of 


Toluene Xylene 
hydrocarbon (M/1) 


8.81 8.56 


Mesitylene 
8.39 





Anthracene 
1.75 
1.03 


16 RE 
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Fluoranthene 


2.29 


Decacyclene 


0.66 
0.52 
0.41 
0.32 


Pyrene 


0.56 
0.43 
0.34 
0.28 
0.21 


Triphenylene 


0.77 
0.59 
0.44 
0.35 
0.26 








stated to be 99.9% pure. They were further purified 
by chromatographic adsorption on alumina and by re- 
peated crystallization from aldehyde-free ‘Specpure’ 
ethanol. The solutions were prepared by direct weighing 
and dissolution in appropriate solvent in diffused day 
light. The irradiating cell was completely filled with 
solution and then tightly closed, so that during irradia- 
tion the solution did not come into contact with atmos- 
pheric oxygen. In the range of 350 my to 375 my all 
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the solvents showed 100% transmission against dust- 
free water. No appreciable distortion of the absorption 
spectrum of the hydrocarbons was noticed in the vari- 
ous solvents. 


RESULTS 


In Table I the intensity of fluorescent light (in 
arbitrary units) of six different hydrocarbons at differ- 
ent concentrations in four benzenoid solvents are 
summarized. Within the concentration range used in 
the present study, the plot of intensity against hydro- 
carbon concentration was found to be perfectly linear. 
It may also be observed that for all hydrocarbons and 
at all concentrations the fluorescence intensity in differ- 
ent solvents appear in the order benzene>toluene> 
xylene> mesitylene. 


DISCUSSION 


The fluorescence intensity of a substance may be 
different in different solvents, owing to the dispersing 
effect of the solvent alone. Thus, if the intensity in 
toluene is J; and that in benzene is J), then J,/I,p= 
uie/us? where uw, and yw are the refractive indices of 
toluene and benzene, respectively. This ratio comes out 
to be 0.994. It may be observed from the above table 
that the experimental value of -J,/J, at all concentra- 
tions and in all solvents is much less than this; conse- 
quently the observed intensity difference can not be 
attributed to the dispersing effect of the solvent alone. 

As the solvents are transparent to the exciting radia- 
tion, and the absorption spectra of the hydrocarbons 
are not appreciably different in different solvents in 
the range of 350 my to 375 my, the difference in fluores- 
cence intensity of a hydrocarbon in different solvents 
but at the same concentration can not be due to the 
“inner filter” effect of the solvent or to unequal energy 
absorption by the solute molecules. However, anthra- 
cene has very steep vibrational-band structure in the 
range of 350 my to 375 my and a very small change in 
band position can greatly affect the fraction of the light 
absorbed in different solvents. It has been observed 
that in going from a benzene to a toluene solution the 
optical density at 365 mp (the maximum-intensity 
position in the exciting band) for anthracene is actually 
increased by about 3%; i.e., the fraction of light ab- 
sorbed is increased. The intensity of fluorescence in 
toluene should therefore be higher than that of benzene, 
but the reverse appears to be the case. For other hydro- 
carbons, the differences in optical density at 365 my 
in different solvents were less than that of anthracene. 
The unequal energy absorption in different solvents 
is not, in all probability, the cause for quenching. 

Further, as both solute and solvent molecules are 
nonpolar, the contribution of any dipolar interaction in 
the radiationless degradation of the excitation energy is 
practically nil. The resonance interaction between 
solute and solvent molecule may be the primary cause 
for quenching. If we assume that this interaction is of 
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charge transfer type, i.e., donor-acceptor interaction, 
then the quenching efficiency will depend on either the 
donor or the acceptor strength of the solvent. It is 
evident from the Table I that for all hydrocarbons and 
at all concentrations over which the intensity-against- 
concentration curve is linear, the intensity appears in 
the order benzene> toluene> xylene> mesitylene. This 
happens to be the order in which the donor strength of 
these hydrocarbons increases, as indicated by their 
ionization energy. So we may suggest that the quenching 
effect of the solvent is due to a donor-acceptor reaction 
between the solute and the solvent molecules in which 
the solvent molecules act as donor. Further, as the 
absorption spectrum of the solute is not appreciably 
affected (indicating no molecular complex formation), 
we may suggest that this interaction takes place with 
the excited state of the solute molecule. 

It was noticed that in m-heptane solution the fluores- 
cence intensity of these hydrocarbons was not affected 
at all by the addition of methylated benzenes up to a 
concentration of 4M. In order to be effective the methy- 
lated benzenes must be in constant contact with the 
solute molecules. This may mean that charge-transfer 
interaction is of a contact type and does not lead to the 
formation of any molecular complex. It is to be noticed 
further that even when the solute molecules are in 
constant contact with the solvent molecules, the quench- 
ing is only partial. This evidently means that not all 
contact are effective and the molecules must be suitably 
oriented before any energy degradation can take place 
on encounter. In fact it has been shown by Mulliken* 
that in the case of r-donors and x-acceptors the mole- 
cules must be suitably oriented before any charge 
transfer can take place. 

If we propose the following kinetic scheme for the 
quenching process: 


rate 
A+hv—A* 1 
A*—A+hy’ ky 
A*+S-A+S kh 


where A stands for hydrocarbon and S$ for solvent 
molecules, then it follows that 


(1/F)—1=he/ki, 


where F is the fluorescence yield. If we assume that ky 
is determined by charge-transfer-interaction energy, 
then logks, i.e. log(1/F—1) since A: is constant in 
different solvents, is expected to vary linearly with 
I.E. of the solvent at constant temperature. Bowen 
and Williams® have reported a value of 0.24 as the 
fluorescence yield of anthracene in benzene. With this 


*E. Bowen and R. Williams, Trans. Faraday Soc., 35, 765 
(1939). 
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as reference, the intensity data in other solvents were 
converted to yield value for anthracene. It was ob- 
served that the plot of log(1/F—1) against J.E. was 
fairly linear, as was expected. Similar linear plots were 
obtained for other hydrocarbons, but in those cases only 
relative yield values could be measured (Fig. 1). 

Now the question is how charge transfer brings about 
a dissipation of electronic excitation energy by a 
radiationless process. There may be several routes: (i) 
interaction may deform the potential-energy curve so 
much that the electron passes smoothly from the singlet 
to the triplet level, from which it returns to the ground 
state by a radiationless process at room temperature; 
(ii) interaction may enhance the spin-orbit coupling 
effect; or (iii) interaction may bring about an easy 
matching of vibronic energy so that the low frequency 
vibrations in solvent is easily excited. The present 
investigation, however, can not settle these points. 

Our sincere thanks are due to Prof. E. J. Bowen, 
Oxford, for helpful suggestions and constructive criti- 
cisms, to M/S Emission Radio & Varieties, Calcutta, 
for their kind help in the construction of the instru- 
ment, and to Council of Scientific & Industrial Re- 
search, India, for a Junior Research Fellowship to one 
of us (D.K.M.). 
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We have made a quantum mechanical perturbed stationary state calculation of the rate of three-body 
recombination of oxygen atoms in the presence of an oxygen molecule as third body. The recombination is 
considered to take place into highly vibrationally excited states (vx=9, 10) of the A *,* state of O,. There 
are no adjustable parameters in the calculation. For the interaction potential we have used the results ob- 
tained in a previous calculation, which were obtained by comparison with experimental measurements of 
vibrational relaxation times in oxygen. At temperatures of the order 300-3000°K, the calculated recombina- 
tion coefficient into these two states is of the order 1—1010-* cm*/sec, and agrees to within better than 
a factor of three with recent experimental measurements. 





I. INTRODUCTION 


WO atoms can recombine to form a molecule in the 

presence of some third body such as an atom or 
molecule (or even a wall, but we shall not consider 
this case), or else radiatively. The “third body” is 
necessary for conservation of energy and momentum 
in the recombination process. In practice, three-body 
nonradiative recombination is an important and 
interesting process that has considerable practical 
importance in the ionosphere, in shock-wave relaxation, 
and in combustion; in fact, three-body recombination 
is the prototype of an important class of chemical 
reactions. 

It has only recently become possible to measure 
recombination rates quantitatively for simple systems 
for which calculations are possible, and what calcula- 
tions have been made (other than strictly empirical 
ones) have not been able to explain the large recombina- 
tion rates, of gas kinetic-order, that have been ob- 
served. The purpose of the present calculation was to 
attempt a relatively thorough and rigorous quantum 
mechanical calculation to examine whether there was 
in fact any basic discrepancy; and no such discrepancy 
appears to exist. 

For definiteness, we shall examine the recombina- 
tion of two oxygen atoms in presence of an oxygen 
molecule 
O(@P)+0(@P)+02(X *2,-)—+02(A *2,+) 

+0,(X*2,-), (1) 


which we shall write as 


A+B+C—AB'+C", (2) 
The primes indicate that the molecule AB is in general 
formed in an internally excited state, and the third 


* Part of this work was carried out at the Institute of Mathe- 
matical Sciences, New York University, under support of the 
U. S. Atomic Energy Commission and the U. S. Air Force. 


body C may also carry away some internal excitation 
after impact. 

It must be stressed that the present calculation is 
quite schematic; thus the detailed labeling O.(.A *2,*) 
should not be taken too seriously. We choose this 
particular state because its vibrational levels are known 
right up to the dissociation limit.! The purpose of the 
present calculation is to sketch the general order of 
magnitude of a typical three-body recombination 
process, rather than to make a detailed calculation for 
one specific process. 

The most obvious way to understand the large 
experimental values of three-body recombination co- 
efficients is to suppose that the molecule AB is formed 
in a highly vibrationally excited state. On theoretical 
grounds?* we believe that the molecule AB is very 
likely to be formed in a highly excited vibrational 
state, because in this way a minimum of energy has to 
be transferred into kinetic energy of C from the “‘con- 
tinuum” vibration of A and B (that is, from their 
relative kinetic energy of motion); and it is well 
known that the coupling of translational and vibra- 
tional energy is weak, so that energy transfer between 
these two modes of motion is difficult.‘ It should 
however be noted that thus far there appears to be no 
experimental evidence for the existence of such highly 
vibrationally excited states.6 The observations would 
be very difficult, but one should make further attempts 


1G. Herzberg, Can. J. Phys. 30, 185 (1952); P. Brix and G. 
Herzberg, ibid. 32, 110 (1954). , : c 

2K. F. Herzfeld and V. Griffing, 1959 Wisconsin Meeting on 
Absolute Reaction Rate Theory, see also K. F. Herzfeld, Seventh 
Symposium on Combustion (Butterworths Scientific Publications, 
Ltd., London, 1959), p. 27. 

+ Cf. F. T. Wall, L. A. Hiller, Jr., and J. Mazur, J. Chem. Phys. 
255 (1958); F. T. Smith, dbid. 31, 1352 (1959); J. C. Polanyi, 
ibid. 31, 1338 (1959). ee 

4N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Oxford University Press, New York, 1949), 2nd ed., p. 292. 

5 Cf. J. L. Golden and A. L. Myerson, J. Chem. Phys. 28, 978 
(1958). 
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to make the measurements, as well as to calculate the 
rate of degradation of vibrational energy in collisions. 

Let us examine the implications of this physical 
picture somewhat further. From our present overall 
viewpoint we may discount electronic or vibrational 
excitation of C during the collision, since the transfer of 
large amounts of energy into these modes of motion 
will be difficult except in rather special cases. We are 
considering our molecule AB to be formed in an 
electronically excited state. Two oxygen atoms in the *P 
ground electronic:state may recombine to form a mole- 
cule in any one of four electronic states: X *Z,-, a 'A,, 
6'Z,+, or A *2,*+; we consider recombination into the 
A state only for convenience, because its vibrational 
levels are known right up to the continuum. 

There remains the problem of rotational motion. 
Most actual collisions will not be colinear, so that there 
will be relative angular momentum of AB and C, 
and the effects of this should certainly be examined. 
However, it is well known‘ that transfer of energy 
between translation and rotation is easy for all mole- 
cules other than hydrogen, and thus we feel that we 
can obtain an initial physical understanding of the 
situation by merely examining a colinear collision, in 
which rotational motion is disregarded. For definiteness 
we examine recombination into the two highest vibra- 
tional states, »=9, 10. 


Il. MODEL 


We consider the cclinear collision of two atoms A, B 
with a third body C. The free atoms A, B are regarded 
as in the vibrational continuum of some electronic 
state of the molecule AB, and they fall into a bound, 
but still highly vibrationally excited, state of AB 
(still in the same electronic state of the molecule). The 
balance of the “vibrational” energy of A and B is 
transferred into kinetic energy of the third body C, 
measured relative to the center of mass of AB. Thus 
we make a calculation of the transfer of energy between 
vibrational and translational degrees of freedom, ana- 
logous to earlier calculations of vibrational relaxation 
times in gases.°” 

This is an adequate model within its very obvious 
physical limitations; in practice we use the quantum 
mechanical “‘method of perturbed-stationary-states”, 
which is entirely adequate for vibrational relaxation 
processes (i.e., the »=0 to v=1 transition, which is 
very improbable), but, which is not appropriate for a 
very probable process like three-body recombination, 
because the method is essentially a perturbation 
method. Actually the gravest objection to a perturba- 
tion method does not apply in the present application, 
because we have taken care to be sure that the resulting 
partial cross sections satisfy the limitations set by 
conservation of flux (see Sec. VI). 

6M. Salkoff and E. Bauer, J. Chem. Phys. 29, 26 (1958) ; see 
also Research Rept. CX-31 (1957), Institute of Mathematical 


Sciences, New York University. 
™M. Salkoff and E. Bauer, 1. Chem. Phys. 30, 1614 (1959). 
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In addition to information about the vibrational 
motion of the molecule AB, we also need information 
about the intermolecular potential between AB and C. 
There is not available any information on the interac- 
tion between an oxygen molecule in the A *2,+ state 
and one in the X *2,- (ground) state, and the only 
thing we can do is use an expression for the mean 
interaction of two oxygen molecules as obtained from 
the relaxation time calculations.’ The scarcity of 
information on intermolecular potentials is a valid 
reason for not attempting to make any very specific 
and quantitative calculations of this kind of process, 
but because the details of the quantum mechanical 
calculation are obscured by the large transition proba- 
bility, this uncertainty is not as critical as it would be 
for processes like vibrational relaxation. 


Ill, METHOD OF PERTURBED, STATIONARY STATES 


A rather thorough discussion of the method, and of 
the technique of numerical solution used here, has been 
given previously. We separate off the motion of the 
center of mass and work with the relative separation of 
the two atoms A, B, which we call o, and with r, the 
distance of the third body C from the center of mass of 
AB. Thus 


o=l4—TPz, 
r=foe—- (Matat+Mors)/(Mat+Ms). (3) 


In terms of these coordinates there are no cross terms 
in the kinetic energy, and the wave equation becomes 


(Hi(o)+H.(r)+V'(o,r)—E]¥;(0,r)=0, (4) 


where j=f, 6 (“free” and “bound,” respectively), and 
the “internal” and “external” Hamiltonians H; and H, 
are given by the expressions 


H (9) =— (#?/2M,)VP+V 9(o) ; 
M;=M4M3/(Ms+Ms), 
H(t) =— (#?/2M.)VP+V2(r); 
M.=(Mat+Ms)Mc/(Mat+Mse+Mo). (5) 


We solve the wave equation (4) in terms of the un- 
perturbed Hamiltonian Hyp=Hi(o)+H.(r), by the 
method of perturbed stationary states. That is, we 
evaluate the eigenfunctions ¥;(o, r) of Ho, and calculate 
the transition matrix elements 


(h;(0, r) | V'(o, r) | Y(0, r) ). 


The eigenfunctions W;(p, r) are solutions of the follow- 
ing wave equation: 


(Ho— E)¥;(9, r) =0; 
W;(0, Fr) =4;(9)¥;(F), 


(6) 


vse) = Lo(1/n)xu( bp) Pa cos), 





1204 


TaBLeE I. Highly vibrationally excited levels of the A *Z,* state 
0! 
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® See footnote reference 1. 


where x:(& 7) are solutions of the radial wave equation 
(d?/dr?—1(1+1)/r?—2M.V (r)/P+R?F]xi(kwr) =0 (7) 


while the vibrational wave functions ¢;(@) are solutions 
of an appropriate vibrational wave equation (cf. 
Sec. IV). In fact the quantitative difficulty of this 
problem lies in the evaluation of the x:(kr) ; typically 
one has to go up to /~100, and this is best done on a 
high-speed computer. 

In addition to this computational difficulty, there is a 
complication of a somewhat more fundamental nature 
that arises from the fact that we go from a “free” to a 
“bound” state (or vice versa). Thus the cross section 
for the excitation of a molecule from a discrete (bound) 
vibrational state 6 into a continuum (free) state f 
is given by the following expression: 


da po(1; €7) /Oeg=m(hy/ ke) (4M 1/h?)? | Vp'(1) |*, (8) 


where e, is the vibrational energy in the state /, and 
V.0'(l) = ff dodrd,(0)xa(be)V'(o, r)o(0)xa(lar). (9) 


(The p-motion is one dimensional for a colinear colli- 
sion and 


[xe(kyr) > (1/k;) sin(kwr+6j:—(lr/2)] for j=d,/f. 


f— 


The reason for defining the dissociation cross section 
per unit energy range is that the continuum “vibra- 
tional” wave function ¢;(p) is normalized per unit 
energy range (cf. Sec. IV). The actual (partial) cross 
section for dissociation is simply obtained by integrat- 
ing the expression (8) as follows: 


4 
callie; =| ‘defLdon(lye/)/ae (10) 
0 

The character of the dissociation or recombination 
transition, in which we pass from a bound vibrational 
state having a discrete energy @(<0) into a free-vibra- 
tional-state-of-energy es=h?p7?/2M; so that es>0 and 
the state f is a continuum state, should be examined a 
little further. The condition of conservation of energy 
is 


E=i'h?/2M.— || =htk?e/2M+hp2/2M;. (11) 


E. BAUER AND M. 


SALKOFF 


In an actual situation we have a definite bound vibra- 
tional state 5 with a fixed and definite value of ¢. The 
value of ¢, is not fixed, but covers some kind of statisti- 
cal range—typically a Maxwell-Boltzmann distribution 
corresponding to the gas temperature. The incident 
“external” momentum ky also covers an independent 
statistical range (which will of course also be a Maxwell- 
Boltzmann distribution for the appropriate tempera- 
ture in a typical situation). Thus we shall take energy 
conservation into account as follows. & is fixed; ey and 
ky are treated as independent, and Eq. (11) then fixes 
the value of & for a given set of values of ¢7 and ky. To 
obtain a temperature-averaged dissociation cross sec- 
tion or recombination coefficient, we thus have to 
carry out separate and independent Boltzmann averages 
over ey and ky. 


IV. VIBRATIONAL MOTION 


The vibrational levels of the A *Z,*+ state of O» are 
known right up to the dissociation limit’; data for the 
highest excited levels are shown in Table I. One could 
describe the vibrational motion in terms of a Morse 
potential, but this leads to a rather complicated expres- 
sion for the matrix element of (p—po) between the 
free and bound states. In view of the approximations 
made in other parts of the analysis, there does not seem 
to be much point in treating the internal motion in a 
very refined way. Consequently we approximate the 
potential function V ,°(p) of the vibrational motion by a 
square well of depth D, the dissociation energy of the 
state A *2,* of O:, and width L; the width L is chosen 
to meet the matching requirements of the WKB 
approximation to the wave function ¢»(p) . 

Define® 


i2P?/2M;=D+e; W0?/2M;=D—|e|. (12) 


Then for a square well of depth D and width L, which 
is strongly repulsive for p<, the WKB wave functions 
are 


$o(p) = Ny coslO(p— mi) — 4/4]; 
Nit=2/L+1/0 #2/L, 
7(p) =N, cos P(p—~m) — 4/4); 

N?=2M /xh?P, (13) 


where ¢s(p) is thus normalized per unit energy range. 
For there to exist a bound state b of energy @, we must 
have the quantum condition 


QL=(v+4)x, 
v=an integer (vibrational quantum number). 


(14) 


If we now take p;#po, where po is the equilibrium 
nuclear separation of the AB molecule, then the 
matrix element of (p—po) between the free and bound 


8 E. Bauer, Phys. Rev. 84, 315 (1951); 85, 277 (1952). 
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states is given by the expression 
(p— po) w= (NsN2/2) 
(—1)*sinPL (—1)*L cosPL — 1 
oe ee ea 


where terms of order (P+Q)-' and (P+Q)~* have 
been neglected. 


V. INTERMOLECULAR POTENTIAL 


As in our previous work,*” we neglect the angular 
dependence of V(r), and use a Morse potential to 
describe the r dependence of V(r) and V’(p, r). The 
numerical values used are those obtained in our pre- 
vious work on oxygen’: 


V(r) =U S{exp[—2a(r—d) ]— exp[—a(r—d) J}, 
U =1.43X 10-*e*/ap; 

d= 6.634. 

V’(p, 7) = (p—po) U'afexp[—2a(r—z) ] 


— exp[—a(r—z) ]} 
U’=0.262X10-%2/ap;  s=7.40a0. (17) 


In deriving Eq. (17) ,* we have expanded V’ in powers 
of (p—po), where po is the equilibrium internuclear 
separation of the AB molecule, and discarded all but 
the first term. This has some justification for the vibra- 
tional-relaxation-time problem, since the mean ampli- 
tude of oscillation, and the anharmonicity, of the 
lowest vibrational states »=0, 1 is not large. This 
assumption is certainly not justified in the present 
case, not more than is neglect of the angular dependence 
of V(r). However, we certainly do not have sufficient 
information to justify any additional complication 
in these directions. Furthermore, the large value of the 
transition probability will obscure certain detailed 
features of the intermolecular potential that would 
produce very significant changes in the vibrational- 
relaxation problem. 





a=1.1as; (16) 


VI. FLUX CONSERVATION 


Some of the results obtained by the numerical 
perturbation method violate the condition of flux 
conservation. That is, if we write the cross section for 
dissociation as 


on= > (2-+1)en(0), 
=0 


(18) 


then 
on(l)>a/ke for l<leit, (19) 


and 2/k is the maximum value permitted for an 
inelastic scattering cross section by flux conservation.° 


*Cf. N. F. Mott and H. S. W. Massey, Theory of Atomic 
Collisions (Oxford University Press, New York, 1949), 2nd ed., 
p. 133 ff; J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley & Sons, Inc., New York, 1952), Chap. 8. 
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The fact that the perturbation method gives results 
that violate flux conservation is due to the relatively 
small energy transfer between translational and 
vibrational degrees of freedom, and the consequent 
strong coupling between these two modes of motion. 
Similar difficulties involving violation of flux conserva- 
tion are familiar in problems such as the elastic scatter- 
ing of a particle by a center of force, where the exact 
expression for the solution is 


a(l) = (44/k’) sin, 
while perturbation theory gives the result 
a(l) = (4x/k*) tan%;. 


A simple way to get a result that may be meaningful 
if the numerical calculations violate flux conservation 
is to put 

m/ky 
co Tt ( L) == 
opr (1) for l>TLerit, 


for 1<Lerit 
(20) 


where [grit is obtained from the numerical (perturba- 
tion) cross section opP***(/) by using Eq. (19). This 
correction has been applied to all the numerical results 
quoted here, and is implicit in all equations used in 
their derivation. 


VII. THREE-BODY RECOMBINATION COEFFICIENT 


When two atoms A, B combine from the “free” state 
f of the molecule AB into the bound state 8, in the 
presence of a third body C (to conserve energy and 
momentum), the number of recombinations per unit 
volume and unit time is 


OMtreq/dt= Cofnansne, (21) 


where ta, %g, Mc are the numbers of A, B, C atoms per 
unit volume; Cyy is the three-body recombination 
coefficient. 

Three-body recombination is the inverse process to 
dissociation of the molecule AB by collision with C, 
and thus the three-body recombination coefficient Cy, 
is related to the dissociation cross section om by the 
principle of detailed balance. In particular, for the 
inverse to process (2), the number of dissociations per 
unit volume and unit time is given by 


ONdise/dt=o(hky/M .) nase. 
In a state of statistical equilibrium, 
dna ice/dt= dMzeo/ dt, 


(22) 


(23) 
so that 


Cos= (napner/nangnc) (hk,/M.)op. (24) 
Now, from equilibrium considerations” one can obtain 


1 Cf. H. E. Moses and T.-Y. Wu, Phys. Rev. 83, 109 (1951), 
Appendices 1, 5. 
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TABLE II. Numerical results for the capture cross section 
a so(es).® 
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* (i) ‘The units of ky, py are ao; o7o(€s) is measured in ao*. (ii) For the 
definition of /erit, see Eq. (19); o7p(€s) is obtained from Eq. (20) when flux 
conservation is violated, so that there exists a value of /orit. (iii) A numeri- 
cal value of /erit in parentheses, such as (>100), means that flux conservation 
was violated up to the highest value of / (in this case 100) for which caicula- 
tions were made. Effective values of o7»(€) could however be inferred from 
other results. (iv) The calculations have been made for given ps and kp, with kr 
fixed by energy conservation (Eq. (11)], rather than for given py, ky, as is sug- 
gested in the text. This does not affect the final results. 


the result" 
(nape, ‘N4Npnc) = lyy= [Gaz/GaGa( 1+6,z) | 
X (4ar*po7he/pyks), (25) 


where Ga, Gg, Gap are electronic statistical weights of 
A, B, AB, and 64g=1 if A and B are identical species, 
and zero otherwise. For our process(1) 64g=1 and 
Gap=3G,4Gz, so that 


I'5¢= 6m? ( poke / pyky) : (26) 


We are interested in the temperature-averaged three- 
body recombination coefficient. From the discussion 
following Eq. (11) we see that before the temperature 
averaging, Cyy depends on any two of (hp, ky, €,) 
because of the condition (11) of energy conservation 
linking these three quantities. For definiteness, let us 


1 E. Bauer and M. Salkoff, Research Rept. CX-47 (1960), 
Institute of Mathematical Sciences, New York University. 
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treat ky and ey as independent variables. Under normal 
conditions, ky and ey are separately and independently 
distributed in Maxwellian fashion characterized by a 
temperature 7. Then, integrating first over e,, we get 


Cos (hy, €s,avr) 
= | destrc(tite/M. orbs €s) Aep exp—e//kT 


A=2n/(rkT)}, (27) 


and carrying out the second Maxwell-Boltzmann 
average, we get 


G(T) =A* i kjdky exp(—i?/2M kT) Coy(ky, €7.avr) 


A*=4n(h?/2nM kT)!. (28) 


The integrations extend over 0<esc mo, 0<ks< mw; 
of just vanishes for those values of (k;, ¢;) that do 
not satisfy energy conservation.” 


VIII. RESULTS AND DISCUSSION 


The results of the Univac calculation (as corrected 
by the technique of Sec. VI) are given in Table II. 
They are compared in Fig. 1 with the latest experi- 
mental results."-"* We see that the experimental and 
theoretical results agree to within a factor of 3, which 
is a very considerable improvement over any previous 
detailed quantum mechanical calculations.** One 
thing that is demonstrated quite clearly by the cal- 
culations is that recombination will lead to molecules in 
highly vibrational excited states. This has been pre- 
dicted by theorists for quite a long time,** but thus 
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Fia. 1. Three-body re- 
combination coefficient 
for oxygen, Coy, as a 
function of temperature. 
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2 The actual calculations were made by averaging over es and 
and ky—not ky—with independent Maxwellian distributions. This 
does not affect any results as long as energy conservation is 
taken into account correctly. However, the procedure outlined 
in the text of treating ey and ky as independent certainly is more 


we ul on physical grounds. 
8D. L. Matthews, Phys. Fluids 2, 170 (1959). 


™R. R. Reeves, G. Manella, and P. Harteck, J. Chem. Phys. 
32, 632 (1960). 
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far there is not much definite experimental evidence 
for it.5 

To be more specific, it has always been hard on 
strictly theoretical grounds to understand the large 
experimental values of recombination rates: the fact 
that the present calculations—which take due account 
of the upper bounds on cross sections imposed by flux 
conservation—still exceed the experimental values is 
thus an error in the right direction. This may be 
corrected by a more appropriate choice of intermolecu- 
lar potential, perhaps, or by detailed considerations 
that might indicate that a certain fraction of O(*P) 
atoms will recombine into some state such as 
O2(X *Z,-), which might possibly have its highest- 
bound vibrational state bound significantly more 
strongly than the state v= 10 of O,(A *2,,*), leading to 
a smaller effective recombination coefficient. Of course, 
it must be stressed that the experimental data are 
subject to some errors, while the theoretical results 
certainly cannot be relied upon to within better than a 
factor of 2-3, on account of uncertainties arising from 
such considerations as the intermolecular potentials or 
the bound vibrational states. A further source of error 
in the present calculation is the neglect of molecular 
rotation: clearly the majority of collisions will be far 
from colinear, and this is bound to change the final 
result. 

One major criticism that can be made of calcula- 
tions like the present one is that it is clearly unreason- 
able to apply perturbation theory—which is satisfactory 
for processes having small transition probabilities—to 
problems like the present one, which has a very large 
transition probability. However, we have used the 
numerical calculations essentially just to get values of 
leit, that is to estimate the limits (in /) beyond which 
the transition probability is small. Thus, while there are 
undoubtedly errors in the scheme, they will probably be 
relatively small. 

A different criticism is that the present method is 
rather wasteful, in that a large amount of numerical 
data has to be taken to obtain a relatively small amount 
of useful information. However, a calculation like the 
present one can give us definite information of the 
absolute magnitude of transitions probabilities, and 
on how the recombination coefficient changes with the 
binding energy | | . It is not clear how one could get 
such information otherwise. A number of classical 
calculations of three-body recombination have been 
made recently, using various kinds of semiempirical 
assumptions.” These calculations are extremely valu- 
able in supplementing calculations like the present one 
by exploring the statistical factors that are very 
important in this kind of problem. Clearly the results 
of our calculation can be used to get a better physical 
insight on which such statistical models can be based: 
a very simple model is discussed in the Appendix. 


8 J. C. Keck, J. Chem. Phys. 29, 410 (1958) ; 32, 1035 (1960). 
D. L. Bunker, ibid. 32, 1001 (1960). 


1207 


To sum up, it was clear from the outset that a 
quantum mechanical calculation of a problem as com- 
plicated as three-body recombination could hardly aim 
to obtain detailed quantitative results, because of all 
the various complications that arise when one really 
tries to take all relevant physical effects into account; 
and to make an estimate of these—even if one were 
willing to undertake the labor—would call for detailed 
experimental information that is simply not available. 
The present calculation is thus a schematic one using a 
greatly oversimplified model. However, within its very 
obvious limitations the present calculation does indicate 
that the orders of magnitude of experimental recom- 
bination coefficients can be understood if one supposes 
the molecules resulting from recombination to be formed 
in highly vibrationally excited states. In fact, it might 
be possible from the temperature variation of the 
recombination coefficient to get some information on 
the binding energy of the vibrational states involved. 
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APPENDIX: A SIMPLE MODEL FOR THE 
RECOMBINATION COEFFICIENT 


In a situation like the present, where perturbation 
theory fails because the predicted cross section is so 
large that it violates flux conservation, we can try to 
get a rough analytical estimate of Jeri: of Eq. (19), and 
then use Eq. (20) or some suitable modification of it to 
give a value of o, and hence of Cp;. 

Evidently if the intermolecular potential has a mean 
range R, this gives a characteristic angular momentum 
lerit from the standard “impact parameter” condition 


Rlerit= hk, R. (A1) 
If we make use of the fact that & +k,;, and replace 
Eq. (20) by the form 


a/k? for I<len 
op(l) ” ’ 
0 for 1>Lerit 


(A2) 


then we get the result 


lorit 
onles, ky) =>. (2+1)(a/kX) =. (A3) 
1=0 


Substituting this expression in Eqs. (27) and (28), we 
get the expression 


Cor(0; T) #24x%po(v)?R*h/(MM.)'. (A4) 


We see that the result (A4) depends on temperature T 
only insofar as the effective range R of the intermolecu- 
lar potential depends on temperature, and on the vi- 
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brational state v only insofar as the equilibrium nuclear 
separation po=po(v). However, this admittedly very 
rough approximation indicates that Cyy increases with 
increasing v (cf. Table I), and possibly decreases very 
slightly with increasing JT. To get a simple numerical 
estimate, let us put R=7a)+d of Eq. (16); then in- 
serting po(v) from Table I, we get 


Cyf?? (v= 9) = 6X 10-* cm®/sec 


Co??? (v= 10) =8X 10-* cm/sec. (AS) 
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A number of approximate estimates of three-body 
recombination coefficients have been made by different 
people. The simplest sort of considerations, obtained 
virtually from dimensional analysis, give” 


Creo~f RO (A6) 


where 3=(8k7/xM)* is the mean molecular speed, 
M=reduced mass, and f some kind of probability 
factor. Putting f=1, R=7a, 5=10° cm/sec, we get 
Creoe™5 X 10-* cm/sec. 
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Axial Crystal Fields in the Ionic Model 
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Expressions for the axial components of crystal fields of tetragonal, trigonal, and cylindrical symmetry 
are developed in terms of the parameters Ds and Dt. These parameters are calculated in the ionic model using 
Hartree-Fock 3d radial wave functions. The calculated parameters are compared to experimental values ob- 
tained from the spectra of V(III) in Al,O; and Co(II) in CoO. Tentative assignments of the bands in the 


spectrum of (CsHs)2Ni are made. 





HE bands in the optical spectra of the first transi- 

tion series metal ions which are octahedrally co- 
ordinated may be described with fair accuracy in terms 
of a single crystal field parameter, Dg, in addition to the 
parameters of the electron-electron repulsions.' The 
parameter Dg is most conservatively viewed as a quan- 
tity to be determined experimentally; however, it 
has been found possible to estimate Dg in the ionic 
model, i.e., the model in which the ligands are replaced 
by point charges or dipoles.?* 

We will examine here the parameters which may be 
used to describe the 3d orbital energy levels in fields 
which are predominantly octahedral but which also 
possess components with axial symmetry. In such sys- 
tems three parameters are required. A further test of 
the ionic model is then offered since the model predicts 
the ratios of some of these parameters and these ratios 
are altered by covalency.‘ The oxides and fluorides are 
the most ionic compounds of the transition metal ions; 
in these compounds the metal ion is often surrounded 


by a slightly distorted octahedron of anions. Accord- 


ingly we have developed convenient expressions for the 
parameters describing the field of an octahedron of 
point charges distorted along a trigonal or tetragonal 
axis. 


* Present address: Department of Chemistry, Brown Uni- 
versity, Providence, Rhode Island. 
1 See for example the chapter written by D. S. McClure, Solid 


State Physics, edited by F. Seitz and D. Turnbull (Academic 
Press, Inc., New York, 1959), Vol. 9. 
2 R. L. Belford and M. Karplus, J. Chem. Phys. 31, 394 (1959). 
3R. E. Watson, Phys. Rev. 117, 742 (1960). 
4H. S. Jarrett, J. Chem. Phys. 31, 1579 (1959). 


There is no commonly accepted notation for the 
axial field parameters. Following and extending the 
notation of Moffitt and Ballhausen® we propose that, 
irrespective of the symmetry of the particular field, the 
two parameters associated with the axial potential 
terms be labeled Ds and Dt. 


CALCULATIONS OF THE PARAMETERS IN THE 
IONIC MODEL 


The electrostatic potential experienced by a single 3d 
electron in the crystal field is expanded: 


Ver= > AY "(re!/r>"*"), 
i,m 


The A,” are constants, the Y;"(0, @) are spherical 
harmonics, and r<(r>) is the lesser (greater) of the 
two distances, r, the distance of the electron from the 
metal ion nucleus, and R, the metal ion-ligand distance. 
In an octahedral field the term of this expansion with 
l=4 gives rise to the familiar splitting of the 3d orbitals 
into the sublevels J, and E separated by 10 Dg. In 
the field of 6-point charges of magnitude Z 


Dq=%Z(r<4/155). 
A. The Trigonal Field 


A trigonal field may be obtained by compression or 
elongation of an octahedron of point charges along a 


5 W. Moffitt and C. J. Ballhausen, Ann. Rev. Phys. Chem. 7, 
107 (1956). 
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threefold axis (labeled z) without change in the metal 
ion-ligand distance. The resulting field has Djg sym- 
metry and may be characterized by two geometrical 
parameters: the distance R, and the azimuthal angle, a. 
The potential terms and associated parameters are 
Agl— Vo+i(22)'(Ve+ Ve) (r4/155)~Dg 
APY 29(r.2/152)~Ds 


AQY 0 (14/155) ~Dt. 





ize 6Dq— 7Dt 


t,,| —V2Ds—5v2D1 


by 0 0 


In the ionic model the parameters are 
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The appropriate linear combinations of 3d orbitals 
which form both octahedral and trigonal bases are 


= 34 ( FV2d5:id2) 
ty ™ 3 Fs: Fiv2ds2) 


to= do. 
The first-order perturbation matrix of the potential is 


—v2Ds—5v2Dt 0 


—4Dq+Ds—2Dt 0 


—4Dq—2Ds+18DI 


Dq= —s's (33 costa—10 cos’a+1)Z(r</155) 
Ds= —4(3 costa—1)Z(r2/r,*) 
Dt= Fs[3 (3 costa— 10 cos*a-++1) +34 ]Z(r<4/r55). 


The parameters Ds and Dt as defined are positive for 
axial compression, i.e., increase of the angle a. The 
parameter Dg will be seen to depend upon the angle, a. 


B. The Tetragonal Field 


A point charge representation of a tetragonal field 
may be obtained by compression or elongation of an 
octahedron of point charges along a four-fold axis 
labeled z. This case has been previously investigated 
by several authors*’ who give the matrix elements in 
units of the radial integrals. Several authors*-” have 
proposed expansion terms and the associated param- 
eters without however giving the expressions in terms 
of the ionic model. The energies of the levels and 
parameters are given below. 


E(z*) =6Dq—2Ds—6Di 

E(x*—y*) =6Dq+2Ds—Dt 

E(xy) = —4Dq+2Ds—Dt 

E(xz, yz) = —4Dq—Ds+4Dt 
Dg= (1/6) Z(r<4/15$ ey 
Ds= (2/7) ZL (r2/r>*)ey— (r<*/t>*)s] 
Dt= (2/21) ZL (r<4/1>° day (r<4/1r>5 a]. 


®C. J. Ballhausen, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd.39, No. 4 (1954). 
7R. L. Belford, M. Calvin, and G. Belford, J. Chem. Phys. 26, 


1165 (1957). 
8 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A206, 173 (1951). 
J. Ph; —_ *) K. Motizuki, J. 


Kanamori, and T. Nagamiya, 
J. Phys. Soc. Japan 11, 211 (1956). 
ootnote reference 5, p. 123. 





The parameters Ds and Dt as defined above are posi- 
tive for axial elongation." 


C. The Cylindrical Field 


One possible ionic model” for the di-x-cyclopenta- 
dienyl compounds is a pair of rings parallel to each 
other each bearing a negative charge at a distance R 
from the metal ion and at an azimuthal angle, a. 
This is a purely axial field. The results of the calcula- 
tions are given below. 


E(do) = 2Ds—6Dt 
E(ds1) =Ds-+4Dt 
E(ds:) = —2Ds—Dt 
s=4(3 cos*a—1) (r<*/r,*) 
Dt=—7's (22 costa— 10 cos’a+1) (r<*/r,°). 
APPLICATIONS’ OF THE PARAMETERS 


A. Trivalent Ions in Al.O; 


The spectra of V(III)" and Cr(III)" in the 
a-Al,Os (corundum) structure have been obtained 


1 Tt is also ible to define a cock as the weighted average } 
Da( Rav) +4 Dq(R,). Then wh cients of D#’ in the above 

energy expressions become —3, +3, —4, and +2 while the numeri- 
cal factor in the expression for br "becomes 5/63. This definition 
is much less convenient because the potential term corresponding 
to Dt’ no longer has axial symmetry. 

2 F, A, Matsen, J. Am. ‘Chem. Soc. 81, 2023 (1959). In this 
note the term with J=4 was omitted. Ro al 

13M. H. L. Pryce and W. A. Runciman, Disc. Faraday Soc. 
iS, Suga d Y. Tanabe, J. Phys. Soc. Japan 13, 880 (1958) 

0 an ‘ana ys. a " ; 

(1988), S. Sugano and I. Tsujikawa, J J. Phys. i Japan 13, 899 





TT. 3s 


Radial expectation values calculated with 
Hartree-Fock wave functions. 





R (r2/r>*) (rt/r>5) 
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and interpreted. The trigonal field parameters were 
assumed" to take the form 


Oy 0 K’ 0 
ES a ae 


{0 O —2K 


It was furthermore assumed that K’ could be neglected. 
Calculations based on the experimental data indicated 
that for Cr(III), K=—350 cm™ and for V(III)*, 

=—400 cm™. Note that K=Ds—9Dt. This repre- 
sentation of the trigonal field differs from ours by a 
similarity transformation and hence the basis func- 
tions of the matrix in K and K’ are not accurate octa- 
hedral basis functions. The values of K and Dg deter- 
mined from the experimental frequencies in this manner 
will be accurate only if Dt is negligible compared to 
Ds and if Ds is small compared to Dg. 

We will now calculate numerical values of the 
parameters in the ionic model. The corundum lattice” 
is rhombohedral and the site symmetry at the metal 
ions is C3. The metal ions are in equivalent positions. 
The octahedron of oxide ions about each aluminum 
ion is badly distorted; the coordinates of the two sets of 
three oxide ions are R,=1.99 A, a;=46.4° and R,= 
1.845 A, a.=64.3°. These values may be compared to 
the octahedral angle of 54.7°. We will assume that the 
impurity ions do not appreciably distort the lattice, at 
least as far as the angular coordinates of the oxide ions 
are concerned. This seems reasonable in view of the 
similarity of the rhombohedral angle of a—Al,O; (55°17’) 
to that of a-Cr.O; (55°6’). 

The radial expectation values in Table I were cal- 
culated using the point charge model and the Hartree- 
Fock radial functions calculated by Watson.” The 
calculated field parameters and experimental results 
for V(IIL) are compared in Table II. In case I the 
observed distances R,:=3.76 a.u. and R:=3.50 a.u. 


16L. Pauling, Z. Krist. 69, 415 (1928). 

17 R. E. Watson, Iron Series Hartree-Fock Calculations, Tech. 
Rept. No. 12, Solid-State and Molecular Theory Group, Massa- 
chusetts Institute of Technology, June 15, 1959 (unpublished). 
See also R. E. Watson, Phys. Rev. 118, 1036 (1960). 
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were used. Since the calculated parameters in case I 
are much too small, the ligand distances were reduced 
to fit E(e,)—E(t,); then R:=2.76 au. and R.= 
2.50 a.u. (Case II). The necessity for reduction of the 
ligand distances has been explained as an allowance 
for polarization and for the fact that the ligand charge 
is not a point charge.? 

Once the larger splitting is fitted it can be seen that 
the sign of the trigonal splitting is correctly predicted. 
Since the potential of the three ions at the shorter of the 
two distances predominates, the sign of K is that for a 
trigonal compression. The magnitude of the trigonal 
splitting is only approximately fitted. However the 
observed values are in doubt because of the neglect of 
K’. It can be seen that the neglect of K’ leads to an 
underestimation of K. 


B. Tetragonal Cobaltous Oxide 


Cobaltous oxide is the only oxide for which tetra- 
gonal splittings have been reported. At room tempera- 
ture the crystal is cubic but at 78°K it is tetragonal 
with axial compression”: R,,=2.123 A and R,=2.099 
A. Pratt and Coelho analyzed the spectra at 78°K in 
terms of the parameters of Abragam and Pryce.” 
With neglect of spin-orbit coupling they found Dg= 
942 cm™, H=410 cm™, and 7=428 cm™ from which 
Ds=—117 cm™ and Dit= —33 cm™. 

Using the radial expectation values calculated for the 
observed distances (the first pair of distances under 
cobalt in Table I), the field parameters are Dg=258 
cm~!, Ds=—88 cm™, and Di=—9 cm™. Since the 
calculated Dg is much too small we have calculated the 
parameters with a 25% reduction in the ligand distances 
and find Dg=948 cm=, Ds= —252 cm, and Di= —38 
cm, 
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Fic. 1. Splittings of the triplet terms of 3d* in an axial field 





' with 4Ds= 5Dt. 


18 G, W. Pratt, Jr., and R. Coelho, Phys. Rev. 116, 281 (1959). 
1% N. C. Tombs and H. P. Rooksby, Nature 165, 442 (1950). 
% See footnote reference 8. The axial parameters associated 
with the potential terms in Cartesian coordinates are mul! 
by —2/7 and —8/105 to obtain Ds and Dt as defined here. 
is some question as to how the analysis was carried out in that 
the potential term for the parameter I does not have axial sym- 
metry (cf. footnote reference 9). 
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Taste II. Comparison of calculated and observed crystal field parameters for V(III) in AlOs. 





Dt 
cm~ 


cm7! 


Ds K 


cm7! 


E(to) — E(t) 
cm 


E(ez) — E(ts) 
cm 





Calc case T 
Calc case IT 
Obs V (ITT) 
Obs Cr(TIT) 


1 036 


330 —35 

—539 
—400 
—350 


388 
822 
1 200 
1 050 


4 207" 
17 410 
17 900 
18 000 





® With interchange of & and tz; i.e., & is at lower energy. 


C. Di-x-cyclopentadieny! Nickel 


Very little is known of the excited states of the 
sandwich compounds. As an illustration of the use of 
the parameters we will make some tentative assign- 
ments of the observed bands in the spectrum of 
(CsHs)2Ni. We will make the assumption that the 
electrons are in pure 3d orbitals. Furthermore we assume 
with Robertson and McConnell*! that the d,. and 
dy orbitals are nearly degenerate, i.e., 4Ds~=5Dt. With 
these assumptions the ground state is the *F, component 
of the term *F. The relevant matrix elements were 
calculated starting with the free-ion wave functions. 
The diagonal matrix elements are Ds—3Di(*F,), 
7Dt(?F3), —#Ds—Dt(*F,), —#Ds—6Dt(*F,), 
—(7/5)Ds(#P,) and (14/5) Ds(*P,). The off-diagonal 
element for the orbitals is $64(—4Ds+-5D?) and that 
for the o orbitals is $(—3Ds—5Dt). This treatment 
neglects off diagonal elements which would appear 
in the lower symmetry Ds¢ to which the molecule 
actually belongs. The calculated energy level diagram 
is shown in Fig. 1. 

We have measured the spectrum of (C;Hs)2Ni in 
cyclohexane solution. There is a broad band at 14 500 
cm! (e=64) and another at 32 700 cm-'(e=1 200) 
with shoulders at 29000 cm- and 36000 cm. A 
tentative assignment of these bands may be made from 
the diagram with Di~ 1800 cm-. The low energy band 
‘ is assigned to *F,—*F, and *F, and the higher energy 
band to *F,—'*P, and *F;. 


CONCLUSION 


The octahedral field parameter, Dg, has been found 
to be underestimated by a factor of three to four by the 


1 R. E. Robertson and H. M. McConnell, J. Phys. Chem. 64, 
70 (1960). 


simple ionic model in which the ligands are replaced 
by point charges at the observed ligand distances and 
in which Hartree-Fock wave functions of the free 
metal ion are used. This is not surprising in view of 
the crudity of a model which neglects the finite exten- 
sion of the ligand electron density and exchange with 
the metal ion electron density. Only a small improve- 
ment could be obtained by allowing the 4, and ¢, 
electrons to have different radial functions as deter- 
mined by a self-consistent field calculation.” It is 
possible to fit the octahedral splitting by decreasing 
the ligand distance by about 25%. Another possibility 
is to add a point dipole to allow for polarization. 
However, these modifications remain arbitrary unless 
other experimental data are simultaneously fitted. 

Our calculations indicate that approximate values 
of the axial field parameters are obtained by decreasing 
the ligand distance and hence this modification of the 
ionic model does promise to be of aid in estimating 
parameters. Unfortunately a more detailed comparison 
with experimental results is not possible at present 
since none of the spectra have been completely analyzed. 
In particular it will be interesting to determine whether 
the angular portions of the parameters are accurately 
predicted by this treatment. 
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Atomic and molecular energies depend strongly on the correla- 
tion in the motions of electrons. Their complexity necessitates the 
treatment of a chemical system in terms of small groups of elec- 
trons and their interactions, but this must be done in a way con- 
sistent with the exclusion principle. To this end, a nondegenerate 
many-electron system is treated here by a generalized second-order 
perturbation method based on the classification of all the Slater 
determinants formed from a complete one-electron basis set. The 
correlation energy of the system is broken down into the energies 
of pairs of electrons including exchange. Also some nonpairwise 
additive terms arise which represent the effect of the other elec- 
trons on the energy of a correlating pair because of the Pauli 
exclusion principle. All energy components are written in ap- 
proximate but closed forms involving only the initially occupied 
H.F. orbitals. Then each term acquires a simple physical interpre- 
tation and becomes adoptable for semiempirical usage. The treat- 


ment is applied in detail to two particular problems: (a) The 
correlation energy between an outer electron in any excited state 
and the core electrons, e.g., in the Li atom, is represented by a 
potential acting on the outer one. This potential can be regarded 
as the mean square fluctuation of the Hartree-Fock potential of 
the core, and applies even when the outer electron penetrates into 
the core. The magnitudes of some of the correlation effects are 
calculated for Li. (b) Starting from a complete one-electron basis 
set of SCF MO’s, the energy of a molecule is separated into those 
of groups of electrons and of inéra-molecular dispersion forces 
acting between the groups. The assumptions that are usually made 
in discussing dispersion forces at such short distances are then re- 
moved and generally applicable formulas are given. Some three 
or more electron-correlation effects and limitations in the use of 
“many electron group functions” for overlapping systems are 
also discussed. 





I. INTRODUCTION 


HE total energy of a many-electron system is well 

approximated by independent particle theories, in 
particular by the Hartree-Fock (H.F.) method.!? But 
the remaining error, which results from the tendency 
of the electrons to avoid one another, is usually of the 
order of chemically interesting quantities. This error 
ie., the difference between the completely self-con- 
sistent field (SCF) H.F. solution to the energy and 
the exact solution of the many-electron nonrelativistic 
Hamiltonian, will be taken here as the precise defini- 
tion? of “correlation energy” unless otherwise indicated. 
Considerable effort has been devoted to obtaining the 
correlation energies of atoms and molecules by varia- 
tional techniques, especially by the method of con- 
figuration-interaction.? In spite of slow convergence, 
computers now allow some progress by these techniques 
for simpler systems, e.g., molecules from the first row of 
the periodic table. But, generally, it is necessary to 
have schemes that lend themselves to simple physical 
interpretation and generalization. It is also important 
in view of the complexity of most molecules and atoms 
that such schemes should be usable in a semiempirical 
but still well-defined way. 

There exists a special class of problems where it has 
been possible totreat the correlation effects very simply. 
These involve the correlation energies between non- 
overlapping charge distributions; or more precisely, in 
these cases different electron groups are assumed to be 
localized in totally isolated regions of space, each group 

* University of California Lawrence Radiation Laboratory 
Postdoctoral Fellow 1959-60. Present address: Sterling Chemistry 
Laboratory, Yale University, New Haven, Connecticut. 

1 For reviews see D. R. Hartree, Calculation pF "seg Struc- 


= (John Wiley and Sons, Inc., ‘New York, 
P. O. Léwdin, Advances in Chem. Phys. *y OP (1959). 


with its own complete set of eigenfunctions. The best 
example is the familiar London dispersion attraction® 
between two atoms in their ground states.® This energy, 
which has the very useful property of being pairwise- 
additive for a system of atoms, also has a very simple 
physical interpretation. It arises from the mean 
square fluctuations of the instantaneous atomic dipoles. 

A different case concerning correlation energy 
between separable groups arises in the theory of atomic 
spectra. In alkalilike configurations optical transitions 
occur by the excitation of a “series,” i.e., valence, 
electron, outside an inner “core” giving a hydrogenlike 
spectrum. The H.F. SCF method for such an atom, 
takes the average effect of the outer orbital on the core 
into account, but the correlation between the in- 
stantaneous position of the series electron and the core 
electrons is left out. This correlation effect has come to 
be known under the name of “core polarization.’ The 
simplification in this case arises when the series electron 
is in a highly excited “nonpenetrating” orbit, i.e., 
when the core and the valence electron can be sepa- 
rated. Then it is possible to represent the correlation 
energy between the core electrons and the series electron 
by an additional effective potential which is deter- 
mined only by the core and acts on the outer electron 
in any one of its higher orbits. A classical argument 
indicates that at large separations this potential is 
given by —}ar~ where a is the polarizability of the ion 
core and ¢ is the distance of the series electron from the 
nucleus. Several quantum mechanical derivations have 


3 F. London, Z. Physik. Chem. Bil, 222 (1930). 

4H. Margenau, Revs. Modern Phys. 11, 1 (1939). 

5In this case, the definition given for correlation energy is 
somewhat altered; it still applies, however, if the electrons of one 
system are considered to move in the self-consistent field of the 
other. 
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been given for this asymptotic potential. The “adia- 
batic approximation’*® method distinguishes a tightly 
bound core electron from an outer one in any orbital 
with high quantum numbers, e.g., in the excited states 
of He, and replaces the exact two-electron wave func- 
tions by 


We( Ti, To) =e( Ti; To) t-"(T2), (1) 


where r, and fr, refer to the coordinates of the inner and 
outer electrons, respectively; “,"(f2)’s are the various 
states of the outer electron; (11; f2) describes the core 
electron and depends only parametrically on fz. This 
approximation is very similar to the Born-Oppenheimer 
separation of nuclear and electronic motions in mole- 
cules. Since the outer electron is much less tightly 
bound than the inner one, it can be considered, in view 
of the virial theorem, to move slowly compared to the 
latter. Then the energy of the core can be determined 
for various fixed values of f2, thus depending on fr. 
parametrically; and it, in turn, acts as a potential energy 
for the motion of the outer electron. Bethe’ has treated 
the highly excited states of He by this approach, con- 
sidering the stationary charge of rz as a perturbation on 
the free “‘core” function, u°(r;). This discussion should 
emphasize that the name “core polarization” refers to 
the polarization of the core by the outer electron at its 
instantaneous position. This is the entire correlation 
effect and should not be confused with the polarization 
of the core only by the smeared-out over-all charge 
distribution of the outer orbital. The latter which we 
shall call the “orbital average polarization” is a much 
smaller effect and in fact vanishes if completely SCF 
H.F. orbitals are used (see Sec. II). 

Mayer and Mayer® and Van Vleck and Whitelaw® 
have treated the core-polarization energy by conven- 
tional second-order perturbation theory with hydrogen- 
like orbitals for the outer electron and by assuming 
the valence electron and the core to be essentially inde- 
pendent systems. This treatment shows that the analogy 
between core polarization and the interatomic London 
forces mentioned previously, is perfect. We may even 
be tempted to refer to the attraction arising between 
the outer electron and the core in the former case, as a 
Van der Waals force. 

The particular advantage of both London forces and 
the use of a correlation potential, is that they both 
relate the interactions in the composite system to the 
properties of the component parts. This advantage has 
induced attempts at using both theories under more 
general conditions. 


*T am indebted to Professor W. T. Simpson for a stimulating 
discussion on this approach. 
7 (a) H. A. Bethe, Handbuch der Physik (Edwards Brothers, 
Inc., Ann Ashes, Michigan, 1943), Vol. 24/1, p. 339; see also 


Bethe and E. E. Salpeter, Encyclopedia 0 Phy. 

Verlag, Berlin, Germany, 1957), Vol. 35, p. 223 ff; S(b) G. Ludwig, 
Helv. Physica Acta 7, 73 (1934). 

' §J. E. and M. G. Mayer, ie Rev. 43, 605 (1933). 

10a)" Van Vieck and N Whitelaw, Phys. Rev. 44, 551 
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Pitzer has reviewed the use of London forces not 
only at the usual large separations, but even within the 
same molecule, e.g., to estimate the correlation energies 
between the lonepair electrons in the halogen series, 
F, to Iz, and to account for the isomerization energies 
of the hydrocarbons. Similarly, Douglass" has assumed 
the feasibility of using a core-polarization potential 
even inside the core and has determined such a poten- 
tial semiempirically by comparing the observed and 
H.F. energy values for the first few series levels in 
alkaline ions. Various other empirical attempts at 
obtaining such a potential for cases where the outer 
electron penetrates well into the core are summarized 
by Hartree.’-? If it were possible to write a corre- 
lation potential which could act over the whole range 
of an outer orbital coordinate another interesting 
application would be justified: In molecules where 
the inner cores may be assumed to be quite unchanged 
by the binding, the correlation energy between the 
cores and the valence electrons could be obtained simply 
by taking the expectation value of the core polariza- 
tion potentials (obtained perhaps partly from atomic 
spectra) over the outer molecular orbitals. Callaway™ 
did this for Li, Na, and K atoms in their ground 
states and for their metals, but he used Bethe’s’ 
method and neglected the penetration effects. This 
type of application of the core polarization idea is of 
course also implied in the “II-electron” approximation® 
used for organic molecules. 

Both the use of London forces within a single molecule 
and the representation of inner-outer electron, or 
sigma-pi correlation effects by effective potentials when 
there is penetration, are open to question. Some of the 
difficulties involved in the case of intra-molecular 
London forces have already been mentioned by Coul- 
son.'* On the other hand, the need for the clarification 
of the form or the feasibility of a correlation potential 
for penetrating orbitals has been emphasized by 
Hartree.” In both cases, multipole expansions are often 
used at short distances and, sometimes, only the 
dipole terms are retained. But this is a defect whose 
elimination is relatively straightforward (see Secs. 
II and VI). All the other difficulties have to do with the 
exclusion principle and the validity of separating elec- 
trons into distinguishable (either by strong localization 
around different centers or by large differences in 
energy) groups. 

The preceding discussion indicates that important 
simplifications have been possible in dealing with - 
correlation effects whenever a system of electrons could ~ 


” K. S. Pitzer, Advances in Chem. Phys. 2, 59 (1959). 

4 A. S. Douglas, Proc. Cambridge Phil. Soc. 52, 687 (1956). 

2 —D. R. Hartree, Repts. Progr. Phys. Kyoto 11, 113 (1946). 

18 J. Callaway, Phys. Rev. 106, 868 (1957). 

“4 The adiabatic method has also been applied to alkali by G. 
Veselov and I. B. Bersuker, Vestnik Leningrad Univ. Ser. Fiz. i 
Khim. No. 16, 55 (1957). 

wR, Pariser and R. G. Parr, J. Chem. Phys. 21, 466 (1953). 

16 C. A. Coulson, Symposium on Hydrogen Bonding, Ljubljana, 
1957 (Pergamon Press, New York, 1959), p. 349. 
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be divided up into groups in a clear-cut way, but that 
as soon as this condition is relaxed difficulties are 
encountered. Now if similar simplified treatments of 
correlation effects are to be possible in the general case 
of a system of many electrons all spread out in nearly 
the same region of space, the following question, which 
is fundamental to all quantum chemistry, must be 
answered: 

Given an atom or molecule with some N electrons, can 
we consider this system in a nonarbitrary way as made up 
of certain groups of electrons in spite of the fact that 
all these electrons are indistinguishable from one another? 
The presence of a periodic table of the elements and 
chemistry suggest that the answer should be yes, not 
only in single particle theories, but also after the in- 
clusion of correlation energies. Clearly if this is to be 
done in a nonarbitrary way: (1) All effects of the Pauli 
exclusion principle must be included, (2) If we start 
with a method based on the expansion of a many 
electron function in terms of single particle functions, 
then all electrons must use the same complete basis set 
of one-electron orbitals. Previous separations of an 
electronic system into simpler systems do not satisfy the 
second condition and therefore neither the first. In these 
treatments, either a one-electron basis set is divided into 
two mutually exclusive subsets as in connection with the 
sigma-pi problem,” or else, antisymmetrized products 
of many-electron group functions satisfying generalized 
orthogonality conditions are used.!* These conditions, 
which we shall refer to again in Sec. VI, are too re- 
strictive and they imply the subdivision of the basis 
set, too. 

The general problem of formulating a scheme such 
that the correlation energy of a system with a large 
number of electrons can be obtained in terms of its 
simpler components, can now be broken down into two 
phases: (a) The separation of the total correlation 
energy into that of small groups of electrons. (b) The 
evaluation of the interactions within or between these 
small groups. The extensions of London-force or core- 
polarization type treatments to systems with no 
strongly localized groups now become special cases 
of (b). 

With the objectives (a) and (b) in view, we shall now 
present a generalized second-order perturbation theory 
of a many-electron system whose zero-order wave 
function is a single Slater determinant of Hartree-Fock 
orbitals. The perturbation method will be based 
on the use of all “ordered configurations,” i.e., all 
unique Slater determinants that can be formed from a 
complete one electron basis set. By a systematic 
classification of all the virtual transitions represented 
by the ordered configurations, the correlation energy 
of the system will be broken down into the energies 
of pairs of electrons including exchange. Some non- 


17 P, G. Lykos and R. G. Parr, J. Chem. Phys. 24, 1166 (1956). 
®R. McWeeny, Proc. Roy. Soc. (London) A253, 242 (1959). 
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pairwise additive terms will also arise. These represent 
the tendency of a correlating pair of electrons to avoid 
the other electrons of the system, because of the 
Pauli exclusion principle. These extra terms will be 
defined here as the “exclusion” terms and in future 
work they may turn out to be the most important three 
or more particle effects. The use of Hartree-Fock 
energy as a starting point is convenient, but is not a 
requirement. The approach presented here also pro- 
vides a link with the recent “many-body” methods 
developed in different fields of physics. Definition of 
“mean excitation energies” for each pair of electrons 
will allow the estimation of both the pair energies and 
the exclusion effects, using only the initially occupied 
spin-orbitals. This procedure, although semiquanti- 
tative, is useful for giving many simple physical inter- 
pretations, e.g., as in London forces. For instance, in 
Sec. II, a core-polarization potential which is applicable 
even near the nucleus will be derived and shown to be 
the mean-square fluctuation of the Hartree-Fock po- 
tential acting on an electron. A large portion of this 
article will be devoted to the core polarization problem, 
not only because it is of interest in itself, but also be- 
cause a system with a “series” electron is more general 
than a system of closed shells, and the excited states, 
as well as the ground state of the former, can also be 
treated. Detailed derivations will be given, for con- 
venience, with specific reference to the lithium atom, 
although generalization to any other appropriate 
atom or molecule is straightforward. Section LI 
discusses the “exclusion” effect of an outer orbital, e.g., 
in Li, on the correlation energy of the core (Li*) itself. 
In Sec. IV, numerical magnitudes of some of these 
effects will be calculated for Li and the penetration 
parts of the core-polarization potential will be examined. 
In Sec. V, molecules are discussed, in general, and 
both the use of intramolecular London-type energies 
and of “core polarization” justified eliminating the 
usual approximations mentioned previously by start- 
ing from a complete one-electron basis set of molecu- 
lar orbitals, SCF MO’s. In the last section, some 
higher-order correlation effects are mentioned; a 
“dispersion” energy formula including such effects, but 
for use only with asymptotic intermolecular forces, is 
derived, and the use of many-electron group functions* 
is discussed. 

II. SEPARATION OF VARIOUS CORRELATION EFFECTS 

AND THEORY OF CORE POLARIZATION 


The basic theorem? of the method of “superposition 
of configurations” is that if {m(x)} form a complete 
orthonormal basis set for the space of a single electron 
(x including both spatial and spin coordinates), than 
any antisymmetric N electron function can be ex- 


” For a brief introduction, see D. ter Haar, Introduction to the 
Physics of Many-Body Systems (Interscience Publishers, Inc., 
New York, 1958). 
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panded as 


v(x, X2, °° *Xy), (2) 


*Xyv) = Cave (%, X2, °° 
K 


where Yx represents the normalized Slater determinants 
Vx (Xi, Xe, °° Xv) vex (NV 4 det {u,, Uke, °° *Uky}, (3) 


and K runs over every unique selection of the one- 
electron indices ki<kp<+++<ky, i.e., all “ordered 
configurations.”? The ¥x now form a complete ortho- 
normal basis set for the space of N electrons. In this 
representation, the energy eigenvalues are the solu- 
tions of the secular equation 


| H— E1| =0, (4) 


with H={ Wx | H|¥z)}={(K, HL)} and I the unit 
matrix. If any one of the nondegenerate x in Eq. (2), 
say, Wa, is chosen as the first approximation to y, then 
E can be written? rigorously as the solution of 


E=Hat+Ha( Elie— Hw) Ha, (5) 


where the matrix H has been partitioned into four 
submatrices. A great variety of perturbation methods 
can be derived? from Eq. (5) by making various 
approximations in the exact remainder after taking Hoa 
as the “unperturbed” energy. Thus, if the off-diagonal 
elements of Hy are neglected and E replaced by 
Ha, a Schrédinger-type generalized perturbation equa- 
tion is obtained. This equation, first given by Epstein,” 
is 


E,=Huu— > CH uxHxu/(Hxx—Hum) } 


K#M 


=HuutEu®. (6) 
Here, among all the diagonal elements of H, Huw is 
assumed to be the closest to the exact eigenvalue E£,,. 
In the summation, K covers the entire orthonormal 
many-electron basis set, as in Eq. (2), except Wy. 
Because of the orthonormality of {m} the only Hux 
that contribute to Eq. (6) are those in which K differs 
from M [Eq. (3) ] by only one or two spin-orbitals. 
These will be referred to as single and double virtual 
excitations from M. Further, if {#} are chosen as 
Hartree-Fock functions, then the contribution of single 
virtual excitations vanishes. This use of Eq. (6) was 
proposed by Brillouin” and Mller and Plesset”> 
for nondegenerate yy.” Extension to degenerate 
states has been discussed by Nesbet.” In this article 
we shall deal only with systems whose zero-order wave 
function can be taken as a single Slater determinant 


and use a more general basis set, {1m}. 
% See also; W. B. Riesenfeld and K. M. Watson, Phys. Rev. 
104, re (1956). 
S. Epstein, Phys. Rev. 28, 695 (1926); see also; L. C. 
Seslins and E. B. Wilson, Introduction to Quantum Mi: echanics, 
a ao Book Company, Inc., New York, 51935), P- 191. 
2 (a) L. Brillouin, Actualites sci. et ind., No. Vala 3 
No. 71 (1933); (b) C. Mgller and M. S. Plesset, 3 og Rev. 46 
618 (1934) ; (c) see, also, footnote reference 2, p. 283. 
R. K. Nesbet, Proc. Roy. Soc. (London) , 312 (1955). 
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Consider first an WN electron system of closed shells. 
For these, the first V spin-orbitals wili be the occupied 
H.F. SCF orbitals of the system. The rest of the basis 
set {1} (k>N) may be assumed to be completed, e.g., 
as described by Léwdin,”° by taking independent 
functions and using the Schmidt orthogonalization 
process. As we shall see, in the following, the specifica- 
tion of {uw} for k>N will be unnecessary. Now, con- 
sider the more general case of a system of closed shells 
plus an outer electron, e.g., an alkali atom. The treat- 
ment of this case will include the treatment of closed 
shells only, and, in addition, will allow a theory of core 
polarization for the outer electron in its various states. 
We shall return to a discussion of all closed shells in the 
section on molecules (Sec. V). For the more general 
case, if a polarization potential independent of the 
state of the outer electron is to be obtained, the initially 
occupied core orbitals must be chosen so as to be inde- 
pendent of the outer orbitals. The following modified 
basis set {u,} is the most suitable one for the core- 
polarization problem: Let the system contain N core 
electrons and the (N+1)s¢ outer electron, and let us 
suppose that we are interested in, say, actual states 
of the outer electron including the lowest one corre- 
sponding to the ground state of the atom. Then the 
first N spin-orbitals 1%, 1%, +++, uy are to be obtained 
from a complete H.F. SCF solution of only the closed 
shell part of the system after stripping the (V+1)st 
outer electron. The next m orbitals uwin, uw, 
*+*, un4n Will be taken as the solutions of the H.F. 
equation for an electron in the field of the already 
determined fixed core orbitals. The rest of the basis set 
may be completed again, e.g., by a Schmidt ortho- 
gonalization process. The complete basis set of spin 
orbitals thus obtained will now be denoted by {m(x) } = 
{k} =1, 2, 3, +++, all odd integers designating the spin- 
orbitals with spin a, and all even integers those with 
spin 8. For concreteness and convenience, we now 
continue the treatment on the simplest case, the Li 
atom, although extension to larger systems is straight- 
forward. For any state [1/(3!)#] det (1salsgua) or 
det’ (12k) [det’ denoting the normalized determinant ] 
of Li, the first few spin orbitals by our choice satisfy 
the equations 


hi°1s( 11) +(f | 1s(f2) Prartdra)t5(1) =exls(t), (7) 


where 


hY=—3V2—(Z/n) (8) 


and 


Ieore® 'u,= hy, (£1) + 2 if | 1s( 2) Pra tra) r) 


—(fisrin) ux(T2) rav'dn)ts( Ty) = ex (T1) 


for tka=k>3. The second-order correlation energy is 
given by Eq. (6) in conjunction with Eq. (2) and the 
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one-electron basis set just defined. To separate this 
energy into parts, all the ordered configurations (with 
any orthonormal {m}) that would give matrix ele- 
ments in Eq. (6) can be classified according to which 
one or two spin-orbitals of the initial state det’(12k) 
have been virtually excited to give the particular 
configuration. Consider first the ground state det’(123), 
i.e., (1/+/6) det (1501532sq). From this state, keeping in 
mind that the indices ki, ke, ks which make up K in 
Eq. (2) must satisfy the condition ks>ke>ki(ki=1 
to ©), the following types of virtual excitations are 
possible: 


Single excitations: 
1, 2, 31, 2,1 
—1, k, 3 


I>3 
k>3 
—m, 2, 3 m> 3 
Double excitations: 

1, 2, 31, k,l I>k>3 
l>m>3 
k>m>3. (10) 


All higher excitations 1>k>m>3 give Hox=0. We 
have labeled the indices differently depending upon 
which initial orbitals remain unchanged. The first 
thing to notice is that with our choice of the orbitals all 
Hox for the single virtual excitations of the outer 
electron™ vanish by the generalized *° Brillouin 
theorem,” i.e., 


Hox = (det’(123), H det’(121) )= (1, Meore®*'3 ) 
=e6(1,3)=0; (143). (11) 


On the other hand, single excitations from the core and 
double excitations lead to 


—m, 2, l 


—m, k, 3 


(det’(123), H det’(1k3) )= (det’ (23), giz det’(k3) ) 
(det’ (123), H det’(m23) )= (det’(13), giz det’ (m3) ) 


(12) 
where Eq. (7) has been used; and, 


(det’(123), H det’(1l) )= (det’ (23), giz det’ (kl) ) 


(13) 


and, similarly, for the rest of Eqs. (10). Here gi=ng 
and det’ denotes (1/+/6) det on the left and (1/v2) det 
on the right of Eqs. (12) and (13). Notice that Eqs. 
(12) do not yield zero, because the core orbitals 1 and 
2 have been chosen as the H.F. SCF solutions of Lit 


™ Because of complete antisymmetry, we cannot refer to a 
definite electron. What we mean by “outer” electron is any one 
of the electrons occupying the particular orbital 3. 

% Notice that with this generalization,” only the initially occu- 
pied orbital 3 must be an eigenfunction of Aeor®!! to make Eq. 
(11) vanish. There is no such condition for /. 
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rather than of Li. This point will be discussed in detail 
after stating Eq. (17c). 

Equations (9) through (13) allow the separation of 
the second-order energy in Eq. (6) into correlation 
energies of pairs of electrons. Of course it is a general 
result that, whenever, orthonormal functions are 
used and overlap, and exchange effects are neglected, 
second-order energies come out “‘pairwise additive’ as 
in intermolecular “dispersion” forces. Three-body and 
higher correlations appear in higher orders of per- 
turbation. However, we shall see shortly that, here, the 
Pauli exclusion principle has already introduced some 
many-body correlations into the second-order. The 
first-order energy in Eq. (6) can be written as the 
energy of the ion core in the field of the bare nucleus 
and the energy of the outer electron in the SCF field of 
the ion core. For the ground state 


Hw = (det’ (123), (he+ Des) det’ (123) ) 
i=] >i 


= core (12) + (3, hoore®!3), (14) 


where 
€core’(12) =2 (1s, Ai°1s )+ (Asls, giststs ). 


With the systematic classification of the virtual transi- 
tions given by Eqs. (9) and (10), Eo in Eq. (6) can be 
broken down into the following terms, depending upon 
which initial orbitals are involved: 


Eq® (123) = Eg (12) + Eo (23) + Eo(13). (15) 


Again numbers in parentheses label the orbitals, and 
not the electrons; and, 


{det’(12), gi2 det’(mk) 


— Eo (12)= 2 A(A, 2, 3m, k, 3) 


k>m>3 





(16a) 


et’(23), gio det’(k3) ) 
A(1, 2, 31, k, 3) 





— B(23)=> S 


k>3 


(det’(23), gi2 det’ (kl) 
A(1, 2, 31, k, 2) 





ae 


I>k>3 


(17a) 


et’(13), gi2 det’(m3) ) 
A(1, 2, 3m, 2, 3) 





- 2(13) => & 


m>3 





+ > (det’(13), giz det’ (ml) d 


A(A, 2, 3m, 2, l) —_ 


i>m>3 


The A’s in the denominators represent the energies of 
the respective virtual transitions and are given from 


Eq. (6) by 
A(1, 2, 3m, k, 1) = (det’(mkl) , H det’ (mkl) ) 


— (det’(123), H det’(123) ). (19) 
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In particular, when m is odd and k is even, 
A(1, 2, 3m, k, 3) =Ak’(1—m) + Al(2-k) | 
+(Imu— Siz) + ( Sia— Jv) +(I—K) ma— (J—K):s, 
(16b) 
A(1, 2, 3)—>1, k, 3) =Ah(2—k) +( Jin — Jn) 
+(Jes— Jes), (17b) 
A(1, 2, 3-1, k, 1) =A (2k) +A2(3-1) +( Jir— Jn) 
+(Jii— J) +(J—K)n-—(J—K)a, (17c) 


and, similarly, for Eq. (18a). J’s and K’s are the usual 
coulomb and exchange integrals, 


Jn= (rs, guts);  Kre= (r8, g1289) 


and Af®(r—s)=(s, h®s)—(r, Wr). The numerical 
evaluation of E® for any one case is a lengthy pro- 
cedure because large contributions to such sums are to 
be expected? from the continuum (or from what would 
take the place of the continuum) part of the basis set 
{k}. Our objective here, instead, is to investigate, 
semiquantitatively, various physical aspects of Eqs. 
(16a)-(18a) and their variation with respect to the 
different actual excited states of the “series” electron. 
(See, however, Sec. IV.) 

The first part, Eq. (16a), corresponds to the correla- 
tion energy of the ion-core (1salss) as it exists in the 
neutral atom. The effect of the “outer” electron by 
means of the exclusion principle, on this core energy 
will be taken up later in Sec. III. Equations (17a) 
and (18a) give the correlation energy between an 
electron occupying 3, i.e., 2s. and those in 1 (i.e., 15.) 
and 2 (i.e., 15s), respectively. The first terms on the 
right hand sides of Eqs. (17a) and (18a) represent the 
inner electrons in orbitals 1 and 2 making virtual transi- 
tions in the average field of the orbital 3. These are 
the “orbital average polarization” terms as we re- 
ferred to them in the Introduction. Notice that they 
arose only because 1 and 2 were chosen as the SCF or- 
bitals of Li+ without introducing the H.F. field of 2s into 
Eq. (7). [See also Eq. (12).] Actually ‘orbital average 
polarization” is a very small effect and, therefore, in 
Hartree-Fock calculations on alkalilike configurations 
the same core orbitals are often used'-* for the free ion 
and the atom as we have done for Li* and Li. On the 
other hand, the real correlation energy that remains 
after a completely SCF calculation has been made, is 
given by the second terms of Eqs. (17a) and (18a). 
These terms are due to one core electron at a time 
making virtual transitions simulianeously with the 
outer electron. Such double excitation effects are 
sometimes referred to as “dispersion” energy in analogy 
to London forces.” Here we have referred to the to- 
tality of Eqs. (17a) and (18a), including “disper- 


% See for example: D. R. Hartree and W. Hartree, Proc. Cam- 
bridge Phil. Soc. 34, 550 (1938). 
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sion,” by “core-polarization” energy (see Introduc- 
tion). Unfortunately, the possibility of confusion 
exists, because sometimes the “orbital average polari- 
zation” is simply referred to as “polarization.”"* 
Such “orbital average polarization” effects, which also 
arise in going from various “restricted” types of H.F. 
calculation to “unrestricted” types, have been dis- 
cussed” for Li. As it has been shown,” however, these 
are much smaller effects than the correlation energy 
(in fact, about 10-* of it), i.e., than the “core-polariza- 
tion” energy given by Eqs. (17a) and (18a). Although 
a small effect, here, we have included the “orbital 
average polarization” energy in the total “core-polariza- 
tion” for completeness and convenience. : 

The sums in Eqs. (16a) to (18a) can be put into ap- 
proximate but closed forms which are physically 
interesting by taking out the energy denominators 
as ‘“‘mean excitation energies” in each case. This type of 
approximation has been made in many different con- 
texts since Unséld® and is used, for instance, in London 
forces.* In the first parts of Eqs. (17a) and (18a), 
A’s consist of excitations of a single core electron at a 
time, and we write 


(A(1, 2, 31, k, 3) aw = (A(1, 2, 3m, 2, 3) \w™=5e, 
(20) 


where { ) denote averages. The second, ie., 
“dispersion” parts, of Eqs. (17a) and (18a) involve a 
similar single core excitation, but, in addition, virtual 
transitions of the outer electron in the field of the 
already excited core. [See Eq. (17c).] Thus to define 
a “mean excitation energy” for the outer electron, an 
averaging over both k and / in Eq. (17c) is necessary, 
i.e., 


(A(1, 2, 31, By 2) htm (AM(2—k) + (Tar— Jor) Yo? 
+ (Al (31) +(J—K) n—(J—K) nt (Jir— Jos) at! 


and 
{A(1, 2, 31, k,l) dah! (A(1, 2, 3m, 2, 1) wi! 
=ict+iy*(3) (21) 
where 5y*(3) refers to the “mean excitation energy” of 
the valence, i.e., the “series” electron initially occupy- 
ing orbital 3. For our purposes only very rough ideas of 
the magnitudes of 4’s are necessary. The best use of 8’s 
would be as semiempirical parameters. If the part of 
the basis set {u.} corresponding to the continuum? had 
not made a large contribution to the second order 
energy sums, 5’s would have been of the order of ioniza- 
tion potentials, 7. But actually more than half the 
second order energy, e.g., in He, comes from the 
continuum. Thus in:general 6’s will be several times the 
ionization potentials. The use of ionization potentials is 
7 R, E. Watson and R. K. Nesbet, Mass. Inst. Technol. Quart. 


Progr. Rept., October 15, 1959, p. 35. 
* A. Unsdld, Z. Physik. 43, (1927). 
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permissible, however, only where lower limits to energy 
terms are desired. Thus we write 6¢>J rit) and dy*= 
Ixy and defer further discussion of 4’s until Sec. IV. 
In Eq. (21), 5y* represents a small fraction of 4; 
moreover, the single excitation terms in Eqs. (17a) 
and (17b) are small as was mentioned earlier. Thus 
neglecting the absence of 5y* in Eq. (19) [compare 
Eq. (20) ] all the energy denominators may be equated 
and Eqs. (17a) and (18a) combined into one “series” 


electron-core correlation energy. For the ground state 
of Li 


— Ecy® (3) = — Ey (23) — Ey (13) 
~=[be+6r(3) P-L >; (det’(23), gi det’ (kl) 2 
I>k2=3 


+ >> (det’(13), gio det’(ml) )*]. (22) 
l>m23 

For convenience, so far we have considered only the 
ground state [det (123) ] of the Li atom and in Eqs. 
(9) and (10) analyzed the various types of virtual 
transitions that are possible from this state. Since, 
however, one of our objectives is to examine the 
validity of deriving an effective potential for the outer 
electron, before giving closed expressions for the sums 
in Eq. (22) it is necessary to consider the excited states 
of Li, [det’(12”)] where now the “series” electron 
occupies an orbital (m) different from 2s,. 

With a different state of Li, the second-order sum in 
Eq. (6) again involves the same complete set of 
“ordered configurations,” except that whereas before, 
det’(123) had been excluded and singled out as the zero- 
order wave function, now the sum includes this deter- 
minant but instead excludes det’(12”), the new zero- 
order wave function. E® in Eq. (6), or in operator 
form 
— Ey® = (N, {H >> M)(Hww—Hum)™ (M, H}N ) 

MN 
- (N, QnvN ), (23) 


where V denotes det’(12m), can be put also in the form 
of an expectation value over the “series” electron 
orbital m. Denoting 

N =det’(12n) =@{nu.(12) } 
where 

u-(12) =(1/v2!) det(12), 

and @ is the operator antisymmetrizing m with the two 
core electrons, we obtain 


— Ey = (n{u.(12), @H Be M )(Hyw—Hum)™ 
MAN 


x (M, H@u,(12)}n) 
(24) 


= (Nn, ten n ). 


The curly brackets in the second term have been 
placed to indicate that integrations over the coordinates 
in m are to be performed last. As it stands the formal 
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core “series” electron interaction operator f° is far 
from being a potential energy for n. First, the summa- 
tion over M includes all double virtual excitations of the 
core orbitals, (12); thus the part corresponding to Eq. 
(16a), the correlation energy of the core itself, has not 
yet been separated. As we have mentioned earlier, this 
part actually depends on m, due to the “exclusion” 
principle and it will be taken up later. In addition if an 
arbitrary one-electron basis set were to be used, ten® 
would depend on which N had been excluded from the 
sum in Eqs. (23) or (24). On the other hand, with an 
SCF H.F. basis or the basis {k} we have chosen above, 
this type of dependence is eliminated, because the 
“series” electron orbitals satisfy Eq. (11). Thus in 
E, single virtual excitations from det’(123), i.e., 
the first of the Eqs. (9), would include 


1, 2, 3-1, 2, », 


whereas in Ey®, the same type of excitations from 
det’(12”) would exclude 1, 2, m but include 


1, 2, n—1, 2, 3. 


But, both of these virtual transitions have zero matrix 
elements by Eq. (11) and, hence, are without effect on 
ten. The rest of Eqs. (9) and (10) can be generalized 
to any state of Li, det’(12m), keeping in mind the 
ordering of configurations in Eq. (2) by k>l>m 
(m=1 to ©). Some transitions that were single core 
transitions for one state become “‘core’-n double 
transitions for another state and vice versa, as, for 
example, in 
1, 2, 3-1, 5, 3 


1, 2, n—1, 3,5 (n#¥3, 5); 


otherwise the éofality of the virtual transitions involving 
either a single core orbital or a single core orbital and 
the outer one, m, are unchanged. Thus, after making the 
same approximations in the energy denominators, the 
core-valence electron correlation energy in Eq. (22) can 
be written for any “series” state of Li as 


— Ecy®(n) = — Ey® (2n) — Ey® (1n) 
=[be+5y(n) P-L 2d (det’(2n), gio det’(kl) )? 
I>k23 


+ 2 (det’(1m), gia det’(ml) *], (25) 
>m=3 

where w>2. The independence of the indices in the 
above sums, from 2, is the biggest advantage of the way 
the basis set {k} was chosen previously. [See Eqs. (12) 
and (7) ]. If the orbitals 1, 2, 3 had been taken as the 
completely SCF solutions of Li, the first terms in Eqs. 
(17a) and (18a) would have vanished and both the 
core orbitals 1, 2 and the summing indices in Eq. (25) 
would have been made to depend on the particular 
outer orbital. We can now anticipate putting the sums 
appearing in Eq. (24) into closed forms and hope to 
obtain the desired potential (independent of m) were it 
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not for the appearance of 5y(m) in the denominator. 
v(m) as in Eqs. (21) and (22) represents the “mean 
virtual excitation” energy of the outer orbital m. For 
n> 3, in some terms such as 
1, 2, n—1, 3,5 (n>3, 5), 
of the equations corresponding to Eqs. (17a) and 
(18a), n—5 would actually be a “deexcitation” and 
make a negative contribution to 5y(”). However, there 
are only a few such terms for low lying , and the weight 
of any one term to the sum, e.g., in Eq. (17a), is small. 
As mentioned earlier, 5y(m) represents a small fraction 
of 5c, so that it can either be neglected in comparison 
with d¢ or replaced by a reasonable average,’ 4s, for the 
few states det’(12) of interest. Since 5y(m) is small, 
the errors made by replacing it by 4s will be even 
smaller. Assuming for the moment that the sums could 
be put in the suitable form, the requirement 
(5y(n) /ic) <1 is necessary if any “core-polarization” 
potential derived from Eq. (25) is to be independent 
of n. Notice that this requirement is similar to the 
necessity of having the outer electron move slowly 
compared to the core electrons in the adiabatic ap- 
proximation, except that here it does not enter in a 
fundamental way. 

The summations in Eq. (25) can now be carried out. 
Since the core (1sa1sg) is a closed shell, it is necessary 
to discuss only those m that have either all a or all 8 
spin. Take all to be odd, i.e., with spin a, and in 
Eq. (25) consider first the pair involving opposite 
spins, i.e., det’(2n). Then 


Dd (det’(2m), gio det’ (kl) )*= (det’(2n), gis? det’ (2) ) 


I>k23 


— > (det’(2m), giz det’(2/) 


1>2,k=2 


— SS (det’(2n), gis det’(11) )* (26) 


I>1,k=1 


This follows from a matrix multiplication relation of the 
type 


> (M, AL)(L, BN)=(M,(AB)N), (27) 
I=1 


where A and B are operators acting on the space for 
which the set of orthonormal vectors { L} =1, 2, 3, +++ 
form a complete basis. In Eq. (26) the set of all nor- 
malized two-electron determinants corresponding to the 
ordered configurations />k>1, as in Eq. (2), form a 
complete orthonormal basis for the space of two-electron 
coordinates (including spin) on which gy acts. The 
spins of 2 and m being opposed, the determinantal 
matrix elements on the right-hand side of Eq. (26) 
reduce to the direct integrals only; e.g., for the ground 
state of Li, 


(det’(23), gis? det’(23) )= (152s, gis*is2s). (28) 
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Similarly, 


> (det’(2n), gio det(2/) P= 
>2 l 


2 


(2n, gi22l)?, (29) 
>2,(Imodd) 
where to conserve spin, / must have spin a, i.e., be odd. 
The last sum can also be evaluated by carrying ovt the 
integrations in each matrix element over one set of the 
electron coordinates and, thus, obtaining a function 
(W2,2) of the coordinates of the other electron; i.e., 


(2n, gi22l Y= {n, Wel ¥; (30) 


where 


Wssm / | 15(1) Prstdn. 


Then, making use of Eq. (27) we get 
p 2 (2n, S221 v= rs (n, We2l ‘a 


l>2,(l=odd) 1>2,(l=odd) 


= (n, (W22)*n)— (n, Wel), 


since /=1, 3, 5, «++ odd +++ © form a complete one- 
electron basis set and W2» of Eq. (30) is a function of 
the coordinates of a single electron. In the same way, 
in Eq. (26) 


(31) 


di (det’(2n), gis det’(11) = 


i>1 


a 


I>1, (leven) 


(2n, gill ¥ 


ee? 


l>1, (leven) 


(2, Waal P= (2, (Wa,)?2 )s (32) 


since now to conserve spin, / must be even (spin 8) and 
l=2, 4, 6, «++ even +++ form a complete basis set for 
functions of the spatial coordinates of one electron. 

Similarly for the parallel spin pair (1m) in Eq. (25), 
the use of Eq. (27) leads to 


> (det’( in), £i2 det’(ml) )? 


l>m>3 
= (det’(1m), gis* det’(1m) ) 
— > (det’ (1), gis det’ (21) )? 


I>2 


— ¥> (det’ (1m), gis det’(12) )%. (33) 


i>1 


Now both of the spin orbitals 1 and m have spin a, so 
that 


(det’(1n), £12" det’ (17) = (in, gu" 1n )- (in, g°nl ). 
(34) 
Also, since 2 has spin 8, 


> (det! (12), gi2 det’ (21) ?=0. 


i>2 


(35) 
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The last term of Eq. (33) 
> (det’ (1m), gis det’ (11) )? 


= >) [(in, gioll)— (1m, gill) P 


I>1,(l=odd) 


pe > {n, Wil y+ pS 


I>1, (odd) I>1, (odd) 


—2 SY i, Wial)(, (Ward) (36) 


i>1,(odd) 


(1, Vaal? 


defining the one electron functions as in Eq. (30). 
Then, using Eq. (27) in each term of the last expres- 
sion, 


>= (det’ (1m), gio det’(11) )° 


I>1 
= (n, (Wi)? )+ (1, (Waa)*1) 
—2 (n, (Wi) (Waa) 1 ), (37) 
and, from Eq. (33), 


>. (det’(1), giz det’ (ml) )? 


=(1n, gu2in)— (in, gio*n1 ) 
— (n, (Wi,1)*n)— (1, (War)*1) 
+2(n, (Wia)(Waa)1). (38) 


Before going into the correlation energy of the core 
itself and deriving expressions for it similar to those 
given above, let us examine the meaning of the various 
terms in the results for Ecy® (nm), Eq. (25). The major 
part of the core-valence electron correlation energy is 
due to the pair with opposing spins, i.e., Ey (2n), 
since the other aa pair electrons are already kept 
apart by the Pauli exclusion principle. By Eqs. (26), 
and (29) through (32), the af-pair energy for some 
state det’(12m) of Li is given by 


— Ey (2n) = (de+6s)[ (2m, gis?2n )— (n, (W2,2)2n) 
+ (n, (W22)1)?— (2, (Was)?2)]. (39) 


Or, for the ground state of Li with n=3, replacing 
1=(1s),, 2=(1s)g and 3=(2s)., 


— Ey (1s) (2s) a] (de+6s)— 
X(( (Zs), Foy (2s) )— Resp cara ts 
where we have defined 
( (2s), Foas)(2s) )==( (2s) (1s), gix®(2s) (15) ) 
— ((2s), (Woasyasy)?(2s) ) (41a) 


(40) 


and 


Ras,) sg = ((1s), (W es),as))?(1s) )— (152s, gisisis )*. 


(41b) 


Clearly Fas) represents a true potential acting on the 
outer electron, and depends solely on the core orbital 


SINANOGLU 


(1s) ; it is given by 


Fas) (2) -|f | is(r.) PL1/(| m— th |?) yn 


-{f | 1s(r,) PC1/(| r.— TY, Den} (42) 


where rz and f; are the position coordinates in (2s) and 
(1s), respectively, and the potential acting at f2 is 
obtained by integration over all fm. Fas)(T2) in Eq. (42) 
can be identically written as 


F as) (T2) 
= ((1s), [(1/ris*) — (1s), (1/riz) (1s) ? (1s) pr 
= ((1s), [(1/riz) — ((1s), (1/riz) (1s) x PCAs) a 
= ((gio— (giz dwt) Davis (43) 


where ( ), means that all integrations in Eq. (43) 
are over the same coordinates r, as in Eq. (42). In the 
last term we have denoted the quantum mechanical 
averages of the “source point” r, over (1s) with the 
symbol, { )w. It will be noticed that (gie— (gis )w,is 
simply represents the “instantaneous” (in the virtual 
sense) deviation of the electrostatic potential, produced 
at the point fr by the electronic charge at f§, from the 
orbital average [i.e., the expectation value over 1s(f1) ] 
potential of the electron (f,) produced at r2. Thus as 
we have done in the theory of Van der Waals’ inter- 
actions between molecules and solid surfaces,” 
F)(f2)/5¢ may be called the fluctuation potential 
since Fq,)(f2) is simply the: mean square fluctuation 
of the coulombic potential of the orbital (1s) at the 
point fe. 

In Eq. (40), there still exists a remainder term 
Ras)gs), Which cannot be put in the form of an ex- 
pectation value of a potential. A close examination of 
the Eqs. (26) through (32) leading to Eq. (40) shows 
that Ras)g2,) arises because the closed inner shell 
(1saiss) of Li prevents the outer electron occupying 
2sq from making virtual transitions to the already 
occupied inner levels. This is one of the exclusion 
effects that were mentioned in the introduction and 
represents the nonpairwise additive effect of (1s.) on 
the pair (1532s). Rcasym) has been neglected in the 
previous treatments of core-polarization for non- 
penetrating orbitals.’~**-* However, especially for the 
ground state, its magnitude requires examination 
(See Sec. IV). 

Likewise, the correlation energy of the aa pair 
(1s.2s,) of the ground state of Li in Eq. (25) is derived 
from Eqs. (38), (40), and (41) by 


— Ep (18925q) &(5e+8s)[ (25), Fas(2s) ) 


— ((2s), Fas (2s) )— Rieger] (44) 


©. Sinanoglu, Ph.D. thesis, Part I, University of California, 
August, 1959; O. Sinanoglu and K. S. Pitzer, J. Chem. Phys. 32, 
1279 (1960). 
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where 
((2s), Fas (2s) )= (2s1s, giz*1s2s ) 


— (2s, (Wisc) (Wise) 1s) (45a) 
and 


Risgrag™ = (15, (Wee,12)?15 )— (25, (Wie,s) (Wis,20) 15 ). 
(45b) 


Comparison of the Eqs. (38) and (44) with (39) and 
(40) shows that E)®(1s.2s.), in addition to the 
fluctuation potential of E®(1sg2s2) also contains 
Fas/(dc+5s) or what may be called the “exchange 
fluctuation potential.” Note that the latter is a “po- 
tential” only in exactly the same sense? as the exchange 
part of the Hartree-Fock field [see Eq. (8) ] is. The 
“exclusion” term in Eq. (45b) is similar to that in Eq. 
(41b). Combining Eqs. (6), (7), (14), (15), (40), 
and (44), the total energy of Li in any state, 
N=det'(12n), is given as 


Ey (12n)=Hyw+ En ecore’(12) + (nt, heore®!*'n ) 
+Ey® (12) + (n, Un)+Qn 


= Ey(core) + (nm, (Itcore’!!+U ys) )+Qn, (46) 


where 


Us= (2F as) — Fas) / (6c+5s) 
and 


On= (Risgn+ Risgn®™) / (5e+5s) . 


Ey (core) contains the H.F. energy [Eq. (14) ] of the 
free ion Lit, and, in addition, the correlation energy 
Ey® (12) [given for the ground state by Eq. (16a) ] 
which refers not to free Lit but to the core as it exists 
in state N of Li. The dependence of Ey®(12) on the 
outer orbital m through the “exclusion” principle is 
discussed in Sec. III. Q, constitutes the rest of the 
“exclusion” effect. It depends upon the exchange 
charge density of m with (1s), so that it will be small 
for excited states of Li, i.e., “nonpenetrating” n. U; 
is the desired correlation (fluctuation) potential. With 
a larger atom, similar results can easily be written 
down. In general, there will be a contribution from each 
electron of the core to Us and Q,. After estimating the 
“exclusion” effects, Uy; can be determined semi- 
empirically (see e.g., Douglas") for instance, by leaving 
(éc+4s) as a parameter. Aside from the “exclusion” 
effects, Eq. (46) has the variational form for the outer 
electron with an effective ‘“core-Hamiltonian.” It is 
important to realize however that in this form 
cannot be varied to improve the energy even when 
Qa~0 and Ey(core)~constant, because the result was 
derived for a specific choice of orbitals for , namely, 
those satisfying the H.F. condition, Eq. (11). With 
any other choice, the single virtual transitions of m as in 
Eq. (9) would lead to nonvanishing matrix elements 
and make a new contribution to Eq. (46). This point 
brings out the connection between the present treat- 
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ment and the recent nuclear manybody theory.” In 
fact, Eq. (46) corresponds to a starting approximation 
of that theory with the neglect of higher-order cor- 
relations (Sec. VI) as can be seen, e.g., in the work of 
Bethe* and Rodberg.” Improved choices for m can be 
made and perhaps restrictions, as in Eq. (11), removed 
by going to higher orders of perturbation, but such 
generalizations will be deferred to a future date. 


III. “EXCLUSION” EFFECT OF AN OUTER ELECTRON 
ON THE CORE ENERGY 


The dependence of the core correlation energy 
Ey®(12) of Eq. (46) on the outer orbital in Li 
can be examined by a careful classification of all the 
“ordered configurations” entering Eq. (6) and gen- 
eralization of Eq. (16a) to any m. In Eq. (10) some of 
the configurations that correspond to double virtual 
transitions from the core (1s,1sg) when m was 3 (i.e., 
2s.) become triple transitions from another initial state 
det’(12m) with n>3, and vice versa. Including all 
such configurations in E®, one obtains the expected 
result that 


(det’(12), ge det’(mk) )? 
A(1,2,n—>m,k,n) ’ 


(47) 


i.e., all the double core transitions 1, 2—m, k are missing 
when m or k is the already occupied orbital ». This may 
be compared with the second-order energy of the free 
ion core Lit using the same one-electron basis set {k} 
that was defined previously for Li: 


(12), gis det’ (mk) )* 
A(1, 2m, k) 


— Ey® (12) = 


k>m23,(k,mzén) 





— E,(12)= > et 


k>m>2 





(48) 


The energy denominator in Eq. (47) differs from that 
in Eq. (48) by the presence of m [See Eq. (19) ]. 
Nevertheless a semiquantitative estimate of the varia- 
tion of Ey® (12) with m and its difference from the 
energy of Li* can be obtained by replacing both A’s by 
one average, Avorel Acore> (Init+J1:#+) ]. Then com- 
paring Eqs. (47) and (48), 


(E®) Li core( 1) = Ey® (12) ~~ Ey ( 12) 


+ Deore D5 (det’(12), gi det’(mk) 2, (49) 
k23 


or using Eq. (27) as in Eq. (32), 
Ey® (12) ~~ Ezit® +-Aoore IL (15), (Waas),n’)?(15) ) 
— ((1s) (m’), gi2(1s) (1s) J, (50a) 


*®K.A. Brueckner, C. A. Levinson, and H. M. Mahmoud, 
Phys. Rev. 95, 217 (1954); for later references see H. Yoshizumi, 
Advances in Chem. Phys. 2, 323 (1959). 

1H. A. Bethe, Phys. Rev. 103, 1353 (1956). 

® L. S. Rodberg, Ann. Phys. 2, 199 (1957). 
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with n’a=n, and from Eq. (46), 
Ey (core) Ez i++Acore*[ ((15), (Wisn’)?(15) ) 
— ((1s)n’, gie(1s) (1s) J 
= Evrity+(Reore-n/Acore). (SOb) 


Thus, the total energy of the core in the Li atom is 
given by the total energy of the free Li+ ion including 
its correlation energy plus the last term which is the 
desired “exclusion” effect of n’ on the core. With any 
larger system, the evaluation of all such “exclusion” 
effects is similarly possible from a classification of 
ordered configurations and the use of Eq. (27) for 
summations. 


IV. MAGNITUDES FOR THE GROUND STATE OF 
LITHIUM 


In Sec. I, Eq. (46) we have obtained an expression 
for the total energy of the Li atom in any one of its 
“series” states. That derivation shows, that aside from 
the “exclusion” effects, U; is the desired “‘core-polariza- 
tion” potential including exchange and it may be 
regarded as the mean-square fluctuation of the Hartree- 
Fock potential of the core per unit of ‘mean excitation 
energy.” Notice that U; is a complete potential and is 
not dependent on a multipole expansion of gy. In the 
previous treatments’~**.4 of “core polarization” (a) 
the “exclusion” effects, (b) the exchange part of Uy, i.e., 
F.,[éc+és), has been neglected (see, however, 
Ludwig”) and (c) after making a multipole expansion 
of gis, as 


g2=1/r2=1/rs+(r</ry*) (cosw) + (r?/2rs') 


X(3cos*—1)+-+-- (51) 
mainly the dipole term (with estimates of quadrupole 
terms) has been considered and the first part r,~' 
dropped. In Eq. (51) rs denotes the greater of the two 
distances r; and re, and w is the angle between the radius 
vectors of the two electrons. For highly excited states, 
i.e., With larger m, assumptions @ to c approach validity. 
For instance, as the portion of the outer orbital that is 
inside the core becomes negligible, we get r5=r2 only, 
so that the r,— part of gi2 no longer contributes to U; 
[See Eqs. (41) and (45) ]. For “penetrating” orbitals, 
however, such is not the case. To get an idea of the 
magnitudes of the previously neglected penetration and 
“exclusion” terms, we shall consider here the ground 
state of Li for which the effects should be largest. We 
take for 2s the orthogonalized Slater orbital, 


25° = 1.0148 (6.5/3)! exp(— der) —0.1742(6;3/x)! 


Xexp(—éyr) (52a) 


with 6,=2.65 and 6.=0.65, which sufficiently approxi- 
mates the Hartree-Fock (2s) orbital of Fock and 
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Petrashen,® and for 1s, 
1s = (5,°/m)! exp(— dir) (52b) 


with 6,=2.65. The “exclusion” terms in Eqs. (41b), 
(45b), and (50b) involve gi: in the W integrals. These 
are like the usual atomic integrals*; upon substitution 
of Eq. (51) for gw, only the r= term contributes due 
to the spherical symmetry of 1s and 2s. The first parts 
of Fas) and Fa, in Us on the other hand, contain 
gi’. Us can be obtained completely, without any 
expansions, from Eqs. (43) and (46). However, in this 
article we shall consider only the penetration terms. 

To compare the penetration effects with the pre- 
viously considered dipole terms on an equivalent basis, 
we must also expand gi” and not consider higher 
multipoles. gi: can be conveniently expanded in terms 
of the Gegenbauer® polynomials, C, (cosw). 
gi? =1/ru? = (1/r5*) Di (r</r>) "Cx (cose). (53) 

n=O 
These polynominals are analogous to the Legendre 
polynominals and have similar addition theorems. The 
first term of Eq. (53) is r5~*, neglected previously. It is 
responsible for most of the penetration effects of 2s, as 
can be seen e.g., from the fact that only r,~ contributes 
to the “exclusion” terms and will be calculated here. 

With the orbitals of Eq. (52), the desired integra- 
tions can be performed analytically and yield 


2 
(23, (Was,14)22s° )=C2s, ( if | 1s(r1) Pr54dn) 2s” 


=0.16144(a.u.)? 
(1s, (Wo,° 1»)?1s )=0.018537 (a.u.)? 
(1s2s°, gislsis = 1s2s°, r5—1s1s )? =0.013855(a.u.)? 
(25°, (W138) (W2,° 1.) 1s ) =0.029806(a.u.)? 
(281s, r5~22s°Ls )=0.17385(a.u.)? 
(25°15, r5~*152s° ) =0.053256(a.u.)? 


(54a) 
where 1(a.u.) =27.202 ev and, e.g., 


(1/4) f | 1s(r) frstdri= (1/re) I "\ ts(n) [rtdr, 


+/"| Is(r:) dry. (55) 


As it was mentioned in Sec. II, ionization potentials 
provide lower limits to the “mean excitation energies,” 


Ms tne and M. J. Petrashen, Physik. Z. Sowjetunion, 8, 
547 (1935). 
*E. U. Condon and G. H. ae The howd of Atomic 
Spectra (Cambridge University Press, New York, 1957), p. 174. 
% For a quite detailed account of these polynominals, see I. 
Prigogine et al., Molecular Theory of Solutions (North-Holland 
Publishing Company, Amsterdam, 1957), p. 265. 
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and therefore, we write 


bo+8s= Kes] win +] rit) E&3Kes(a.u.) 


(54b) 


and 
Acore= KeorelT rity +] uit | = 7.24 Keore(a.u.), 


where Keore>Kes>1. Estimates show that in the 
(Li*) ion, where two electrons are in the same orbital, 
Keore is approximately four due to the large contribu- 
tion of the continuum in this case. On the other hand, 
when two electrons are in different orbitals K may be 
about two. We will take Kces~2. For results more 
quantitative than we are aiming at here, it is also 
possible to obtain K values for each of the pair sums in 
Eqs. (16a) to (18a), e.g., by a procedure devised by 
Kessler.* 

We may also remark that, once the total correlation 
energy of a large system has been separated into those 
of pairs of electrons, the E® of each pair can be ob- 
tained in a number of ways. Here we have emphasized 
the semiempirical approach. One may also formulate 
“variation-perturbation” methods for each pair as has 
been possible for He”. 

Substituting the foregoing results, Eqs. (54a, b), into 
Eqs. (41b), (45b), and (50b), we obtain 


(5c+8s)*Risgor, = 0.04245. ev, (56a) 


(dc+8s)Ris,2e,= —0.1022K.. ev, (56b) 
and 


(Aeore)“ Reore-22,=0.0176Keoret ev. (56c) 


Using only the first terms of gi2 and gi.” from Eqs. (51) 
and (53) in Eqs. (40) and (44) and denoting the corre- 
sponding parts of Fa,) and Fa,)* by 


(25°, Fy>2s° )= (281s, r5*25°1s )— (25°, (Wis,1s)?25° ) 
(25°, Fy>%2s° )== (251s, r5-71525° ) 
— (25°, (Wists) (Wis.2s) 1s) (57) 
we get 
(5o+5s)— (28°, F,>2s°) =0.1125K..71 ev. 
(de+6s)— (25°, F,>%2s° ) =0.2126K.. ev. 


(58a) 
(58b) 


Essentially the same values are obtained by the use of 
6, = 2.70 instead of 2.65 in 2s° and 1s so that the results 
are not very sensitive to our specific choice of the 
orbital parameters in Eqs. (52). 

Most of the “penetration” effects of 2s are included 
in Eqs. (56) to (58). Callaway" has obtained a “‘core- 
polarization” potential in Li using only the dipole part 
of gi2, equivalent to taking the second term of Eq. (53) 
in Fq,) and neglecting Fa,*. He finds a contribution 
of 0.1 ev to (2s, U;2s). Actually the results of Ludwig™ 
suggest that the exchange term in the dipole part may 
be negligible. By comparison, several interesting con- 


% P. Kessler, Compt. rend., 242, 350 (1955). 
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clusions follow from the Eqs. (56)—(58). First, the 
“exclusion” effect of the outer orbital on the core 
correlation energy is only 0.0176 Keo? ev with 
Keore <1, hence negligible even for 2s. In Eq. (50) we 
can then take Ey(core) = E,i+. Secondly, the total 
contribution to the correlation energy of the 152s. 
pair from the r.— terms is (d¢+5s)—!( (25°, F,>2s°)— 
Rieger.) Or (0.1125—0.0423 =0.0702) Kes ev. With 
Kes '~}, this is still appreciable compared to 0.1 ev, 
the dipole contribution from both of the core electrons.'* 
Also the “orbital average polarization” effect of the 
orbital 2s appears only in the r, part of giz due to the 
spherical symmetry of 1s and 2s. This effect, however. 
as was mentioned earlier, is not strictly a correlation 
effect since it results in converting the Lit H.F. SCF 
orbitals to the completely H.F. SCF orbitals in Li. 
The term, F,,, which we have calculated previously, on 
the other hand, corresponds to the fluctuation of r.— 
i.e., (r5?— (rs—!):*)s, and, hence, to the inclusion of 
the “dispersion” effect. It is much larger than the 
“orbital average polarization” energy (see Sec. II). 
Thirdly, combining all the r, or “penetration” terms 
for the 1s,2s, pair we find that 


(dc+5s)—( (28°, Fr>2s®)— (259, Fy>%2s° )— Risgoe,®*) 
=0.00208Kes" ev, 


an entirely negligible value. Thus the “Fermi hole’’ is 
very effective in keeping the electrons of the aa pair 
apart and not necessitating a “Coulomb hole.” Hence 
to obtain the over-all “core-polarization” potential we 
need to add the r,~! terms only for the 1s,2s, pair. 
Then neglecting exchange in dipole and higher-order 
terms, U; in Li may be taken as 


User (e+4s) “Fy +2( Fay— F,,) 1. 


V. MOLECULES 


(59) 


The treatment that was given in previous sections 
and demonstrated in detail for the case of the Li atom 
can be applied to any N-electron system whose zero- 
order wave function is a single Slater determinant of 
H.F. orbitals. Thus, the second-order energy of most 
molecules can be separated into “pair correlations” 
and nonpairwise additive “exclusion” effects by taking 
the H.F. SCF molecular orbitals (MO) as the one- 
electron basis set {k}. These orbitals are obtainable by 
Roothaan’s procedure.” Each energy component can be 
obtained in closed form by taking out the denominators 
as “mean excitation energies” for each electron pair. 
Although rather crude, this procedure has the ad- 
vantage that the various energy components can then 
be estimated using only the same H.F. orbitals as in the 
initial single determinant. Contrary to the use of an 
average energy denominator for the over-all second 
order energy® here each “mean excitation energy” has 


37 C, C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 
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a more physical basis and can be left as a semiempirical 
parameter especially for those electron groups that are 
relatively unchanged in going from one atom or 
molecule to another. [See also the discussion following 
Eq. (54b) J. 

More directly, two specific applications are sug- 
gested by this approach as was mentioned in the 
Introduction. Both of them may be demonstrated 
with reference to the Li, molecule, for convenience. 
In this molecule, the first four MO’s of the one electron 
basis {k} are (¢,1s)*(o,1s)?. When the atomic orbitals 
(AO) that make up such inner shells do not overlap 
appreciably as in Liz, we can perform a unitary trans- 
formation on the (o,1s)*(o,1s)* part of the basis only 
and convert the MO determinant det’[(¢,1s)*(o¢,1s)?] 
into the ion core description det’[(1s,)?(15,)?], i.e., 
K.Ko», where a and 6 refer to the two nuclei, assuming 
that admixture of other AO’s is negligible. Then taking 
(1sq)?(1s,)? equivalently, as the first four spin-orbitals 
of {k} with the rest of the MO’s unchanged, a classifica- 
tion of all “ordered configurations” as in Eqs. (9) and 
(10) into various types of virtual transitions leads to a 
separation of the correlation energy as in Eqs. (16)- 
(18). We get the dofal energy of the molecule separated 
as in Eq. (46) into the energy of two free Li*’s (includ- 
ing their individual E®’s), the energy of the two H.F. 
MO valence electrons (¢,2s)*, each in the field of both 
cores including the core “fluctuation potentials” [the 
effective ‘“‘core-hamiltonian” from one Lit is (Meore®!!+ 
U;)a] the energy of the two valence electrons (as in 
H2), (EZ) (e,2)?, and finally the correlation energy 
between the two cores K, and Ky». There are also 
the “exclusion” terms associated with each of these 
components. 

The first application concerns the “core-polarization” 
energy between a valence electron and the ion-cores. 
When these cores can be assumed quite unchanged, the 
expectation value of the potential, U; determined from 
Eq. (59) in conjunction with the “series” levels of the 
atom, may be calculated over the ground or an excited 
state valence MO in the molecule. Thus the calculation 
of the contribution of “core polarization” to the al- 
ready small binding energy of a diatomic alkali molecule 
is possible. Callaway has made such calculations on 
alkali metals and found appreciable values even with 
just the dipole part (see Sec. IV) of U;. In this type of 
application the change in the “exclusion” energy 
(5c+s) Risgn, CEq. (56a) ] may also need to be esti- 
mated. 

The second application, although a small effect in the 
case of Lig, concerns the correlation energy between 
the two cores, K, and K, themselves. This energy 
which can be written in the “fluctuation” form similar 
to that in Eq. (41) and including the exchange part, 
is just the “dispersion” (plus “orbital average polari- 
zation”) energy which on making a multipole ex- 
pansion [or more conveniently, Gegenbauer expan- 
sion® as in Eq. (53) but now for two centers ] for gi: 
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and taking the second term would simply lead to 
London’s formula.’ Aside from not requiring such an 
expansion, the approach presented here now includes 
the exchange terms as well as the “exclusion” effects 
similar to those in Eq. (50), but with the appropriate 
orbitals. It is particularly important to recognize that 
the discussion given here does not require the two cores 
to occupy completely isolated spaces, each with its 
own distinct basis set as has been considered necessary 
in previous discussions of London forces. We have 
started from a complete set of MO’s and have made 
assumptions only about the first four MO’s, (¢,1s)? 
(o,1s)?. The assumption that only the AO’s, (1s,), 
(1s,), should not overlap appreciably is necessary so 
that we get into the K,K, description. In general, such 
an assumption is much more plausible (and may even 
be improved on by considering some overlap) than the 
requirement of essentially complete localization of the 
core electrons around different centers, each group 
with its own distinct set of eigenfunctions. 

Finally we observe that the second-order method 
which has been presented in detail in Sec. II, not only 
provides an approximate but very convenient way of 
estimating the energy of a many electron system, but 
also allows one to discuss many of the correlation 
effects in simple physical terms. 


VI. HIGHER-ORDER CORRELATION EFFECTS 


For simplicity the treatment presented in this article 
has been so far confined to the second order. Here, 
correlations among more than two particles at a time are 
introduced only by the “exclusion” terms. For three 
and more body “Coulomb” correlations it is necessary 
to go to higher orders of perturbation.” In the system 
of a single electron outside closed shells, some third- 
order correlation effects influencing the “core-polariza- 
tion” energy (e.g., in Na) can be introduced into U, 
as an additional potential by methods similar to those 
in Sec. II, or by letting the mean-excitation energy, 
5c, absorb the higher order effects semiempirically. 
(A similar situation usually occurs in various Van der 
Waals forces, ) 

An interesting case where higher-order correlations 
deserve further examination is a nondegenerate system 
of two electrons outside large closed shells as in Ca. 
Here, aside from the “exclusion” effects, there would 
be a U; from the core acting on each of the 4s electrons, 
and a “fluctuation potential” (r12*— (ris we) /A 
[as in Eq. (41) ] acting between the two (4s) electrons 
[similar to the correlation of (1s)? in He]. However, 
the presence of a large polarizable core inside introduces 
additional effective interactions between the two outer 
electrons in higher orders. This can be seen by a crude 

%8 See, e.g., H. C. Longuet-Higgins, Proc. Roy. Soc. (London) 
A235, 537 (i9s6) ‘ 

* Actually, at least for the light atoms, the empirical work of 
Arai and Onishi suggests that the pairwise additivity of correla- 


tion effects may turn out to be a quite — description. See 
T. Arai and T. Onishi, J. Chem. Phys. 26, 70 (1957). 
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but suggestive classical argument: Consider the core 
as a charge sphere with polarizability a and assume the 
two outer electrons to be momentarily at rest [see 
Eq. (1)] at distances 7; and r2 from the nucleus with 
an angle 0:2. between them. Then, each electron induces 
a dipole moment of a/r? at the core with which it 
interacts to yield an energy —a/2r,‘. This is the limit- 
ing form of U; in Eq. (46) as r; approaches infinity. 
But, in addition, the dipole induced by the electron at 
r; acts on the electron at r2 giving 


[t p~ —a cos62/' rer? |. 


The introduction of such effective interactions between 
two electrons to account for the influence of a “‘medium” 
(the core in this case) is possible quite generally by 
essentially an extension of the methods given for only 
the second order in Sec. II. It is also interesting to note 
the similarity of the additional interaction, 42, to the 
new third-order Van der Waals interaction that is 
introduced by a solid surface between two inert mole- 
cules adsorbed on it” (the new force is in addition 
to the London force between the two molecules alone). 

In general, the correlation energy between two groups 
of electrons will be influenced by the infernal correlation 
of each group, as in the example just mentioned, where 
the (4s*) shell and the core in Ca could be considered 
as the two groups. The resulting higher order correla- 
tion energy can also be treated very simply for the 
special class of problems pointed out in the introduc- 
tion. These were the cases where the two groups could 
be assumed to be totally separated and localized 
individually, each group with its own set of eigenfunc- 
tions. To see how ‘“‘many electron group functions” can 
be used in such cases, consider, for instance, two many- 
electron atoms A and B far apart, and their mutual 
Van der Waals attraction. Here we can use ordinary 
second-order Schrédinger perturbation theory. Let Wa* 
or Wp’ be the complete set of exact many electron 
eigenfunctions for each of the unperturbed “independ- 
ent” systems A and B, respectively. Then the un- 
perturbed Hamiltonian Ho equals H4+Hz, the com- 
posite basis set ¥x:=Wa'ps' and the perturbation is the 
total interaction between A ...d B given by 


Vap=GastU az, (60) 


where 
Uae D[1/(| r4—r? |) = D/A), 


and 


Gans 22124 (| R/‘-R;? |) }. 


Gap refers to the interaction between the nuclei in A 
and the nuclei in B. U,z is the electrostatic potential 
between pairs of electrons, one in A (at r,4) and the 
other in B (at r;*). wa" and wz', being the set of exact 
eigenfunctions of the isolated systems A and B, include 
the coordinates of all the electrons and even the nuclei 
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localized at A or B, respectively.” Then the intergroup 
“dispersion” energy is given by 
Waa, Vasbae' 
54% +5, 
00,Vapki? 
iad ice > (00, Vaskl Y (61) 


regen BAS p% ” 


where 64% = Eyk— E,° and Hawa = Esha". Replacing 
the denominators by mean excitation energies and 
using Eq. (27) we get 


Eaisp® (AB) = (54+5e) —( (00, V.sz’00 )— (0, W470) 
— (0, Ws°0)+ (00, V4z00)*) (62) 


(0, W270 ) m (We°, W.?(Rz) ve° ) 





Eaisp® (AB) =— 
ke , ly 


where 


and 


Wa(Rz) -/ | va’(Ra) PU andra, 


(63) 


with Ry, denoting all rA and R/;‘. If A and B are 
neutral systems, the last three terms of Eq. (62) may 
be negligible since they depend on the static charge 
distributions of A and B. Then Eq. (62) takes on the 
form of the “fluctuation potential” of one system 
acting on the other; i.e., 


Exisp® (AB) =— (00, V.sz°00)/(54-+5n). (64) 


This description of the Van der Waals forces, that 
they are the result of the mean-square fluctuation of the 
electrostatic potential between two systems, is the 
generalization of the usual fluctuating dipoles picture 
(Sec. I). Note also that the form of Eq. (64) is the 
same as the potential in the core polarization problem. 
Similar considerations, of course, apply to the scattering 
of electrons® by atoms as well. 

Now, consider only the Uag part of Vaz [Eq. (60) J 
and in Eq. (64) write U4,’ in detailed form as 


i\ ry 1 
2 Tike es VES i is 5 
Vas (5) D3) +2 tsa) (65) 
Here i and r designate any two electrons in A and 7 
and s any two electrons in B. The (7,42)? terms in 
Eq. (65) involve the coordinates of only one electron 
at a time from each group. Their contribution to Eq. 
(64) can be written in terms of the first-order density 
matrices of A and B. On the other hand, two electrons 
i and r from A enter along with one or two electrons 
(j and s) from B into the (r,;47,,48) terms and their 
contribution is in terms of the second-order density 
matrices of A and B.™“ Now wa° and wWp° were exact 
many-electron eigenfunctions and included the internal 
correlations of each group, respectively. Thus the pre- 
ceeding examination of Eq. (65) along with Eqs. (60) 


See A. Temkin, Phys. Rev. 107, 1004 (1957). 
4 J. Bardeen, Phys. Rev. 58, 727 (1940). 
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and (64) brings out the desired result, i.e., the effect of 
the internal correlations of A and B on the “‘inter- 
group” correlation energy has been taken into account 
in Eaisp® (AB). 

If, instead of the special case considered, we now have 
any two groups that cannot be assumed to be sepa- 
rately localized, the treatment of higher-order correla- 
tions by the use of many-electron group functions is no 
longer straight-forward. The difficulty is again mainly 
due to the exclusion principle (see Introduction). To 
circumvent this difficulty, previous treatments have 
been restricted to the use of very special many electron 
group functions, 1* i.e., those satisfying “generalized 
orthogonality conditions.” However, the subdivision 
of a one-electron basis set into mutually exclusive 
subsets, apparently implied by these conditions, is too 
restrictive. The degree of restriction becomes par- 
ticularly apparent if we consider the Be atom asa two- 
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shell system (1s? and 2s*) with correlated group func- 
tions for each shell, instead of the “sigma-pi” 
problem. In the former case where there is no nominal 
symmetry difference between the two groups, it is more 
evident that both groups would have to use the same 
spin-orbital set. On the other hand, it seems that a 
treatment based on a single complete basis set can be 
given not only for two, but also for many-body correla- 
tion effects, by going to higher orders of perturbation 
and classifying all possible virtual excitations as in 
Sec. II. Some of these excitations will now involve 
more than two electrons at a time. 
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I, INTRODUCTION 


HE cross sections for resonant charge transfer in 
collisions between atomic hydrogen and positive 

and negative atomic ions of hydrogen within the energy 
range from a few hundred ev to about 40 kev were 
presented in previous papers.’ In the present work, 
measurements of a similar nature were made for the 
singly charged ions of atomic nitrogen and oxygen. These 
two charge-transfer processes are of particular interest, 
as they characterize nonresonant and almost exactly 
energy-resonant collisions. Since the colliding particles 
are all atomic in nature, no complication is introduced 
through dissociation. On the basis of the near-adiabatic 
theory’ the transfer cross section between O* and H 

t This research was supported by the Advanced Research 
Projects Agency through the United States Office of Naval 
Research. 

* Present address: Department of Physics, University College, 
London, England. 

1W. L. Fite, R. F. Stebbings, D. G. Hummer, and R. T. 
Brackmann, Phys. Rev. 119, 663 (1960); and D. G. Hummer, 
R. F. Stebbings, W. L. Fite, and L. M. Branscomb, ibid. 119, 
668 (1960). 

2D. R. Bates and H. S. W. Massey, Phil. Mag. 45, 111 (1954). 


(for which the energy defect AE=0.019 ev) should 
show a maximum value at a near-threshold energy, 
while for collisions between N+ and H(AE=0.94 ev) 
the cross section should be small at low energies and 
should rise to a maximum value in the region of a few 
thousand ev. 


II. APPARATUS 


The apparatus used in these experiments was bas- 
ically the same as that used in the earlier ion experi- 
ments and is shown schematically in Fig. 1. An arbi- 
trarily highly dissociated beam of hydrogen issued from 
a tungsten furnace in the first of three differentially 
pumped vacuum chambers and was modulated at 100 
cps by a mechanically driven, toothed chopper wheel 
located in the second chamber. On entering the third 
chamber, the beam passed between two deflector plates, 
between which an electrostatic field swept out any 
charged particles accompanying the neutral beam, and 

3 J: B. H. Stedeford and J. B. Hasted, Proc. Roy. Soc. (Lon- 
don) A227, 466 (1955). 


4H. B. Gilbody and J. B. Hasted, Proc. Roy. Soc. (London) 
A238, 334 (1956). 
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then passed through an aperture in the mass-spectro- 
meter repeller plate into the collision region. — 

A dc beam of the ions under investigation passed 
through the collision region in a direction normal to the 
atom beam, care being taken to ensure that all the ions 
passed through the atom beam. The slow ions formed 
in transfer collisions were detected by either of two 
detectors. One of these was a simple magnetic mass 
spectrometer, and the other was one of two plates 
located respectively above and below the interaction 
region of the two beams. With either of these detectors, 
the signal associated with the atom beam was distin- 
guishable from that arising from the background gas, 
since it occurred at the modulation frequency and in a 
specified phase. The signal associated with the residual 
gas was dc, together with some noise at the modulation 
frequency. 

When the mass spectrometer was used, the slow ions 
were swept out of the collision region by means of a weak 
electrostatic field established between the repeller and 
the extractor. They were than focused electrostatically 
into the mass spectrometer and were subsequently 
collected in a Faraday cage. Voltage signals were 
generated by passing the ion currents through the 10'- 
ohm input resistances of the plate-follower preamplifiers 
that were used as impedance converters. The low- 
impedance output signals were than fed through 
vacuum seals to a narrow-band amplifier and a phase- 
sensitive detector, whose reference signal was generated 
from a light and photocell that monitored the chopper 
wheel. An oscilloscope was used to observe the output 
of the phase-sensitive detector and to ensure correct 
phasing of the reference signal. The output of the phase- 
sensitive detector was integrated and displayed on one 
pen of a two-pen recorder, the other pen of which 
simultaneously displayed the fast-ion current. 

The ion source used in these experiments was that 
developed for the proton and H~ experiments.' Bas- 
ically, it was a hot-cathode, low-voltage arc source 
similar to the duoplasmatron of von Ardenne’® but 
differing primarily in that the magnetic field was 
produced by permanent magnets rather than by an 
electromagnet. The power dissipation was sufficiently 
low that forced-air cooling was satisfactory. The ion 
source was mounted on the end of an arm extending 
from the main vacuum chamber, and 45° mass analysis 
of the ions was provided in their passage through this 
side arm by means of an external electromagnet. On 
entering the main experimental chamber, the ions 
passed axially through six cylinders, between the fourth 
and fifth of which the neutral-atom beam crossed the 
ion beam. A voltage difference between the first and 
second cylinders provided a weak lens for final focusing 
of the ion beam, which was then collimated by a small 
rectangular orifice in the third cylinder. Through 


5M. von Ardenne, Tabellen der Elektronenphysik, I a 


und Ubermikroskopie (Deutscher Verlag der Wisse 


ten, 
Berlin, 1956). 


















































Fic. 1. Schematic diagram of the experiment. 


maintenance of this cylinder at a somewhat higher 
potential than the fourth cylinder, in which a larger 
rectangular orifice had been cut, secondary electrons 
ejected from the third cylinder by the primary ion 
beam were prevented from entering the collision region. 
The fifth cylinder contained an aperture whose height 
was less than that of the atom beam The sixth cylinder 
was the ion collector, which was biased to suppress 
secondary-electron emission. A grounded cylindrical 
shield was maintained around the ion collector to pre- 
vent the arrival at its external surface of stray electrons 
or ions. The currents to both the fifth and the sixth 
cylinders were measured, and the alignment was con- 
sidered satisfactory when the current to the fifth 
cylinder was of the order of 1% of that to the ion 
collector. This ensured that the ion current measured 
at the ion collector represented sufficiently accurately 
the current which had traversed the neutral beam. 

Certain features of the apparatus are not shown in 
Fig. 1. The first is a filament located in the fast-ion 
collector. A beam of electrons from this filament was 
used to ionize the neutral beam, and mass-spectrometric 
analysis of the resulting ions enabled the degree of 
dissociation of the hydrogen beam to be determined. 
Typically, this was about 95%. The second omission is 
a pair of Helmholtz coils that provided at the collision 
region a magnetic field parallel to the direction of the 
electrostatic collecting field. The third is a guard ring 
that surrounded the collector of the parallel-plate 
detector and was maintained at the same potential as 
the collector. The guard ring was used to limit the path 
length over which collection was made of the slow ions 
formed in collisions of the primary ions with the residual 
gas. This reduction in dc background ion signal gave 
considerable improvement in the signal-to-noise ratio, 
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which is ultimately limited by fluctuations in the back- 
ground signal caused by noise in the primary-ion beam. 
In addition, the guard electrode reduced microphonic 
noise associated with small vibrations of the collector 
and nearby electrodes. 


Ill. MEASUREMENT PROCEDURE 


Of the two detectors available for the measurement 
of the slow-ion current, the mass spectrometer has the 
advantage that the products of the interaction may be 
separated by means of their varying charge-to-mass 
ratios; this asset is somewhat offset, however, by un- 
certainty in the ion collection efficiency. In the present 
measurements, where, because of the high purity of the 
atom beam, the slow ions resulting from the interaction 
were essentially all of the same type (protons), the 
parallel-plate collector, with its potential 100% collec- 
tion efficiency, was preferred. All data presented in the 
following section were obtained using this detector. The 
mass spectrometer was, of course, used in conjunction 
with the electron beam to determine the dissociation 
of the hydrogen beam. The procedure here was to 
operate with the collision region at 180 v positive 
with respect to ground. With the filament at ground 
potential, electrons entered the collision region with 
180 ev energy and gave rise to ionization. The ions were 
swept towards the mass spectrometer by a small elec- 
trostatic field maintained between the repeller and 
extractor and were then focused into the mass-spectro- 
meter magnet. This magnet and the ion collector were 
operated at ground potential, so that the ions were 
accelerated to 180 ev for passage through the mass- 
spectrometer magnet. 

With the parallel-plate collector, the magnetic field 
was used to prevent electrons that were ejected from 
the fifth cylinder by the primary ions from penetrating 
to the interaction region. Saturation curves of the slow 
pvsitive-ion current were made as a function of this 
magnetic field and of the electrostatic collecting field. 
These curves led to the adoption of 30 oe and 30 v/cm, 
respectively, as the standard operating values for these 
quantities. 

In collecting data, the conditions affecting the 
neutral hydrogen-atom beam were kept unchanged, 
while the energy of the ion beam was varied. The signal 
per unit ion current was then observed as a function of 
the energy of the primary ion beam. The relative cross- 
section data obtained in this way were then normalized 
by determining the ratio of the measured cross section 
to that for charge transfer between protons and hydro- 
gen atoms. From knowledge of the latter cross section 
obtained from earlier measurements,! the absolute cross 
section for the process under investigation could be 
determined. The oxygen and nitrogen data were accu- 
mulated using oxygen and air, respectively, as the source 
gas. In both cases it was possible to extract a sufficiently 
large beam of protons from residual water vapor in the 
source to permit comparison of the proton cross section 
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with that for the ion under investigation without sub- 
stituting hydrogen in the source for the gas under 
investigation. Thus, to obtain absolute measurements 
it was necessary only to compare the signals per unit 
current for the protons with those for the ions being 
studied as each in turn was selected for observation by 
adjustment of the current in the analyzing magnet. 
When O+ ions were being studied, the oxygen admitted 
to the source was first dried by passage through a trap 
immersed in an acetone-dry-ice mixture. Comparison 
of the N+ and Ot cross sections when both ions were 
drawn from a discharge in air confirmed the values 
obtained by comparing each cross section separately 
with that for protons. 

It is evident that any positive ions produced from the 
ionization of atomic hydrogen by the primary ions 
would contribute additionally to the current of slow 
charge-transfer ions arriving at the collector. To inves- 
tigate this effect, the sign of the collecting field was 
reversed, and the electrons liberated in ionizing colli- 
sions were measured. At low primary-beam energies, 
when ionization was undoubtedly small, the absence 
of a measurable negative signal was noted. This gave 
confirmation that secondary emission from the negative 
plate by the slow charge-transfer ions could be ignored. 
At the higher beam energies, when ionization might be 
expected to play a more significant role, the electron 
current observed on reversing the sign of the collection 
field was still less than 5% of the slow positive-ion cur- 
rent. The error introduced into the charge-transfer 
measurements from ionizing collisions was therefore also 
less than 5%. Since the experimental uncertainties were 
of the order of 10%, no correction was made to the 
observations for ionization. 


IV. RESULTS 


The charge-transfer cross sections for nitrogen and 
oxygen ions in atomic hydrogen over the energy range 
from 400 to 10000 ev are shown in Fig. 2, with the 
experimental uncertainties given at a number of 
energies. Figure 3 shows the comparison of these 
experimental data with the calculations of Rapp and 
Ortenburger,® which pertain only to charge transfer 
where both the initial and the final particles are in the 
ground state. 

While the experimental and theoretical results are 
clearly similar with respect to both magnitude and 
energy dependence, any detailed comparison of theory 
with experiment must of necessity consider the fact 
that these experiments were subject to uncertainties in 
(1) the state of the incident ions and (2) the state of 
the neutral products. The ion-source conditions were 
such that both atomic ions in metastable excited states. 
and doubly charged molecular ions, as well as ground- 
state atomic ions, could have been present in the 
magnetically analyzed incident ion beam. Detecting 


6D. Rapp and I. B. Ortenburger, J. Chem. Phys. 33, 000 (1960) . 
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the reaction by observing the production of slow 
protons provided no information on the state of the 
neutral products of the reaction. A quantitative com- 
parison of theory and experiment is therefore not 
possible. 

It is of interest, however, to consider qualitatively 
the effects which might be expected from the occurrence 
of charge transfer involving low-lying excited ionic and 
atomic states in the present experiments. For these 
considerations, the near-adiabatic theory of charge 
transfer may be used. 

The near-adiabatic theory predicts that a charge- 
transfer cross section will have its maximum value 
when the incident-ion velocity approaches the value 
aAE/h, where a is a length of the order of atomic 
dimensions, AE is the energy defect in the reaction, and 
h is Planck’s constant. Hasted and his collaborators** 
have examined a considerable number of charge-transfer 
reactions and have found that for a large fraction of 
these reactions, involving a wide variety of ion-neutral 
combinations, a log-log plot ofVmax! vs m!AE, where 
Vmax is the energy at which the cross-section maximum 
occurs and m is the ion mass, is rather close to a straight 
line. Assuming that the charge-transfer reactions 
involving excited ions and atoms of concern in the 
present experiments also fit into this pattern, the 
following deductions may be made: 


Oxygen 


(a) If the primary beam comprised only ground-state 
atomic ions, twu reactions were possible. The increase 
in the cross section observed at low energies was clearly 
due to the near energy-resonant reaction 


O+ (4S) +H (2S) -H++0(#P)+0.019 ev(Vinax~1 ev), 


(1) 


which has by far the smallest energy defect. At the 
higher energies some additional slow-ion production 
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Fic. 2. Cross sections for charge transfer between atomic 
hydrogen and ions of nitrogen and oxygen. 
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may have arisen from the reaction 
O+ (4S) +H(?S)—-H++O0(!D) 
—1.94 ev(Vinax~10 kev), (2) 


and the observed cross section would then exceed that 
for reaction (1) alone. 

(b) If, in addition to the ground-state ions, some 
excited ions were present in the primary beam, the 
following reactions may also have been operative: 


O+ (2D) +H (2S) 9H++O(D) +1 37 ev(Vmax~ 5 kev); 


(3) 
O+ (2D) +H (2S) >H++0('S) —0.84 ev(Vaax~2 kev) ; 


(4) 
O+(*P) +H(*S)>H*+-0(1S) +0.85 ev(Vimax~2 kev). 


(5) 


These excited primary ions, although giving rise to few 
slow charge-transfer ions at near-threshold energies, 
would nevertheless contribute to the primary ion cur- 
rent. The observed cross section would therefore be less 
than that for reaction (1) alone at low energies, al- 
though at the higher energies the reverse may be true. 

(c) Doubly charged molecular ions, which could have 
been present as a further impurity, would not be 
expected to undergo appreciable charge transfer over 
the entire range of the measurements. Their contribu- 
tion to the primary ion beam would nevertheless reduce 
the size of the apparent cross section without modifying 
its shape. 


Nitrogen 


Similar qualitative reasoning again leads to the 
conclusion that if excited atomic ions ('D or 'S) and 
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doubly charged molecular ions were present in the 
primary beam, the observed charge transfer could have 
arisen from a number of competing reactions. Again, 
since neither the composition of the primary beam nor 
the state of excitation of the neutral products of the 
reactions is known, it is not possible to isolate the con- 
tribution to the observed cross section caused by any 
particular reaction. In contrast to the case of oxygen, 
the reactions giving the smallest energy defects involve 
excited states of both the nitrogen ion and the nitrogen 
atom: 


N+ ('‘D)+H(?2S)—-H++N (2D) 
+0.46 ev( Vmax~400 ev), 
N+('D)+H(2S)-Ht+N (?P) 


—0.73 ev(Vimax™1.2 kev) ; 


(6) 


(7) 
while for the reaction in which all particles are in their 
ground states, 


N+ (2P) +H (2S) H+-+N (45) +0.94 ev( Vinax~2 kev). 
(8) 


Again referring to Fig. 3, in which the experimental 
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results are plotted together with those recent calcula- 
tions of Rapp and Ortenburger which relate only to the 
reactions (1) and (8), it is clear that it is not possible 
to say to what extent the discrepancy between theory 
and experiment is due to some deficiency in the calcula- 
tions or to the fact that the observations possibly 
represent the aggregate of several collision processes. 
In the case of oxygen, the variation of the cross section 
with energy is obtained similarly by theory and experi- 
ment, and the difference in absolute magnitude may 
be due to the presence in the beam of ions, other than 
O* (4S), having a small cross section within the energy 
range of these measurements. In the case of nitrogen, 
the differing shapes of the experimental and theoretical 
curves suggest that more than one charge-transfer 
process was operative throughout the range of the 
measurements, although the close agreement between 
the predicted magnitudes of the cross section suggests 
that reaction (8) was dominant throughout most of 
the energy range. 
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The theoretical methods for calculation of charge-exchange cross sections of Gurnee and Magee [J. Chem. 
Phys. 26, 1237 (1957) ] have been applied to the reactions of H atoms with Ht, O*, and Nt. The agreement 
with experiment [Fite, ef al., Phys. Rev. 119, 663 (1960); Hummer, ef a/., Phys. Rev. 119, 668 (1960) ] is 
excellent considering the approximations involved in the theory. 





HIS work consists of the application of the theoreti- 
cal methods of Gurnee and Magee! to the calcula- 
tion of charge exchange cross sections for the reactions 


H*++H-H+Ht* (1) 
O++H-0+H* (2) 
N++H-N+H*. (3) 


Reaction (1) is resonant. Reaction (2) has three final 
states? and represents a “‘near-resonant” process. 


1 E. F. Gurnee and J. L. Magee, J. Chem. Phys. 26, 1237 (1957). 

18 The reactions producing oxygen atoms in the Ps, Pi, and 
Po states are 0.019 ev, 0.001 ev, and —0,009 ev exoenergetic, re- 
spectively. 

2 The ionization potentials of H, O(P2), O(P:), O(Po), and N 
are 13.595, 13.614, 13.596, 13,586, and 14.54 ev, respectively 
(Atomic Energy Levels, 1952 Circular 467, Natl. Bur. Standards). 


Reaction (3) is exoenergetic? by 0.94 ev, and represents 
a charge-exchange process with a large energy defect. 
These reaction are of vital interest to the understanding 
of charge-exchange processes in gases because they 
involve structurally simple reactants which are not 
complicated by internal energies due to rotation and 
vibration. It is well known*® that the dependence of the 
cross section for reaction on the ion energy differs 
markedly in the three cases. The cross section for a 
resonant process like (1) approaches a very high value 
at low energies, and decreases monotonically as the 
energy increases. The cross sections for (2) and (3) 


8S. N. Ghosh, W. F. Sheridan, J. A. Dillon, Jr., and H. D. 
Edwards, A Review of Charge Transfer Processes in Gases, Geo- 
physics Research Paper No. 48 (Air Force Cambridge Research 
Center, Bedford, Massachusetts, July 1955). 
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decrease to essentially zero at low energies, increase to 
a maximum at some finite energy, and then decrease 
monotonically with further increase of energy. Because 
(2) is nearly resonant, the maximum will be approached 
at a very low energy. Reaction (3) will have its maxi- 
mum cross section at a much higher energy. In a 
series of recent experiments,** cross sections for these 
reactions have been obtained over wide ranges of ion 
energies. It was, therefore, decided that the previous 
work of Gurnee and Magee! ought to be applied to 
these processes in detail as a further test of the theory. 

The required relations for the cross section of (1) are 
derived in footnote reference 1 by an impact parameter 
treatment. Equation (14) of footnote reference 1 
gives the charge-exchange probability P(Ro) as a 
function of the impact parameter Ro. The cross section 
for the reaction is then found from Eq. (7) of footnote 
reference 1. It is shown in footnote reference 1 that the 
function P(Ro) oscillates between 0 and 1 for small 
Ro, but eventually decays from 1 to a final 0 at suffi- 
ciently large Ro. In their calculations,* they computed 
P(Ro) from 0 to 0.5 along this decay portion of the 
curve, and took P( Ro) as the average value 0.5 for all 
smaller Ro. The cross section so obtained will be de- 
noted by o. Actually, the oscillations increase in 
frequency as they approach the origin, so that o 
is-less than the cross section the theory would predict 
if the oscillations were taken into account. In practice, 
only the first oscillation makes any notable difference, 
and we will denote the cross section which takes into 
account only the first oscillation by o™. Typical func- 
tions P( Ro) are shown in Fig. 2 of footnote reference 
1. The results for reaction (1) are shown in Fig. 1 along 
with the experimental data of Fite.‘ The scattered 
wave calculations of Dalgarno and Yadav,’ Bates and 
Dalgarno,* Jackson and Schiff,® and Brinkman and 
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Fic. 1. Cross sections for,resonant charge exchange in atomic 
hydrogen. 


4+ W. L. Fite, R. F. Stebbi 
mann, Phys. Rev. 119, 663 
‘D. G. Hummer, R. F. Stebbings, W. L. Fite, and L. M. 
Branscomb, Ph . Rev. 119, —, (1960 
6 In colloq language, w hen the collision is direct the electron 
does not “know” which proton it originally belonged to and ends 
up with equal yagi on either proton. 
7A. and H. N. Yadav, Proc. Phys. Soc. (London) 
A66, 173 (1953). 


8D. R. Bates and A. Dalgarno, Proc. Phys. Soc. (London) 
A66, 972 (1953). 


°F. D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953). 








, D. G. Hummer, and R. T. Brack- 
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Fic. 2. Predicted cross sections for resonant atomic hydrogen 
charge exchange according to Eq. (1). 


Kramers” are denoted by A, B, C, and D, respectively, 
in Fig. 1, and are displayed as they appeared in Fite’s 
paper. Since curve A is only slightly better than o, 
at the cost of orders of magnitude more calculational 
effort, the advantages of the impact parameter treat- 
ment are apparent. The modified Born approximations 
of B, C, and D are much more approximate. 

The theory of Popescu Iovitsu and Ionescu-Pallas" 
gives the result 


o'=[10-8/(w1)*] In[ (x2) 'e*/0], (1) 


where @ is the cross section in cm’, J is the ionization 
potential in ergs, and » is the velocity in cm/sec. In 
order to derive this equation, the authors had to assign 
a value to an undetermined parameter. They chose a 
value that gave a best fit to the data for resonant 
charge exchange in rare gases. It turned out that, with 
a single value of this parameter, an extremely good 
correlation of the rare gas charge exchange cross 
sections was obtained. We have applied this equation 
to reaction (1) and compared the results (curve A) 
with Fite’s experimental data in Fig. 2. The agreement 
is poor using the value of the parameter they assumed; 
the experimental and theoretical cross sections differ 
by more than 400%. 

In a recent article on charge exchange in doubly 
charged ions,” the result of Firsov’* was described, 
which when applied to reaction (1) gives the result 
that the cross section for charge exchange is given by 
o=}7rR¢’, where Ro is the value necessary to satisfy 
the equality 


(2) 


where x?= R?— R,?, R is the internuclear distance’ of 
ion and atom, and E,—&£, is the resonance splitting 
of the antisymmetric and symmetric states of the 


+00 
(1/210) f (E,— E,)dx=n, 


10 H. C. Brinkman and H. A. Kramers, Proc. Acad. Sci. Amster- 
dam 33, 973 (1930). 


“J. Popescu Iovitsu and N. Ionescu-Pallas, Soviet Phys. 
(Tech. Phys.) 4, 781 (January 1960). 
21, K, Fetisov and 0. B. Firsov, Soviet Phys. JETP 37, 67 


(1960). 
3Q. B. Firsov, Soviet Phys. JETP 21, 1001 (1951). 
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hydrogen molecular ion at the distance R. The expres- 
sion for this splitting calculated on the basis of LCAO 
wave functions is given by Pauling and Wilson,“ and 
has the form 


E,— E,=2(H';:— FH’ ;:)/(A-— F*), (3) 


where the integrals H’;;, H’;;, and F are the so-called 
exchange integral, Coulombic integral, and overlap 
integral, respectively. 

The result of Gurnee and Magee! is that the proba- 
bility of charge transfer in a collision of impact param- 
eter Ry is given by square of the sine of the integral 
on the left side of Eq. (2). 

Pauling and Wilson® pointed out that in any system 
having two equivalent states (when unperturbed), the 
effect of a perturbation is to make the energy levels of 
the stationary states split. They also showed that if the 
system was initially in one unperturbed state, the effect 
of the perturbation over a period of time is to make the 
system oscillate between the two unperturbed states 
with frequency w= (E,—E,)/2h where E,—E, is as 
before, the splitting of the levels. They found that 
when a constant perturbation is applied from time 0 
to t, the probability of transition from the initial 
unperturbed state to the final unperturbed state is 


P,.= sin*{[(Ea— E,)/2h }}. (4) 


Gurnee and Magee! treated the case where (E,—£,) 
is time-dependent, and found that (Z,—£,)# must be 
replaced by 


-+-0o 
J (E.— E,)dt. 
By assuming dx=vdt, one obtains Eq. (12) of footnote 
reference 1 


| ae sn / “Ue E,) /2K\(dx/») ; (5) 


The relationship between (5) and (2) is obvious. 
Equation (2) may be said to be an approximation to 
(5) which sets P;.s=0.5 for Ro less than that which 
satisfied (2), and P;.,=0 for all larger Ro. 

Because of the less specific treatment of the details 
of the dependence of the transition probability on Ro, 
Firsov’s method appears less “rigorous” than the 
method of Gurnee and Magee to the present authors. 
Yet Firsov and Fetisov” claim their method is “more 
rigorous.” 

The word “rigorous” has many connotations which 
are somewhat nebulous. One way to define the term is 
to compare with experiment. One must in this case 
hope that a fortunate cancellation of errors is not 
responsible for a fortuitous agreement. It is obvious 
from Eq. (2) that Firsov’s method will predict much 

4. Pauling and E. B. Wilson, Jr., Introduction to Quantum 
Mechanics (McGraw-Hill Book Company, Inc., New York, 


1935) , pp. 326-330. 
4 Footnote reference 14, pp. 314-325. 
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lower cross sections than Gurnee and Magee’s method, 
because the last half oscillation and the exponential 
tail (see Fig. 2 of footnote reference 1) of the P( Ro) 
vs Ro curve has been neglected. Since Fig. 1 shows that 
the predicted cross sections of Gurnee and Magee’s 
method applied to reaction (1) are lower than the 
experimental results, it may be concluded that Firsov’s 
predictions will be. still lower. In the case of double 
charge-exchange, Fetisov and Firsov” have pointed out 
that Gurnee and Magee’s calculation gives results 
which are too high by about a factor of two. Since 
Firsov’s method gives lower cross sections, it is not 
surprising that his prediction is in much better agree- 
ment with experiment. The exact significance of these 
applications is difficult to ascertain. 

In their treatment of nonresonant charge-exchange, 
Gurnee and Magee! assumed H’;;=H’ i; and H’;;= 
H’;;, in order to solve the time-dependent Schroedinger 
equation. The nature of this assumption becomes 
clearer from considerations like those given by Schiff." 
In the nonresonant case, it turns out that 

H's;—H’ ig= (Ey— E,) F, (6) 
where Ey and &;, are the energy eigenvalues of the final 
and initial states, respectively. It can also be shown 
that 

H' g>H’ i; (7) 
at moderate internuclear separations. Thus, even in 
the case of an “accidental” resonance (i.e. when the 
initial and final states are different even though they 
have equal energies), H’;;=H’' iy. For near-resonant 
systems where the right side of (6) is small, this con- 
dition will be nearly fulfilled. Explicit calculation in 
specific cases indicates that when | E;—E;| is small 
compared to E; and £y,, the solution obtained by 
Gurnee and Magee, 


(8) 


is a good approximation. Here w is defined as | E;— 
E; | /2h. 

It is important in choosing the wave functions for 
initial and final states, that conditions (6) and (7) 
must be met or the principle of detailed balance will 
not be satisfied. The necessary and sufficient conditions 
for (6) and (7) to hold are that 

HWi=En, 

HA;= Ens, (9) 
where H;= — (h?/2m)V?+-V;, and Hy=— (h?/2m)V?+ 
V;, where V; and V; are the effective potential energies 
binding the electron to the ‘initial and final nuclei, 
respectively. If V is represented by —Ze?/r, where Z 
is the effective nuclear charge, then hydrogenlike 
orbitals” can be employed. The advantages of using 
these orbitals are that they can be arranged easily to 

16 L, I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 


pany, Inc., New York, 1955), pp. 236-239. 
17 Footnote reference 14, pp. 138-139. 
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P,.7= sin?] H's; cos(wx/v) (dx/v), 
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give the correct energy eigenvalues, and they auto- 
matically satisfy the virial theorem, thus ensuring that 
the orbitals have the correct energy and the correct 
“size.” The approximate wave functions described by 
Gurnee and Magee’ do not satisfy these criteria. 

In the case of reactions (2) and (3) the orbitals for 
H are known exactly, but approximations must be 
made for oxygen and nitrogen. Since the orbitals for O 
and N have nearly the same energies as a hydrogenic 
1s electron, but have principle quantum number 2, 
one must choose Z = 2 because the energy of a hydrogen- 
like orbital is proportional to Z?/n?. One then obtains 
the wave function for N and O 


W=ri(1—re" (10) 
instead of the nodeless orbital proposed by Gurnee and 
Magee, Nre~", which does not have the correct energy 
and does not satisfy the virial theorem for Z=1. Their 
wave function leads to values of H’;; and H’ i; which 
differ by a factor of 3, an obvious absurdity. The use of 
Eq. (10) makes these integrals equal. Using Eq. (10) 
in Eq. (8) leads to the result that the probability of 
charge transfer for a collision of velocity » (cm/sec), 


and impact parameter Rp (in units of Bohr radii), with 
E;— E£; in ev, is 


Pi.s= sn 1.83% 10° Roe” 


x exp] (14 POE nen Be) )}I (11) 


Gurnee and Magee! did not treat any cases that had 
non-unit spin factors. However, one must be careful 
to include the effect of statistical weights in reactions 
(2) and (3). In reaction (2), assuming ground states, 
O+ has a spin of § and H has a spin of 4. The product O 
has a spin of 1, so that only collision complexes having a 
net resultant spin of 1 can produce O atoms. But there 
are three ways the spin of the system (O++H) can be 1, 
and five ways that the spin can be 2, so that the fraction 
of collisions having the necessary spin orientations for 
reaction is $3. The cross section for reaction (2) cal- 
culated from Eq. (11) must be multiplied by } before 
comparing with experiment. Similar considerations 





ot (OF + 1) 


(0) (ny H) 


o EXPTL(O* +H) 
4 EXPTL(N*+H) 
1 l l l 1 l lL 1 
a2 OA 07 10 2 4 7 0 20 
1ON ENERGY (KEV) 
Fic. 3. Nonresonant charge exchange cross sections. 
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Fic. 4. Nonresonant charge exchange cross sections for 
Ot+H-—0+H*. 
in the case of angular momentum show that in the 
reverse reaction (O+H+ -O++H) there is a factor of 
} because O is a p state and H* and O+ are S states. 
Only in § of all collisions is the component of angular 
momentum along the O—H axis zero. The equilibrium 
constant for the reaction is thus $. In reaction (3) the 
spin factor is and the momentum factor is } in the 
forward direction. Thus the cross section calculated 
with Eq. (11) for reaction (3) must be multiplied by 
$ before comparing with experiment'*. The results are 
shown in Figs. 3 and 4 together with the data of foot- 
note reference 5. 

Hertzberg” has pointed out that if excited Ot and 
N* ions were formed in the ion sources of the experi- 
ments, in some instances they could react to form 
excited O and N atoms with significant cross sections. 
The fair agreement of the calculation for ground states 
with experiment in Fig. 3 indicate that the ground 
state reactions are probably accounting for at least 
about half the observed cross section. 
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18 At low velocities, the production of oxygen atoms with various 
total angular momenta, having zero angular momenta about the 
O—H axis, splits the calculated cross-section curves as shown in 
Fig. 4. This is due to the different ionization potentials of the 
Pz, Pi, and Po states. In this case one should multiply the calcu- 
lated cross section for each state by 1/8, and sum over the three. 
Since the cross sections in Fig. 4 have already been multiplied by 
3/8, one merely has to take the arithmetic mean of the three 
values presented there. 

19M. Hertzberg, Lockheed Missiles and Space Division, Palo 
Alto, California, private communication. 
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Cl** NMR Contact Shifts in Aqueous Cobaltous Chloride Solutions* 
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The NMR shifts of the Cl* nucleus in aqueous cobaltous chloride solutions have been measured relative 
to the free chloride ion. The displacement of the Cl® resonance to lower applied fields at constant frequency 
becomes larger with both increasing cobaltous and chloride ion concentrations. The effect of added non- 
complexing salt indicates the significant role hydration plays in the complex equilibria taking place. The 
magnitudes of the observed shifts point to an isotropic electron-spin-nuclear-spin contact interaction in 


the complexed cobaltous chloride. 





INTRODUCTION 


N A system where like nuclei are exchanging rapidly 
among several environments, each nucleus experi- 
ences the same average field, and thus a single line is 
observed in the nuclear magnetic resonance (NMR) 
spectrum of the system. The resonance field of nuclei 
undergoing rapid environmental exchange is deter- 
mined by the relative concentrations of the nuclei in the 
separate environments and accordingly can be used to 
study equilibrium reactions. A particularly interesting 
situation arises when one of the environments of the 
nuclei is near a paramagnetic ion. In such a situation the 
nucleus will experience a very sizeable internal field 
which should result in a correspondingly large shift. 
This effect has recently been investigated by Shulman? 
in concentrated solutions of complexed paramagnetic 
ions. Bloembergen* has pointed out that an isotropic 
contact interaction may well be the dominant factor 
in the nuclear shifts of such systems and Shulman’s 
work indicates that this is the case for chlorine in ferric 
chloride complexes. The present investigation was 
undertaken to study this effect in a system where the 
shift is more variable, where the initial effects of the 
paramagnetic-ion-induced shift can be observed, and 
where the observed shift appears to be due to an iso- 
tropic contact interaction between electron and nuclear 
spins. 

Aqueous CoCl, was chosen as the system to in- 
vestigate since chloride ion is known to complex with 
cobalt‘ and since it has been shown’ that cobaltous ion 
is relatively ineffective in relaxing nuclear spins. 

Cobaltous salts are strong and stable electrolytes. 
The ion is usually pink in the more, and blue in the 
less, hydrated states; Co** forms a chloride complex in 
sufficiently concentrated chloride solutions, the complex 
being dark blue.‘ Surprisingly little is known quantita- 
tively about the principal species present in such solu- 


* Contribution No. 616. 

1H. S. Gutowsky and A. Saika, J. Chem. Phys. 21, 1688 (1953). 

2R. G. Shulman, J. Chem. Phys. 29, 945 (1958). 

3N. Bloembergen, J. Chem. Phys. 27, 595 (1957). 

4N. V. Sidgwick, Chemical Elements and Their Compounds 
(Oxford University Press, London, 1950), Vol. II, pp. 1376-1392. 

5 W. D. Phillips, C. E. Looney, and C. K. Ikeda, J. Chem. 
Phys. 27, 1435 (1957). 


tions; there is evidence for the existence of the tetra- 
hedral cobalt complex CoCl-~* and for the species 
CoCl,(H:0),4 as well.’ Undoubtedly, both species are 
present along with other intermediates. 

A quantitative treatment of the present system is 
practically impossible because of the complications 
presented by a multicomponent system. One can 
understand at least qualitatively the origin of some of 
our observations by considering the general “equation 
of state” of our solution in an approximate form which, 
as indicated later, appears to be valid in the present 
situation. Under the conditions of fast exchange, the 
chlorine shift is given by 


Fobs >= >) ig 
t 


where ¢,’ is the shift of species 7 and f; is the fraction of 
the total chloride content present as this species; the 
shift of the free chloride ion is arbitrarily taken as 
zero. If it is assumed® that relatively little complex 
species is formed—that is to say, the dominant species 
are Co(H,O).+ + and Cl-—and that reactions proceed 
via the successive displacement of water by chloride 
on the cobaltous ion, Eq. (1) can be written as 


Gobve= [Co(Hz0) + +] al Cl-]}0 9. 


?(ac1-°=0), 


(1) 


(2) 


Since a quantitative analysis has not been made, all 
equilibrium constants, activity coefficients, and other 
factors necessary to define the system have been 
collected into a single coefficient, a;, which is taken to 
be constant. 


EXPERIMENTAL TECHNIQUE 


Measurements of the Cl®* nuclear resonance were 
carried out on a Varian Wide Line NMR spectrom- 
eter (model V-4200B) at a field of 10 000 gauss and a 
frequency of 4.172 Mc/sec. Samples were contained in 
15 mm test tubes; an 8 mm sealed tube of approxi- 


®° Pp. F. Varade, Acta Univ. Szeged., Chem. et Phys. 3, 62 (1950). 

7T. E. Moore, E. A. Gostman, and P. C. Yates, J. Am. Chem. 
Soc. 77, 298 (1955). 

8 This ae on 9 is based on the low stability constant of 
CoCI* (logK= —2.4) given in Stability Constants (The Chemical 
Society, London, 1958), Part II, p. 97. 
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Cl*5 CHEMICAL SHIFTS IN CoClz SOLUTIONS 


mately 5 M NaCl was placed within the sample tubes 
to serve as a reference, all shifts being measured relative 
to the sharp chloride line of the 5M NaCl solution. 
Since susceptibility and demagnetizing effects were 
very small compared to the shift observed, no attempt 
was made to correct for these effects. 


RESULTS AND DISCUSSION 


In this paper, shifts, 5H, are related to the “frac- 
tional’’ shifts, o, by 


H,.t~10 000 gauss. (3) 
All the chlorine shifts were paramagnetic—i.e., to 
lower field at constant frequency—with respect to the 
standard (Cl- as aqueous NaCl). In general, as the 
chloride shift increased, the line width also increased. 
As the chloride complexes with the cobalt, the cobalt 
electron relaxation will tend to reduce the lifetime 
of the chlorine nuclear spin states. Also, the complex 
formation will tend to distort the charge distribution 
about the chloride ion from its free ion spherical sym- 
metry, giving rise to an additional quadrupole induced 
broadening of the resonance line.® 

Figure 1 shows the Cl* shift as a function of [Cot +] 
in two types of solution. In the first case CoCl, was 
diluted, resulting in a shift nearly linear in [Co+ +]. The 
slope of 4.2 gauss mole~ liter versus the expected 
susceptibility shift of 0.13 gauss mole™ liter® indicates 
that the observed shifts are due to a much stronger 
interaction than would result from bulk susceptibility 
effects. At relatively low concentrations of chloride, the 
observed shift is independent of the chloride concen- 
tration (see Fig. 3); thus, this curve indicates a linear 
variation in [Cot +] of the shift as Eq. (2) would 
predict. The second curve of Fig. 1 shows the variation 
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Fic. 1. The Cl*® chemical shift as a function of the cobaltous 
ion concentration (mole liter). 


9 J. E. Wertz and O. Jardetzky, J. Chem. Phys. 25, 357 (1956). 
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Fic. 2. Effect of added nitrate salts on the Cl* chemical shift. 


of 6H versus [Co+ +] with a constant chloride concen- 
tration. 

The departure from approximate linearity of this 
latter curve and its divergence from the previous curve 
was traced to the presence of excess salt—present here 
as NaNO;—in this system. Experiments were carried 
out on solutions of constant CoCl, content and varying 
salt content. The results are shown in Fig. 2. In all 
cases the presence of excess salt caused an increase in 
the paramagnetic shift, the increase being proportional 
to the salt concentration and being larger as the cationic 
charge increases.” Since no nitrate complex with Cot + 
is expected,‘ the salt effect would appear to be due to a 
dehydration of the cobalt ion by the salt cations. 
This competition for water of hydration would favor 
the complex formation of the cobalt with chloride and 
thus lead to an increased paramagnetic shift. 

A similar dehydration effect can be observed in 
temperature studies in which one passes reversibly 
from red to blue colored solutions and increasing 
paramagnetic shifts with increasing temperature. A 
solution of 0.9 mole liter~' Co(NOs)2 and 1.5 mole 
liter? NaCl showed a shift approximately linear in 
1/T in the range 26°-100°, the shifts being 4.7 and 10.9 
gauss at the lower and upper temperatures, respec- 
tively. 

Figure 3 shows the chloride shift as a function of the 
ratio of chloride to cobalt concentration (R). Since at 
low chloride concentrations the shift varies approxi- 
mately linearly with [Co*++], the data used in this 
figure, which came from separate experiments, were 


1 The Al(NOs)3 solutions were acidified with HNO; to prevent 
hydrolysis; the shift due to the Al(NOs;)3 was then calculated by 
subtracting from the Al(NO3)3-++HNO; shift the contribution 
from the acid as determined from curve B. 
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Fic. 3. Chlorine chemical shift as a function of the ratio of 
chloride to cobaltous ion concentration; the data have been 
normalized to a Cot + concentration of 0.5 M. 





“normalized” to a Co*+* concentration of 0.5 M. 
As noted, the shift is essentially independent of [CI-] 
at low concentrations, while quite sizeable changes 
occur at higher concentrations. From the divergence of 
several of the sets of data at large R, it is apparent that 
in this region the normalization procedure is no longer 
valid. The general dependence of the shift on [CI-] is 
difficult to analyze. However, the independence of 
ops and [Cl~] at low chloride concentrations does sug- 
gest, as one might expect, that the primary species of 
chloride present in this range are free chloride and 
the monochloro-cobaltous complex (probably as 
CoCl(H,O)5*) since, as seen from Eq. (2), the contri- 
bution to oops of these species is not a function of the 
chloride content. 

An experiment with concentrated HCl was particu- 
larly striking. Figure 4(A) shows the variation of the 
shift with chloride content and Fig. 4(B) the observed 
change of the optical densities of “red” 5150 A and 
“blue” 6250 A lines of the absorption spectra of the 
solution. As the concentration becomes greater than 6 
M chloride, the shift increases rapidly as do the inten- 
sities of the blue lines of the absorption spectra. 

The spectral work was undertaken in hopes of deter- 
mining relative concentrations of the dominant species. 
Unfortunately, the band overlap and the large differ- 
ence in extinction coefficients prevent any quantitative 
treatment. It can be noted, however, that the lack of 
change of the optical density of the 5150 A line indicates 
that a relatively small percentage of complex is formed, 
the assumption that has been made in this discussion. 
This assumption is also supported by susceptibility 
measurements on this system. Susceptibility measure- 
ments on solutions of total chloride concentration 
equal to 1.0, 2.4, and 3.8, and 6.5 molar agree to within 
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Fic. 4. (a) Cl* chemical shift and (b) optical densities of 
5150 A and 6250 A absorption lines in CoCk—HC1 solutions. 
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1%; the value obtained for the 9.3 M chloride solution 
was lower than the less concentrated solutions by 11%. 
This is the trend expected for cobaltous complexes as 
one passes from ionic octahedral to ionic tetrahedral 
binding.” The magnitude of the molar susceptibility 
is in agreement with that expected from three unpaired 
electrons on the cobalt. 


1 R. S. Nyholm, Proc. 10th Solvay Congress, Brussels, 1956, 
pp. 225-287. r 2 
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CONCLUSIONS 


Chlorine nuclear resonance shifts can be sizeable; 
for example, Phillips" finds the resonance in pure TiCl, 
to be shifted some 10 gauss (at 10 kilogauss external 
field) to lower field with respect to an aqueous solution 
of NaCl. However, for the CoCl, solutions the shift is 
attributed to a relatively small concentration of com- 
plex so that the shift of the CoCl* and higher complexes 
must be very large and an explanation based on dia- 
magnetic shielding or second-order paramagnetic effects 
is apparently ruled out. Although dipole interactions 
will not average to zero for a rapidly tumbling para- 
magnetic species with an anisotropic g factor, this 
effect also appears to be too small to account for the 


12 W, D. Phillips (private communication). 


( 958). M. McConnell and D. B. Chesnut, J. Chem. Phys. 28, 107 
19. 


4 N. Bloembergen and W. D. Dickinson, Phys. Rev. 79, 179 
(1950). 
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present observations.” It therefore seems necessary to 
postulate that the wave function of the unpaired 
electrons of the cobalt is nonzero at the site of the 
complexed chloride nucleus, giving rise to an isotropic 
contact interaction shift. 
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The fact that only single resonances are observed and that 
the range of shifts is at least an order of magnitude greater than 
the ieee widths indicates that rapid exchange is taking place be- 
tween bound and free chloride. For a fully complexed axial 
species, fast exchange would average the dipolar interaction to 
essentially zero [H. M. McConnell and R. E. Robertson, J. Chem. 
Phys. 29, 71361 1958) }. It was pind out by the referee, how- 
a that for a partially complexed species, such need be the 


ly if the factor ax of the exchanging ligands are inde- 
ee # the g-factor axis. 
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Microwave Spectrum, Barrier to Internal Rotation, and Quadrupole Coupling of 
Acetyl Bromide* 
LAWRENCE C. KRISHERt 
Mallinckrodt Chemical Laboratory, Harvard University, Cambridge 38, Massachusetts 
(Received May 27, 1960) 


The microwave spectra of the two acetyl bromide species, CH;COBr” and CH;COBr*!, have been investi- 


gated in the region 12 000 to 33 000 Mc. 


The bromine nuclear quadrupole hyperfine splittings were analyzed to give values for the quadrupole 
coupling constants. The observed coupling constants indicate a considerable deviation from cylindrical 
symmetry of the electric field gradient about the C—Br bond. 

Several of the rotational transitions were further split into doublets due to the hindered internal rotation 
of the methyl group. The quadrupole hyperfine and internal rotation splittings were found to be essentially 
independent, and analysis of the latter gives a barrier to internal rotation of 1305430 cal/mole. 





INTRODUCTION 


HIS work on acetyl bromide, CH;COBr, forms part 

of a systematic study of the “acetyl” series,’ i.e., 
molecules with the general formula CH;COZ. To date, 
extensive microwave work has been done on acetalde- 
hyde, acetyl fluoride, acetyl chloride, acetyl cyanide, 
acetic acid,! and acetone.* Reference 1 contains a sum- 
mary of the structures and internal barriers of some of 
these molecules. 


* This research was made ible by ii extended Harvard 
University by the Office of Naval Research. 

t National Science Foundation Postdoctoral Fellow. Present 
address: Columbia Radiation Laboratory, Columbia University, 
New York 27, New York. 

1 For references see L. C. Krisher and E. B. Wilson, Jr., J. Chem. 
Phys. = 882 (1959). 

(1989) > . Swalen and C. C. Costain, J. Chem. Phys. 31, 1562 


For this series, the potential barriers hindering the 
internal rotation of the methyl group fall in a range 
which allows their precise determination from fre- 
quency measurements in the microwave region. The 
splittings in the rotational spectrum of acetyl bromide 
proved to be typical in this respect. 

The CH;COBr spectrum is further complicated by 
the two nearly equally abdundant bromine species, 
Br” and Br*, and by the fact that these nuclei possess 
large quadrupole moments. The rotational spectrum 
exhibits a hyperfine structure due to the interaction of 
the quadrupole moment with the electric field gradient 
at the quadrupolar nucleus. Analysis of these hyperfine 
splittings affords a determination of the quadrupole 
coupling constants* for this molecule, and indicates the 


8 C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955), Chap. 6. 
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TABLE I. Observed spectra of acetyl bromide (Mc/sec).* 








Transition CH;COBr® CH;COBr* Transition FF’ CH;COBr® CH;COBr® 





a-Type 51,5-60,6 13/2-15/2 . 27 041.924 

7/2-9/2 

Si sds 9/2-11/2 19 999.26 11/2-13/2 27 053.884 

3/2-5/2 7 20 003.13 9/2-11/2 f 

7/2-9/2 20 007 .96 
5/2-7/2 20 012.11 11/2-11/2 y 20 171.49 19 966.22 

Wain , 20 174.67 19 969.09 

7/79 / 0 971. 17/2-17/2 2 

$/2-1172 0 913. 17/2-17/2 A 20 177.63 19 971.96 
5/2-7/2 20 982. 13/2-13/2 D 20 186.19 19 978.80 

3/2-5/2 20 984. 13/2-13/2 d 20 189.13 19 981.44 
: 15/2-15/2 p 

31 9-4 9/2-11/2 ! 22 606 15/2-15/2 y, 20 192.05 19 984.18 

912-413 as d s 


reer : 13/2-13/2 5 24 442.49 24 170.70 
3/2-5/2 a ey 13/2-13/2 P 24 445.67\ 24 174.40 
1/2-9/2 A : : 19/3-19/2 ome 445.67) 24 173.27 
aN , 19/2-19/2 24 449.17 24 176.9 
5/2-7/2 A 22 623. 15/2-15/2 7 24 458.58 24 184.13 

: 15/2-15/2 24 462.07 24 187.65 
: 17/2-17/2 ; 24 461.41 24 186.53 
11/2-13/2 : . 24 932.92 17/2-17/2 : 24 464.90 24 190.15 
§/2-7/2 : 24 936.55 
9/2-11/2 5 111. 24 937.28 17/2-17/2 32 602.01 32 804.90 
7/2-9/2 . 24 940.70 15/2-15/2 32 607.52 32 809.49 
19/2-19/2 32 633.34 32 830.87 
9/2-11/2 25 930.24 13/2-13/2 32 638.93 32 835.67 
11/2-13/2 25 932.46 
7/2-9/2 25 936.96 ¢ 5 20 621.914 20 541.464 
5/2-7/2 a 25 938.87 F 20 623.674 20 543.004 


19/2-19/2 115.92 31 326.92 
17/2-17/2 119.74 31 330.21 
21/2-21/2 141.07 31 348.15 
3/2-3/2 15/2-15/2 145.05 31 351.55 


3/2-5/2 : . 10;5-102,3 17/2~-17/2 722.86 22 561.01 
3/2-1/2 17/2-17/2 725.54 22 563.55 
° 23/2-23/2 723.66 22 561.63 
3/2-3/2 5 ' 23/2-23/2 726.34 22 564.33) 
3/2-5/2 19/2-19/2 727.32 22 564.33/4 
5/2-7/2 ; 19/2-19/2 729.99 22 566.91 
21/2-21/2 727.85 22 564.77 
5/2-7/2 ; : 21/2-21/2 730.54 22 567.38 
7/2-9/2 : 
a8 : 562. 110-1129 19/2-19/2 25 637.62 25 379.89 
1/2-3/2 5 19/2-19/2 25 641.10 25 383.41 
25/2-25/2 25 638.65 25 380.83 
7/2-9/2 . 25/2-25/2 25 642.22 25 384.32 
$/2-7/2 + Gey 21/2-21/2 25 645.62 25 386.35 
9/2-11/2 1 5 684. 21/2-21/2 25 649.20 25 389.77 
3/2-5/2 sae a eae: 23/2-23/2 25 646.50 25 387.14 
ees - Rane 25 650.34 25 390.60 


23/2-23/2 
28 710.85 28 876.40° 


11/2-13/2\ 119,9-113,3 | 23/2-23/2 
5/2-7/2 $ 21/2-21/2 28 712.58 28 877.80° 


9/2-11/2\, 238.52 25/2-25/2 28 725.02 28 889.0 
7/2-9/2 | 19/2-19/2 28 726.92 28 890.4° 


9/2-11/2 29 628.40 12219-1253, 23/2 23/2) 28 198.04 28 305.514 


mip ie eh 


mi aie ei 


> 


7/2-9/2 29 638.95 23/2-23/2 
11/2-13/2 29 644.39 27/2-27/2 


) 28 208.04 28 313.044 
5/2-7/2 29 655.20 21/2-21/2/ 











® Estimated uncertainty +0.15 Mc unless otherwise indicated. 
> Internal rotation (A—E) splittings not resolved. 

© Quadrupole splittings not resolved. 

4 Broad unresolved line. 

° +0.4 Mc. 

f +0.3 Mc. 





MICROWAVE SPECTRUM OF ACETYL BROMIDE 


lack of cylindrical symmetry of the electric field gradient 
along the C—Br bond. 


EXPERIMENTAL 


The sample used was commercial reagent-grade acetyl 
bromide. Care was taken to prevent unnecessary 
exposure of the sample to light. 

The microwave spectrometer used was a Stark- 
effect type employing 100-kc modulation. Both oscillo- 
scope and recorder display were used. Frequency meas- 
urements were made with multiples of a 5-Mc standard 
which was monitored by the standard signal from 
the Cruft Laboratories of Harvard University. The 
Stark cell was kept at dry ice temperature for most of 
the runs. 

Both a-type and b-type rotational transitions of 
the two normal species, CH;COBr”® and CH;COBr, 
were observed in the frequency range 12 000 to 33 000 
Me. ‘ 

At times it proved difficult to maintain a sample of 
acetyl bromide in the waveguide for more than about 15 
min, This proved to be due primarily to an exchange 
reaction rather than to direct corrosion of the brass. 
When the Stark cell had been previously used for vari- 
ous chlorine-containing compounds, the acetyl bromide 
spectrum would be replaced within minutes by ‘the 
intense acetyl chloride lines.‘ At other times, when the 
cell had been used previously to run nonexchangeable 
substances, a sample of acetyl bromide would last for 
hours. 


OBSERVED SPECTRA AND CONSTANTS 


The observed transitions with detailed quadrupole 
and internal rotation assignments are listed in Table I. 
In general, the principal quadrupole interaction splits 
each transition into a quartet due to the main selection 
rules AF=1 for R-branch transitions and AF=0 for 


E 
3? 
l 


25,380 Mc/sec 


! 
25,390 





Fre. 1. Recorder tracing of the 11;,0-112,5 transition of 
CH;COBr™ with detailed quadrupole hyperfine and internal 
rotation labeling. 


* The CH;COCI spectrum was obtained from Dr. K. M. Sinnott, 
private communication. 
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TaBLe II. Rotational constants and moments of inertia. 





CH;COBr”® CH;COBr®™ 





10 126.35 Mc 

3 027.02 

2 362.52 
49.9223 amu A? 
167 .006 
213.980 


10 126.11 

3 001.64 

2 347.12 
49.9235 
168.418 
215.384 


Estimated uncertainty, +0.15 Mc. 





Q-branch. The internal rotation perturbation leads to 
a further doubling of these lines, so that the general 
transition becomes an octet. Since the magnitudes 
of these perturbations depend on the particular rota- 
tional level, a variety of completely or partially re- 
solved patterns were observed, e.g., in some cases the 
internal rotation splitting leads to overlapping of 
otherwise resolvable hyperfine components. 

Figure 1 shows a recorder trace of a completely 
resolved transition, the 11i19—1125 of CH;COBr*. 
Notice that in this case, one transition affords four 
independent internal rotation measurements (A-E 
splittings). In each observed case these A—E splittings 
were equal, within the accuracy of measurement, 
indicating that the internal rotation and quadrupole 
perturbations are additive, and can thus be separately 
analyzed. 

The rotational constants A and C, listed in Table II, 
were obtained from the b-type low-J lines after correct- 
ing the observed frequencies for the effect of the hyper- 
fine structure. The rotational constant B was then 
determined from this A and C and the a-type low-J 
transitions. 

The moments of inertia listed in Table II were ob- 
tained from these rotational constants using the con- 
version factor 5.0553110® amu A? Mc. The moment 
of inertia of the methyl group about its symmetry axis 
can be shown to be, for a rigid model, 


Tq=Iq+Ip—I-=2.95 amu A?, 


However, as has been pointed out by Laurie,* this 
number contains a contribution from the “inertial 
defect.” A reasonable inertial defect for the acetyl 
series® (0.2 amu A?) brings this result into accord with 
the more conventional value J,=3.14 amu A?, which 
was used in the internal rotation calculations described 
below. 


QUADRUPOLE COUPLING CONSTANTS 
The quadrupole coupling constants 
Xaa= 00 (3V /da"), 


etc., were obtained by the usual methods,’ using the 
low-J transitions where the splittings are generally 
larger. The b-type spectrum allows a precise determina- 


5 V. W. Laurie, J. Chem. Phys. 28, 704 (1958). 
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TABLE III. Quadrupole coupling constants. 





CH;COBr® CH;COBr*! 





460+3 Mc 
—277+1 
—18343 
404 


38523 Mc 
—232+1 
— 15343 
388 
—235 
—153 


—281 
— 183 


Nbond = —90.211 











tion of x. This value and the observed a-type transi- 
tions can then be used to give a good value for Xz. 
Xce follows from the Laplace relation 


XaatXwt+Xce=0. 


The quadrupole coupling constants calculated in this 
manner are given in Table III. 

For certain transitions an anomalous pattern was 
observed which can be attributed to second-order 
quadrupole perturbations. Since this effect was always 
small, ~0.5 Mc, it led to no uncertainty in the assign- 
ments, and had a negligible effect on the calculations 
of the x’s although it does impose the limits of accuracy 
here. It should be pointed out, however, that if all the 
x’s were to be calculated from the relatively strong b- 
type spectrum, without consideration of the second- 
order effects, serious errors could result, because the 
calculation of Xa from the b-type spectrum involves 
small frequency differences. 

It was assumed that a principal axis of the quad- 
rupole tensor coincides with the C—Br bond. The ob- 
served quadrupole coupling constants along the inertial 
axes were transformed to a new system a, 8, y such that 
the a@ axis lies along the C—Br bond and the y axis is 
perpendicular to the molecular symmetry plane. These 
bond-system values are listed in Table III, and allow 
one to determine a value for moona= (x@s— X77) /Xaa= 
—0.211. Using the method described by Goldstein,* and 
assuming that (€Qq)atomie for Br® is —770 Mc, this 
value of mona Suggests about 8% double bond char- 
acter for the C—Br bond. 


BARRIER TO INTERNAL ROTATION 


For both CH;COBr® and CH;COBr* several of the 
higher J hyperfine multiplets were further resolved 
into doublets, resulting from the interaction of internal 
and over-all rotation. The height of the barrier hinder- 
ing this internal rotation was determined from these 
doublet splittings, using the theory of Kilb, Lin, and 
Wilson’ and Herschbach.’ An alternate treatment of 
this type of data is that of Hecht and Dennison.® 


6 J. H. Goldstein, J. Chem. Phys. 24, 106 (1956). 

7R. W. Kilb, C. C. Lin, and E. B. Wilson, Jr., J. Chem. Phys. 
26, 1695 (1957). 

8D. R. Herschbach, J. Chem. Phys. 31, 91 (1959). 

957) T. Hecht and D. M. Dennison, J. Chem. Phys. 26, 31 
(1957). 


The analysis assumes a molecular model consisting 
of a rigid asymmetric framework (here the COBr 
group) attached to a symmetric internal rotor (CHs 
group). The threefold potential barrier hindering the 
internal rotation of these groups is taken to be 


V=V;/2(1— cos3a), 


where a is the angle describing the relative orientation 
of the framework and the internal rotor. 

For acetyl bromide, the “high barrier approxima- 
tion” is applicable, i.e., only second-order perturbation 
corrections are necessary. For an infinite barrier each 
torsional level is triply degenerate. As the barrier is 
lowered, the quantum mechanical tunnel effect par- 
tially splits this degeneracy giving a nondegenerate A 
level and a doubly degenerate E level. The rotational 
energies for the two levels are slightly different and in 
the high barrier case, follow pseudorigid rotor patterns, 
with slightly different effective rotational constants. 
The various A-E assignments are listed in Table I. 
This A-E splitting is a very sensitive function of the 
barrier height. 

For the ground torsional state of acetyl bromide 
these differences in effective rotational constant are 
very small, ~0.2 Mc. It is thus more convenient to find 
a value of V; (actually AW®) from the separation of 
each A-E doublet. The rotational energy level differ- 
ences are expanded according to Eq. (13) through 
Eq. (16) of Swalen and Herschbach.” The frequency 
separation of a particular doublet is thus given as 


Va—VE= Avy 3° (hI,/82*r) AW® 
XC (AP/T?) {aW,,,/AA) eis (OWs»/0A) } 
+ (0?/ Te?) { (@Ws,,/8B) — (OW /AB) } J 


and is thus simply AW times a factor depending on the 
particular transition and the structural, parameters of 
the molecule. The notation used here is described in 
footnote reference 8. 

The internal barrier 


V3= (9/4) Fs 


is then determined from the value of s derived from the 

average of the AW) values for the various splittings. 
The barrier heights and assumed structural con- 

stants used for this determination are shown in Table 


TaBLe IV. Internal barriers and assumed structural constants. 





CH;COBr® CH,COBr®! 





F 1.6562 10° Mc 
Na 0.4545 

%» 0.8907 

mS 3.14 amu A? 

V3 1306 cal/mole 


1.6560 10° 
0.4543 


0.8909 
3.14 
1304 





ina a Swalen and D. R.Herschbach, J. Chem. Phys. 27, 100 





MICROWAVE SPECTRUM OF ACETYL BROMIDE 


IV. Although the two acetyl bromide species studied 
provide only limited information about the molecular 
structure, previous work on the CH;COZ series in- 
dicates that many of the structural parameters are 
relatively constant.! In the calculation of F and the A, 
values for CH;COBr, the structural parameters of 
CH;COC! given in reference 1 were used," with the addi- 
tional assumption that the C—Br bond length is 1.96 A. 
This rather long C—Br bond is necessary in order to 
get a good fit to the observed moments of inertia, which 
were found to be relatively insensitive to the CCBr 
angle. Any reasonable change in this structure has a 
negligible effect on the internal barrier value, compared 
to the effect due to the uncertainty in J,. Thus a reas- 
onable value for the barrier is 1305-++30 cal/mole. 


DISCUSSION 


The molecular structures of the CH;COZ molecules 
show certain regularities as pointed out in footnote 
reference 1. We might thus expect that the structure of 
CH;COBr would be very similar to CH;COCI, with 
the exception of the C—Z bond. It has also been pointed 
out! that the C=O distances correlate well with the 
carbonyl stretching frequencies in the infrared near 
1800 cm™. These frequencies are nearly identical for 
acetyl bromide and chloride. It is thus unusual, in view 
of the large value of mona for CH;COBr that, using the 
“normal” CH;CO structure, a rather long C—Br bond 
(1.96 A) is necessary in order to get a reasonable fit 


" K. M. Sinnott, private communication. 


1241 


to the observed moments of inertia. We are aware, 
however, of the dangers in attempting to extract struc- 
tural information from a limited amount of isotopic 
data. 

It is interesting to compare the quadrupole coupling 
data for acetyl bromide with the values given by Corn- 
well” for vinyl bromide, since the C—Br bond in both 
of these molecules has an adjacent pi-electron system. 
The value of mbona=—9.093 for vinyl bromide (ad- 
jacent ethylenic system) is considerably less than 
Nona = — 0.211 for acetyl bromide (adjacent carbonyl 
system), and the percent double bond characters, 
calculated by Goldstein’s"® method, are 4% and 8%, 
respectively. 

Perhaps the most interesting result of this study is 
the essentially exact agreement of the internal barriers 
of acctyl bromide and acetyl chloride" (1300 cal/mole). 
This is a rather striking further confirmation of Wilson’s 
statement that these barriers do not arise primarily 
from either steric repulsions or electrostatic interac- 
tions. 


ACKNOWLEDGMENTS 


The author is indebted to Professor E. Bright Wilson, 
Jr., and to the members of his research group for the 
use of the Harvard spectrometer on a number of occa- 
sions after formal connections there had come to an 
end. 

2 C. D. Cornwell, J. Chem. Phys. 18, 1118 (1950); see also 


J. A _ Howe and J. H. Goldstein, J. Chem. Phys. 27, 831 (1957). 
B. Wilson, Jr., Proc. Natl. Acad. Sci. US. 43, 811 (1957). 





THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 33, NUMBER 4 


OCTOBER, 1960 


Vibrational Spectra of Penta-Deutero-Fluoro-Benzene 


D. STEELE,* E. R. Lrpprncort, AND J. XAVIER 
Department of Chemistry, University of Maryland, College Park, Maryland 
(Received April 11, 1960) 


The infrared and Raman spectra of penta-deutero-fluoro-benzene have been measured and a set of assign- 
ments for the vibrational fundamentals is proposed. These are shown to be consistent with the present 
assignments of CsH;F, CeDs, and CsD;H by application of the product and inequality rules. 





INTRODUCTION 


T HAS been shown that the vibrational spectra of 
biphenyl can be considered as due to two mono- 
substituted aromatic rings which vibrate almost 
independently.!? By considering the mono-substituted 
group as a point mass the inequality rule of Whiffen 
and Steele* may be applied to the vibrational frequen- 
cies of biphenyl and those of any other mono-substi- 
tuted benzene. This rule, which is an extension of 
Rayleigh’s rule, may be defined as follows. Consider 
two molecules, RX and RY, the mass of the substituent 
X being greater than that of the substituent Y. Then 
in any given symmetry class of RX containing “a” 
modes associated with the RX group the jth highest 
frequency lies between the jth and (j+<a)th highest 
frequencies of the equivalent symmetry class of RY. 
The application of this rule to biphenyl has proved to 
be very useful and hence the extension of its use to bi- 
phenyl-d-10 seemed desirable. CsD;F was chosen as a 
compound suitable for comparison with the deuterated 
biphenyl because its moments of inertia are such as 
should give distinctive type band shapes, and the 
C-F stretching frequency is close to the inter-ring 
stretching frequency of biphenyl. 


EXPERIMENTAL 


CsD;F was prepared by a Friedel Crafts type reac- 
tion by bubbling DCI through fluoro-benzene in the 
presence of aluminum chloride catalyst.® The course of 
the reaction was studied by taking the infrared spectra 
of samples of the deuterated material. When the C-H 
stretching band was no longer visible and no further 
changes were observed to be occurring in the spectrum, 
the reaction was stopped and the isotopic purity of the 
product measured by mass spectroscopy. Due to co- 
incidences of the high peaks with the mercury lines near 
mass number 100, the interpretation could not be 
made unambiguously, but suggested an isotopic purity 

* National Science Foundation Post-Doctoral Fellow. 


' J. E. Katon and E. R. Lippincott, Spectrochim. Acta No. 9, 
627 (1959). 

2 E. R. Lippincott and D. Steele, J. Mol. Spectroscopy (to be 
published). 
(19 5) Steele and D. H. Whiffen, Trans. Faraday Soc. 55, 369 

‘Lord Rayleigh, Theory of Sound (The Macmillan Company, 
London, 1894), 2nd ed., Vol. 1, p. 110. 

5B. Bak, J. N. Schoolery, and Y. A. Williams, J. Mol. Spec- 
troscopy 2, 525 (1958). 


of about 97%. The very weak infrared absorptions in 
the C-H stretching region and in the C-H out-of- 
plane deformation region suggest that the purity is 
much higher than this. 

The infrared spectra were run in the vapor and 
liquid phases on a Beckmann IR4 and a Perkin Elmer 
12C from 5000 to 250 cm= using LiF, NaCl, and CsBr 
optics. 

Raman spectra and qualitative depolarization data 
were obtained using a two prism Huet spectrograph 
(aperture f/8) with a dispersion of 18 A/mm at 4358 
A. Excitation was accomplished with a low-pressure 
water-cooled Toronto type arc using the 4358 A Hg 
line with KNO, and rhodamine dye as optical filters 
for radiations above and below this wavelength, re- 
spectively. Standard techniques were employed in the 
recording and the reading of the spectra. The observed 
Raman and infrared frequencies are listed in Table I, 
and the infrared spectra are illustrated in Figs. 1 and 2. 
For consistency the observed infrared frequencies in 
the liquid phase will be used throughout the text unless 
otherwise specified. 


GENERAL DISCUSSION 


There is little doubt that C.eD5F is planar. The vi- 
brational spectra of most of the fluoro-benzenes have 
now been studied and no evidence of nonplanarity has 
been obtained, even for the fully fluorinated molecule.’ 
Consequently the symmetry must be taken as C2, in 
which case the fundamental vibrations separate be- 
tween the symmetry classes as 11a:+10b2+60:+ 3a2. 
In naming the symmetry classes the recommendations 
of Mulliken® have been followed taking the x axis as 
perpendicular to the plane of the ring and the z axis as 
colinear with the C2 axis. Using the data of Badger 
and Zumwalt,’ the infrared band shapes of the active 
classes have been calculated taking the bond lengths as 
tor=1.29 A, roc=1.40 A, and rop=1.08 A. These are 
given in Table II along with the activities and Raman 
characteristics of the classes. In several cases in the 
infrared vapor spectrum, bands belonging to different 
symmetry classes are overlapping, and the calculated 
band contours proved very useful in identifying the 
component bands. 


*R. Mulliken, J. Chem. Phys. 23, 1997 (1955). 
938) M. Badger and L. R. Zumwalt, J. Chem. Phys. 6, 711 
1938). 
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TABLE I. Observed vibrational spectra. 





Infrared Assignment 
Vapor Liquid : 





6, fundamental 
a2 fundamental 
be fundamental 
427 C ms b, fundamental 
2229 
504 A or Bm a; fundamental 
556 Cs b, fundamental 
be fundamental 
622 m b, fundamental 
1311—682 
662 vw 229-+438 
678 A or B ? 
vvw 
687 vvw a2 fundamental 
721 vvw 717 C vvw 6, fundamental or 229+-505 
750 ms(p) 756 As a, fundamental 
767 vw 2X388 
808 B? ms bs fundamental 
820 ms(p) 818 A? w a, fundamental 
849 ms 844 vw be fundamental 
860 ms 2X438 
885 ms(p) 878 Aw a; fundamental 
892 w ' 505+388 
905 vw 916 C vw 590+350 or CeDsHF 
959 A vw a, fundamental 
627+350 
be fundamental 
563+505 or 627+438 
590+-505 
2X 563 
7894-350 
a, fundamental 
806+388 
1228 Am 388+843 or 664+-563 
8054-438 
1281 vvw be fundamental 
*  664+627 
1311 Bw bs fundamental 
1391 A vs a, fundamental 
590+817 or 627+789 
1417 Aw 1035+-388 
1423 w 789+627 
1465 Aw 789+-682 or 959+-505 
1510 vw 
1566 Bs be fundamental 
1577 Aw a, fundamental 
1617 A? w 2806 or 10354590 or 817+806 
825+817 or 2X817 or 843+789 
1311+350 or 1163+505 or 8434-817 
1680 w 880+806 or 959+717 or 2X843 


1729 w 1035+682 or 843+880 
1797 C? w 1035+753 or 11634627 or 959+825 
505+1311 or 1035+789 
1846 Aw 806+ 1035 
1929 w 1564+350 or 1035+880 
1995 m 1311+682 or 1163+817 
2054 vw 2065 vw 1281+789 or 1311+753 
2160 w 1578+563 or 1311+843 or 15644590 
2238 B vw 1389+-843 or 1281+959 
2295 ms(p) 2292 A ms a, fundamental 


2393 1578-+-806 or 1564+817 or 1564+-806 
2428 A vw 1564+843 


a 
2460 vvw 1578+880 or 1281+1163 
2566 A w 1389-+1163 or 2X1281 (or 1311-+1281) 
2584 A vw or (or 
2680 B vvw 2295-4388 or 1389-+1281 
2746 vvw 1578+1163 or 3120—438 ° 
2890 w 1578-+1311 or 2295-4590 or 156441311 
2922 B vvw 2295+627 
2970 vviv 1380-41564 or 1389-++1578 

or 2276-4682 or 2266+682 
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TaBie I.—Continued. 








Infrared Assignment 
Vapor Liquid 





3080 w 3060 s 2276+789 or 2266+-806 or 2270+-806 
3110 w 2270+-843 or 2275+-843 or 2295+806 or 2295+817 
or 2276+843 
3162 B vw 1578+-1564 or 2266+880 
3256 w 3270 w 2295+-959 
3500 w 3480 w 2295+-1163 
3750 vw 3748 vw 
3930 vw 3830 vw 2266+-1564 or 2276+-1564 or 2270+-1564 
y 4090 vw 
4595 m 2X 2295 
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Fic. 1. Vapor phase spectrum of CsD;F. A. 10 cm cell, 2 mm pressure; B. 10 cm cell, 60 mm pressure; C. 1 meter cell, 60 mm pres- 
sure; D. 10 cm cell, 60 mm pressure—using CsBr prism. 
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Fic. 2. Liquid phase spectrum of CsDsF. A. Very thin film between salt plates; B. Thin film between salt plates; C. 0.004 cm AgC 
cell; D. 0.004 cm AgCl cell—using CsBr prism. 


TABLE II. C2, selection rules. 








Number of me 
Symmetry class fundamentals Raman activity Infrared band shapes 





a pol. Type A PR sep. 13 cm~ medium Q branch 
a2 dp. Forbidden 

b dp. Type C PR sep. 9-10 cm prominent Q branch 
be dp. Type B PR sep. 9 cm 
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IN-PLANE VIBRATIONS 


Qa, Class 


The vibrations of this class are infrared active 
vibrations of type A and give polarized Raman bands. 
Strong polarized Raman bands at 2295, 1155, 956, 885, 
820, and 750 cm and strong type A infrared bands 
at 2292, 1577, 1391, 1163, and 756 cm™ must therefore 
be identified as a, fundamental bands. The weakness 
of the infrared bands at 959 and 880 cm correspond- 
ing to the Raman shifts at 956 and 885 cm™ is under- 
standable since both are essentially ring modes and are 
derived from infrared inactive bands of C.D, at 970 
cm™'(by,) and 945 cm=1(a1,). (All CgHe and C,Dg fre- 
quencies quoted are from the paper by Broderson and 
Langseth.*) 

Two of the three C-D stretching bands belonging to 
this class could not be observed because of band over- 
lapping, but application of the inequality rule to C.D, 
and C.D,F indicates their frequencies to be about 
2275 and 2270 cm. The remaining a, fundamental is 
that derived from the ¢: ring deformation mode of 
C.D¢ at 579 cm™. Although the frequency of this mode 
drops only from 606 cm in C,H, to 579 cm™ in 
C.D, and although there is no CX deformation in the 
a, Class, the frequency appears to be very sensitive to 
the mass of X since in CsH;F it drops to 520 cm—.*- 
The C,.D;F fundamental must lie below its CsH,F 
counterpart and is quite clearly associated with the 
moderately strong Raman band at 505 cm and the 
infrared band at the same frequency. 

The Redlich-Teller product rule ratio for CsHsF and 
CeDsF have been evaluated using both the assignments 
for CsHsF given in footnote 9 and those in footnote 10. 
The assignments differ only in minor details and both 
lead to acceptable r values (Table III). Application of 
the inequality rule to CeDe, CeDsH, 11. and CeD;F (Table 
IV) indicates consistency between the assignments. 


b, Class 


The only strong infrared band with a type B contour 
in the vapor phase is that at 1564 cm™ which overlaps 
the a; fundamental. All other b. bands are surprisingly 


TABLE III. Redlich-Teller product ratios. 





Observed 
Symmetry C.HsF as 
class Theoretical footnote 9 


Observed 
C.HF as 
footnote 10 





52 
97 
49 
82 


5. 
4. 
2. 
1. 





®S. Broderson and A. Langseth, Kgl. Danske Videnskab 
Selskab Mat.-fys. Skr. 1, No. 1 (1956). 

*D. H. Whiffen, J. Chem. Soc. 1956, 1350. 

© D. W. Scott et al., J. Am. Chem. Soc. 78, 5457 (1956). 

1S, Broderson and A. Langseth, Kgl. Danske. Videnskab 
Selskab Mat.-fys. Skr. 1, No. 7 (1959). 
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Tas.eE IV.* Comparison of vibrational assignments. 





CsDsH CeDe CeDsF CoHsF™ ‘Description of CsD;F mode 





y 


3101 
3067 
3044 
1596 
1499 
1220 
1157 
1022 
1008 

808 


2295 
(2275) 


CD stretch 

CD stretch 

CD stretch 

CC stretch 

CC stretch 

CF stretch 

Ring breathing 
CC stretch 

8B CD deformation 
8 CD deformation 
Ring deformation 





(2276) 
(2266) 
1564 
1311 
1281 
1035 
843 
806 
590 
388 


CD stretch 

CD stretch 

CC stretch 

CC stretch 

CC stretch 

B CD deformation 
B CD deformation 
B CD deformation 
Ring deformation 
CF deformation 





+ CD deformation 
+ CD deformation 
+ CD deformation 
Ring deformation 
Ring deformation 
+ CF deformation 





a2 
(789) 
664 
(351) 


(970) + CD deformation 
6 + CD deformation 
405 Ring deformation 


789 
664 
351 


(789) 
682 
350 





*( ) estimated; 8=in-plane; y=out-of-plane. 


weak. This weakness of the 5, absorptions compared 
with the a, is due mainly to the symmetry restrictions 
on the C-F motions. Since the C-F bond lies on the 
C, axis the C-F stretching motion contributes to the 
intensities of a, bands only, and likewise the CF in- 
plane deformation contributes to the 52 intensities 
only. The dipole gradient associated with a C-F 
stretching motion is about 6.5 D/A whereas the 
gradient for a C-F bending motion is only about 1.0 
D/A.* Both of these are in turn much larger than the 
corresponding carbon carbon and carbon hydrogen 
terms. Consequently those modes in which there is an 
appreciable admixture of C-F stretching motion will 
absorb several times more strongly than the others. 
Such modes are those which are principally a, C-D 
deformations and C-C and C-F stretching modes. The 
same arguments apply to the in-plane vibrations of 


(1960) Steele and D. H. Whiffen, Trans. Faraday Soc. 8, 177 
uy ing and D. H. Whiffen, Proc. Roy. Soc. (London) 
A238, 245 (1956). 
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C.sHsF and p-CeHyF>. A detailed analysis of the vibra- 
tions and intensities of the absorption bands of the 
latter molecule has previously been carried out and 
confirms the above reasoning.':4 

The 62 band at 806 cm~™ is clearly one of the C-D 
deformation fundamentals. There is one other C—D 
deformation in this class and this has been taken to be 
associated with the very weak b, band at 843 cm™ and 
the moderately strong Raman line at 849 cm~. This 
assignment is supported by application of the in- 
equality rule which requires, by comparison with 
C.D, and C.D;H, that the fundamental should lie in 
the interval 869>6b.>823 cm“. 

The strongest, as yet unassigned, type B bands are 
the weak pair at 1071 and 1035 cm", and the very 
weak band at 1311 cm™. The only Raman shifts ob- 
served at any of these frequencies was a very weak one 
at 1031 cm, but the identification of two of the infra- 
red bands with a b, ring breathing and the highest of 
the b. C—D deformation modes is supported by a com- 
parison with CsD, and C,D5H which indicates that the 
frequencies of these ought to be in the intervals 1330- 
1289 cm™ and 1055-984 cm™. The other component 
of the low-frequency pair is believed to be a combina- 
tion band in resonance with the fundamental. 

By comparison with other fluoro-benzenes the CF 
deformation frequency is to be expected between 300 
and 450 cm™. The moderately strong absorption band 
observed in the liquid at 388 cm™ must be due to this 
mode, the only other active mode expected in this 
region being a b, mode which has a definite assignment 
of 438 cm™. 

The lowest “es, like” ring deformation will have a 
higher frequency than in CsD¢, where it is 579 cm™, due 
to the presence of the C-F deformation mode. No b: 
infrared bands are observable in the expected region, 
but it seems very probable that one of the two Raman 
lines at 587 and 639 cm“ is due to this mode. The cor- 
responding vibration in CsH;F is at 615 cm™, thus 
indicating that 587 cm™ is to be preferred as the 
fundamental frequency. 

In the C-D stretching region the only observable 
type.B band was a very weak one at 2238 cm™. This 
has an alternative explanation and seems too low for 
one of the fundamentals. It seems very unlikely that 
the C-D stretching frequencies will differ much from 
the b2 type frequencies in CgDg. 

The remaining }. fundamental to be assigned is a 
ring stretching mode. Use of the inequality rule indi- 
cates that it is derived essentially from the b», mode 
of CsD¢, at 1282 cm™, and its frequency should lie be- 
tween 1282 cm™ and 1175 cm™. The only absorption 
above the strong a; complex, extending to 1240 cm™, 
is an extremely weak band at 1281 cm™ which is pro- 
posed as the fundamental. 

This set of assignments leads to the Redlich-Teller 


4D. Steele and D. H. Whiffen, Trans. Faraday Soc. 8, 56 
(1960). 
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product ratios given in Table III. The assignments of 
CsHsF by Scott and others and by Whiffen differ ap- 
preciably only in their choice of one C-H in-plane 
deformation frequency; Scott and his co-workers 
assigning it a value of 1236 cm™, and Whiffen a value 
of 1290 cm. The former assignment is favored by 
use of the product rule ratio and the above C,.D;F 
assignments. Though one or two of the proposed as- 
signments are open to some doubt, it is thought that 
none can be altered by more than a few wave numbers. 
The weakest assignments are those given as 843 cm™ 
and 1281 cm™. The former can be no more than 20 
cm™ low and it is difficult to understand how the 
assignment of the ring frequency could be placed much 
higher than 1281 cm™ when the corresponding fre- 
quency of C.DsH is only 1289 cm. These considera- 
tions lead to the conclusion that the a; fundamental 
of CsHsF is near 1230 cm™ in agreement with the 
assignments of Smith'® and of Scott and their co- 
workers. 


OUT-OF-PLANE VIBRATIONS 


b 1 Class 


Bands at 627, 563, and 438 cm™ can be assigned as 
fundamentals of this class on the basis of strength and 
vapor phase contours. The out-of-plane C-F deforma- 
tion mode must be identified with the moderately 
strong Raman shift of 229 cm, thus leaving two of . 


the three C—D deformations in this class to be assigned 
frequencies. According to the inequality rule, the fre- 
quencies of these are given by, 


830> b2>818 cm 
and 


789>b2>711 cm“. 


No type C band could be observed within the upper 
limits, the band almost certainly being under the 2 
and a, fundamentals in that region. A frequency of 
about 825 cm™ has been assumed for this band. Within 
the lower limits, only a very weak type C band at 717 
cm™ is observable. Taking this value for the b; funda- 
mental, a 7 value of 2.62 is obtained which is in reason- 
able agreement with the calculated value. 


Qa, Class 


Since the G matrix for this class is the same for all 
C.DsX molecules, the vibrational frequencies ought to 
be the same for CeDsH, CeDe, and C.Ds5F assuming 
that the force constants, excluding the C-X constant, 
remain the same. A very weak Raman shift of 350 cm 
can be assigned to the lowest skeletal out-of-plane de- 
formation mode. No Raman shift close to the other 
C.D¢ a2 values can unambiguously be assigned to this 
class. However, in changing from the vapor to the 
liquid phase an infrared band appears at 682 cm™. It 


%D, C. Smith, E. E. Ferguson, R. L. Hudson, and J. Rud 
Nielsen, J. Chem. Phys. 21, 1475 (1953). 
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is almost, if not completely, absent in the vapor spec- 
trum. Since intermolecular interactions can reasonably 
be expected to have a greater effect on dipole deriva- 
tive terms such as #U/°Q? than on cross terms such 
as ®U/8Q,60; this is felt to be strong evidence for the 
assignment of 682 cm™ as an a2 frequency despite the 
fact that this frequency is appreciably higher than 
those assigned for CsD. and C.D;H. This assignment 
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is given further support by the observation that the 
corresponding modes of CgDs, CsHs, and CsHsF ab- 
sorb in the condensed phase although in all cases the 
vapor selection rules furbid it. 

The only Raman band in the region of the highest 
fundamental is one at 767 cm™ which has alternative 
acceptable explanations. The exact value of the fre- 
quency of this mode cannot be given. 
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Quantitative Relations in the Mass Spectra of n-Paraffins 
Norman D, COGGESHALL 
Gulf Research & Development Company, Piitsburgh, Pennsylvania 
(Received May 9, 1960) 


The mass spectra of n-paraffins in the C, to Cs) range have been examined for quantitative relations that 
must be predicted by any theory of ion formation by electron impact. An ion sum C(M, m) is defined as 
the sum of the normalized intensities of all ions of m carbon atoms from a m-paraffin of M carbon atoms. 
The molar yield Y (M, ) per unit of ionizing current will be MC(M, mn). It has been observed that for large 
ions from large molecules the yield is independent of M or but proportional to (M—n). Yields for smaller 
ions, i.e., m between 3 and 15, are linear with M but not proportional to M. The yields in this region may be 


expressed as 


Y(M, n)= An‘e-(M—n’) 


where A and 6 are constants, one set applying for 3S”<10 and another set applying for 10<m; the n’ 
values are constants, each depending upon the associated ». The observations indicate that the details of 
the fragmentation process for m-paraffins depend primarily upon the type of molecular skeleton, i.e., straight 
chain, single valence carbon-carbon linkages and secondarily upon the size of the molecule. 





HE statistical theory' of mass spectra has been 

applied to the lower alcohols and alkanes?* with 
varying degrees of success. It is not believed that this 
theory in its present form can be effectively used for 
higher molecular weight compounds. This is based on 
the disagreements observed between predicted and ex- 
perimental results’ and on the computational difficulties 
of applying it to larger molecules. A simpler theory, 
even though it might be usable only in a semiquantita- 
tive manner, is highly desirable. The present study was 
conducted to determine the general quantitative rela- 
tions such a theory would have to predict for the 
n-paraffins. The studies encompass the #-paraffins 
from Cg to Cy inclusive, excepting Cy for which no data 
were available. 


SOURCE AND TREATMENT OF DATA 


The data used were taken from the mass spectral 
data issued by the American Petroleum Institute Re- 


1H. M. Rosenstock, M. B. Wallenstein, A. L. Wahrhaftig, and 
H. Eyring, Proc. Natl. Acad. Sci. U.S. 38, 667 (1952). 

2. Friedman, F. A. Long, and M. Wolfsberg, J. Chem. Phys. 
27, 613 (1957). 

3L. Friedman, F. A. Long, and M. Wolfsberg, J. Chem. Phys. 
30, 1605 (1959). 


search Project 44 and from experimental work done in 
this Laboratory. All data were taken with Consolidated 
Electrodynamics Model 21-103 type instruments. It is 
known that a direct comparison of data between such 
instruments cannot be made because of all the factors 
that influence sensitivity. However, the normalized 
patterns obtained from these instrumerits agree well 
enough to allow extensive analytical applications.‘ 

In covering the mass range necessary for the higher 
molecular weight compounds, it is customary to scan 
portions at two different magnetic fields. To produce 
a normalized spectrum from the low and high mass 
scans means that they must be quantitatively adjusted 
to agree at a particular mass value or cross-over point. 
The choice of this point could preferentially weight one 
end of the spectrum. Discrimination and other effects 
on pattern can result from the fields used and the 
magnitude of electron current. The values of these 
parameters as used for each spectrum are given in 
Table I. 


4See, for example: American Society for Testing Materials, 
Committee D-2; Proposed Tentative Method—Hydrocarbon 
Types in Low Olefinic Gasoline by Mass Spectrometry 
(9a) Crable and N. D. Coggeshall, Anal. Chem. 30, 310 
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TABLE I. Operating conditions used for spectra employed. 








Initial 
magnet 
current 

in ma 


Final 
magnet 
current 

in ma 


Electron 
current 
in wa 


Isatron 
temperature 
°C 


Cross-over 


(Cie) 


Carbon Laboratory 


no. 





GR&DC* 
GR&DC 
GR&DC 
GR&DC 
GR&DC 
GR&DC 
NBS 
NBS 
Shell Oil 
Shell Oil 
GR&DC 
Shell Oil 
Shell Oil 
Shell Oil 
Shell Oil 
Shell Oil 
Shell Oil 
Shell Oil 
Shell Oil - 
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Shell Oil 
Shell Oil 
Shell Oil 
Shell Oil 
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® Gulf Research & Development Company. 
> Not listed. 


The work of Otvos and Stevenson® has shown that 
the total relative ionization cross-section of a compound 
is a constitutive molecular property, i.e., the sum of 
the atomic cross sections. Although their work was 
necessarily done in the lower molecular weight ranges, 
we are assuming the same results for higher molecular 
weight compounds. This assumption is somewhat con- 
firmed by the work of Crable and Coggeshall.5 If we 
denote the total ionization of a m-paraffin CyHow+2 by 
by T(M) we have 


T(M) =k[M(Q0.+20n) +20n)], (1) 


where Q. and Qy are the relative ionization cross 
sections for carbon and hydrogen, respectively, and k 
is a constant depending upon experimental conditions 
and the units used for 7(M). Since, for compounds of 
interest here, 20, will be small compared to 


M(Q.+2Qu), we may with adequate accuracy express 
T(M) as 


T(M)=KM, 

where K is a constant. 
Let us denote by Py,n,; the normalized ion intensity 
for an ion of stoichiometry C,Hon»y2-;, #<M which 
appears in the normalized mass spectral pattern for a 


n-paraffin of M carbon atoms. By normalization we 
mean that the sum of all intensities is equal to unity, 


(2) 


6 J. W. Otvos and D. P. Stevenson, J. Am. Chem. Soc. 78, 546 
(1956). 


or in this case, to 100%, i.e., 


DP in. i= 100. 
n 1 


Let us define an ion sum C(M,n) as the summation of 
intensities of all ions of » carbon atoms appearing in the 
normalized spectrum. Thus, 


C(M, 2) = 2oPan.is 


CM, n) = 100. 


Since the total ionization is proportional to M, the 
product MC(M, n) therefore represents in a manner 
independent of experimental conditions or units the 
yield, Y(M, m), per unit of ionizing electron current 
and per mole, of all ions of » carbon atoms being pro- 
duced by electron impact on a normal paraffin of M 
carbon atoms. 


Y(M, n)=MC(M, n). (3) 


Such an approach requires a complete mass spectrum. 
Many of the API spectra were lacking pattern data for 
the one and two carbon atom ions. Interpolation and 
extrapolation were done by utilizing the available data. 
In Fig. 1 is given a plot of C(M, 1)+C(M, 2) versus M 
as obtained from our own and API spectra for which 
such data were presented. From the curve drawn 
through these points were obtained the values used for 
normalizing other spectra. 

In Table II are given the Y(M, m) values calculated 
from the spectra. Note that they are not arranged in a 





MASS SPECTRA OF n-PARAFFINS 


Fic. 1. Plot of C(M, 1)+C(m, 2) 
used to interpolate for valuesjnot ob- 
tainable otherwise. 





manner to display the variation with » but rather the 
variation with M and (M—n). Obviously (M—n) 
represents the number of carbon atoms going into 
neutral fragments in the process of creating ions of n 
carbon atoms from a molecule of M carbon atoms.’ 


DISCUSSION OF DATA 


Looking across a row, constant (M—n) value, in 
Table II, we have the yields from different compounds 
of ions all characterized by leaving behind the same 
size neutral fragment. In the upper left-hand part of 
the table, i.e., for the higher molecular weight com- 
pounds for 2<(M—mn)<11 (approximately) two 
surprising observations may be made. One is that, 
within this region, the probability or yield of ions 
created by casting off the same size neutral fragment is 
approximately constant and independent of the mass 
of the parent molecule. Thus, the yields are about the 
same for C2g+ ions from Co, for C2s+ ions from C29, for 
Cxu* ions from Cog, etc. 

The other observation, which is particularly well 
seen from the ions from Co, is that, excepting the cases 
for M—n=0 and M—n=1, the yields of ions are ap- 
proximately proportional to the number of carbon 
atoms (M—n) in the neutral fragment expelled. For 
Cz this proportionality prevails up to a neutral frag- 
ment size of Cys. 

These observations therefore indicate that the proc- 
esses whereby large ions are created from the higher 
molecular weight »-paraffins are dominated by the size 
of the neutral fragment expelled and independent of the 
total mass of the molecule. This behavior is further 
demonstrated in Fig. 2 where the yields are plotted 
versus (M—m) for the higher mass ions for the last 
eight members of the entire series. The ordinate scale 
for each successively lighter compound is uniformly 


7It is assumed in this treatment that during the process of 
impact ~ ionization that one ionized and one neutral fragment 
are created. 


shifted upwards to pull the curves apart for display. 
In this series these curves are generically the same 
except for Cx which shows appreciable deviation. It is 
not known whether this is a real effect unique to this 
compound or whether its origin lies in some different 
experimental conditions. These deviations are also 
noticeable in Table II. 

In contrast to this behavior it is clear from Table II 
that the yields of the lower mass ions, C;* and C;*, for 
example, depend markedly upon the mass of the parent 
compound. In Fig. 3 are plotted the yields of several 
different ions characterized by » versus the mass of the 
parent molecule. A primary observation is that, except- 
ing for the low ends of the curves and for the pronounced 
scatter for the C;* ions, the yields are linear with M but 
not proportional to M. 

In Fig. 4 are plotted further yields versus M. The 
data for such curves are progressively poorer for increas- 
ing # and certain points and regions were excluded from 
the figure to eliminate overlapping of points. Although 
the scatter is bad, these ion types also display a linear 
dependence upon M. Despite the scatter, there is 
evidence for this linear dependence for ions as heavy as 
Cx when the data are plotted in a larger form. 

It is clear that the yield may generally be represented 
as 


Y(M, n) =f(m) (M—n’), (4) 
where f(m) represents the slope of the curve for ions of 
n carbon atoms, and m’ is the value of M at the point 
where the curve intercepts the M axis. We, therefore, 
have n’ as a function of m. In Table III are given the 
values of f(m) and m’ as dependent on m up to m= 15 as 
extracted from the data examined. 

These values of n’ cannot be regarded as very accurate 
as the value depends critically upon how a straight line 
is fitted to the data in each case. Excepting for n=3 
they are of the same order of magnitude as . This 
correlates with the behavior observed for the heavy ion 
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Fic. 2. Yield values versus (M—vn) for different values of M. 
Note the progressively shifted vertical scale. 


classes wherein a direct dependence of intensity upon 
(M—n) was noted. 

The conclusions drawn here are based on the assump- 
tion that the available mass spectral patterns have 
absolute significance independent of experimental con- 
ditions. The exact status of their absolute significance 
is not known. It is known that CEC Model 21-103 type 
instruments give quite reproducible patterns, and this 
is the basis for extensive analytical applications.‘ On 
the other hand, the nature of the scatter observable in 
the above figures indicates that it most likely arises 
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Fic. 3. Plots of = Y(M, n) versus M and for different 
values of n. 
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Fic. 4. Further yield plots versus M for the higher values of . 


from experimental conditions rather than unique molec- 
ular behavior. Discrimination between ions of different 
initial kinetic energies can occur in the ion source® and 
between the ion source and the collector.’ It is not 
possible to correct the data used here for discrimination; 
however, it is believed that the data used here are fairly 
reliable in one sense. The discrimination between ion 
source and collector is independent of mass and depend- 
ent on accelerating voltage.’ Most investigators gener- 
ally use about the same range of accelerating and 
magnetic field values to cover the same mass range. 
The pattern values used for ions of m carbon atoms will 
therefore have been obtained with a range of field 
values independent of M. This condition leads to 
internally consistent results for the behavior of any 
Y(M, n) (M variable, n constant). However, the 


TABLE III. Values of f(m) and n’ as determined from the data 
examined. 
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D. Coggeshall, J. Chem. Phys. 12, 19 (1944). 
*C. E. Berry, Phys. Rev. 78, 597 (1950). 
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effects of discrimination undoubtedly attenuate the 
intensities of the ions in the higher mass range. If 
correction could be made for discrimination, it is be- 
lieved that it would change the slopes of the curves 
but not the nature of the behavior. The quantitative 
conclusions made here must then be regarded as subject 
to change when better data are available. It is expected 
that such changes would affect the numerical results 
but not the observed qualitative nature of the spectral 
behavior. 

It is interesting to note that the f(m) values as a 
function of m have the same general characteristics as 
the mass spectrum for a n-paraffin, i.e., the greatest 
values for 3 and 4 carbon atoms, a rapid decrease in 
value down to about 9 carbon atoms and then a more 
gradual decrease with increasing carbon number. In 
Fig. 5 is seen a plot of [4lnn—Inf(m) ] versus n. The 
straight line behavior shows that f(m) may be repre- 
sented by 

f(n) =Ante-™", (5) 
where A and 6 are constants. One set of constants 
applies for 2<m<10 and another set applied for 10<n. 
No explanation is given for this functional behavior of 
f(n). From these relations it is clear that yields Y (M, n) 
may therefore be represented for any m-paraffin in the 
3 carbon to 15 carbon ion range by 


Y(M, n)=Ante**"(M—n’). (6) 


CONCLUSIONS 


In summarizing the observations, it is important to 
restate the mode of handling the data. The spectra 


were first normalized. An ion sum C(M, m) was defined 
as the summation of intensities of all ions of » carbon 
atoms occurring in the spectrum of a -paraffin of M 
carbon atoms. The yield of such ions per unit of ionizing 
electron current and per mole charged is given as 
Y(M, n)=MC(M, n). The proportionality with M 
results from the fact that the total ionization is a 
constitutive property of the ionization cross sections of 
the constituent atoms. The data were assembled and 
studied for -paraffins ranging from C. to Cyp. 

It has been tentatively observed that: 

(1) For large ions, i.e., 2 of the order of 15 or larger, 
from large molecules the yield of ions is independent 
of m and M and dependent only on (M—n), the size of 
neutral fragment created. 

(2) The yields of the large ions, as expressed in (1) 
above, are approximately proportional to (M—n). The 
extent to which this applies depends, of course, on the 
size of the molecule; for C3. this applies for n between 
about 15 and 28. 

(3) Yields for smaller values of , for example from 
3 to 15, depend upon both M and n. 

(4) For any value of m in the region expressed in (3) 
the yield is linear with M but not proportional to M. 

(5) For values of m in this region the yield Y(M, n) 
can be expressed as 


¥(M, )=f(n)(M—n’). 


(6) The values of n’ are positive for all values of n 
observed except for m= 3 which yields a negative value. 
(7) The function f(m) may be represented by 


f(n) = Ante” 


where A and 6 are constants; one set of these constants 
applies for 3<m<10 and another applies for 10<n. 

(8) Combining the above results the yield Y(M, 1) 
may be expressed as 


Y(M, n) =Ante*"(M—n’) 


for values of m between 3 and 15. 

It is realized that these observations are approximate 
and tentative. It is expected that improved data will 
change some of the relations quantitatively but not 
qualitatively. 

It is believed that the observations made here on 
n-paraffin spectra indicate that the details of the frag- 
mentation process depend primarily upon the type of 
molecular skeleton, i.e., straight-chain, single valence 
carbon-carbon linkages and secondarily upon the size 
of the molecule. 
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Communications 


Observation of Adsorption on an Atomic 
Scale* 


Gert Enrticu AND F. G. Huppa 
General Electric Research Laboratory, Schenectady, New Y ork 
(Received August il, 1960) 


E development of the field ion microscope! has 

for the first time opened the way to the direct 
observation of atomic events in surface reactions. We 
have applied Miller’s technique to visualize, on an 
atomic scale, the adsorption of molecular gases on a 
metal surface and wish to report our observations for 
the dissociative interactions of nitrogen with tungsten. 
Our microscope is identical in construction with the 
tube employed in field emission studies of rare gases.” 
Only the gas handling system was modified to permit 
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the separate, precisely controlled introduction of both 
helium and nitrogen. A picture of a clean tungsten 
point of ~450 A average radius, obtained after the 
the pressure of reactive gases in the microscope had 
been reduced to 5X10-" mm, is shown in Fig. 1. The 
surface of the emitter was formed by field desorption of 
tungsten atoms, first at room temperature and finally, 
at a potential of 19.5 kv, after cooling with liquid 
hydrogen. The bright dots in Fig. 1 indicate the posi- 
tions of the more protruding surface atoms. These 
forming the 111 planes, at a spacing of 4.47 A, can be 
clearly distinguished and with slight changes the 
resolution has been improved to 2.74 A, to reveal the 
close packed rows of the 211 planes, previously re- 
solved by Miiller.’ 

When small amounts of nitrogen are introduced into 
the microscope from our gas reservoir, a few molecules 
find their way to the tip. Nitrogen adatoms, formed by 
surface dissociation of the impinging molecules, are not 
stripped off by the high fields (>500 Mv/cm) required 
to form a helium ion image. In the ion microscope these 
adsorbed atoms appear as scattering disks with a 
diameter somewhat larger than observed for the 
tungsten atoms in Fig. 1, presumably because of field 
enhancement around the protruding adsorbed material. 

The arrangement of nitrogen atoms, formed on the tip 
after a brief exposure to the molecular gas while at 
300°K, is shown in Fig. 2. It is immediately apparent 
that the atoms are not randomly distributed over the 
surface. In this and similar observations the fairly 
smooth, close packed planes such as the 110, 211, and 
130 are entirely devoid of adsorbed material. Adatoms 
are found only on the higher index planes. These 
rougher planes also differ markedly among themselves 
in the concentration of adatoms and therefore in their 
ability to promote the dissociation of nitrogen. The 


Fre. 2. Tungsten surface (of Fig. 1) after brief exposure to 
nitrogen while at 300°K. ting conditions as for Fig. 1. 
Adatoms appear as large t dots concentrated on lower left. 
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region around the 130 pole bounded by the 111 zone 
lines (connecting the 211 planes through the 110) boasts 
a higher concentration of nitrogen atoms than the area 
of and around the 111 pole, bounded by the same zone 
lines. 

This non-uniform distribution arises from differ- 
ences in the dissociation rate and not from non-uniformi- 
ties in the gas supply or the selective effect of the high 
field on the adsorbed material, since after adsorption on 
a liquid hydrogen cooled surface we find a uniform 
distribution of adatoms. The regions around the 130 
poles, which in Fig. 2 show the highest nitrogen concen- 
tration, are made up of heavily jogged edges of 110 
planes, and our observations therefore establish that 
at 300°K rapid dissociation of nitrogen molecules 
requires not just lattice steps, but kinked steps at 
which the nitrogen molecules make the largest number 
of nearest neighbor contacts with exposed surface 
atoms. 


* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

'E. W. Miiller, Proceedings 4th International Conference on 
ae Ay Microscopy, (Springer-Verlag, Berlin, 1960), Vol. I, 
p. 820. 

? G. Ehrlich and F. G. Hudda, J. Chem. Phys. 30, 493 (1959). 

3G. Ehrlich, J. Phys, Chem. Solids 1, 3 (1956). 


Equilibrium Bond Lengths in Methane and 
Deuteromethane as Determined by Electron 
Diffraction and Spectroscopic Methods* 


L. S. BARTELL, Kozo Kucnitsvu,t Ann R. J. pENEUI 


Department of Chemistry and Institute for Atomic Research, 
Iowa State University, Ames, Iowa 


(Received July 29, 1960) 


HE absolute significance of. experimental bond 

lengths reported for polyatomic molecules is often 
appreciably obscured by zero-point effects. In only a 
handful of spectroscopic studies has sufficiently detailed 
information been obtained to permit reduction of 
“effective” lengths, ro, to equilibrium lengths, r,. In no 
electron diffraction investigations heretofore have the 
results been accurately reduced to r,, even though the 
diffraction averaging problem, being essentially a 
purely vibrational one, is simpler than the spectro- 
scopic problem. A really critical experimental compari- 
son of the electron diffraction and spectroscopic 
methods, properly taking into account the different 
types of averaging over the zero-point motions, has 
never been made. 

It seemed crucial to make a definitive comparison of 
the two methods, now that the precision of the diffrac- 
tion method, properly applied, has approached that of 
the spectroscopic method. It is particularly important 
to examine molecules in which zero-point effects are 
large, as for example, molecules containing hydrogen 


THE EDITOR 


atoms which exhibit unusually large and asymmetric 
vibrational motions because of their small mass. Meth- 
ane, then, affords an especially suitable test. 

Preliminary analyses have been made of diffraction 
patterns of CH, and CD, taken with the new electron 
diffraction apparatus of Iowa State University. Diffrac- 
tion photographs were taken using 40 kv electrons and 
an r* sector on Kodak 4- X 5-in. Process plates. Molecu- 
lar diffraction features of CD, were observed to g= 140, 
whereas those of the more energetically vibrating CH, 
damped out at about g= 130. The data were analyzed 
by the radial distribution method as described else- 
where,! and reduced to molecular parameters by the 
method of steepest ascents, taking into consideration 
the asymmetry of vibration. Small corrections were 
made for the failure of the Born approximation? and 
for the measured delocalization of the noncondensable 
gas sample. The resulting mean distances, r,, and root- 
mean-square amplitudes of vibration, /, are presented 
in Table I. Standard errors for the bonded distances 
appear to be not much greater than 0.001 A. For com- 
parison are listed amplitudes calculated from spectro- 
scopic data, including effects of anharmonicity. 

It should be noted that the experimental differences 
between hydrogen and deuterium parameters are 
significant. This represents the first demonstration by 
electron diffraction of an isotope effect on molecular 
parameters. The effect of anharmonicity in the intra- 
molecular vibrations was shown to be present as a 
uniformly increasing phase shift of the molecular 
intensity features, and as a deviation from a symmetri- 
cal Gaussian shape in the radial distribution curve. 
The asymmetry constant* of the stretching potential 
derived from the intensity curve agreed well with the 
predicted constant, a~2.3A-, and represents the first 
such value measured by electron diffraction. 

The reduction of the mean bond lengths to equilib- 
rium bond lengths requires the quadratic and cubic 
potential constants of the molecule. These were deduced 
as described elsewhere‘ by representing the potential 
energy by a modified, anharmonic Urey-Bradley field 
in which stretching and nonbonded potentials were 
assumed to have the Lippincott and Buckingham 
forms, respectively. Several lines of evidence allow 
reasonable estimates to be made of potentia] parameters 
for which insufficient spectroscopic data are available. 
The required difference, r,—1., was then calculated by 


TasLe I. Structural parameters (angstrom units). 





CH, CD 





l (calc) 
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TABLE IL. Correction of electron diffraction and spectroscopic 
bond lengths to r. 








C—H in CH, C—D in CD, 





Electron diffraction 


ve (exp)* 
fo—Te (calc) 
Ve 


Spectroscopy 
ro (exp) 
ro—fe (calc) 
re 








® This investigation. 

> Footnote reference 5. 

© B. P. Stoicheff (private communication); K. T. Hecht (private communi- 
cation). 

4 G. G. Sheppard and H. L. Welsh, J. Mol. Spectroscopy 1, 277 (1957). 


a perturbed normal coordinate treatment. The results 
are given in Table II. 

No reliable derivation of r, from the spectroscopically 
measured 19 is available for comparison. Therefore, we 
have used the potential constants derived before to 
deduce the equilibrium distance, using the methods of 
Wilson and Howard,® and of Hecht.* The results, 
shown in Table II, indicate that the uncorrected spec- 
troscopic and diffraction parameters differ appreciably 
from each other and from r,. The excellent agreement 
between the equilibrium distances derived by the two 
methods lends weight to the present interpretation of 
the absolute significance of the parameters of each. 


*This research was supported in part by a grant from the 
Petroleum Research Fund administered by the American Chem- 
ical Society. Grateful acknowledgment is hereby made to the 
donors of said fund. 

t On leave from 
University of Tokyo, Japan. 

1R. A. Bonham and L. S. Bartell, J. Chem. Phys. 31, 702 
(1959). 

2V. Schomaker and R. Glauber, Phys. Rev. 89, 667 (1953); 
J. A. Ibers and J. A. Hoerni, Acta Crys t. 7, 405 (1954). 

3L. S. Bartell, J. Chem. Phys. 23, Tat (1955). 

‘K. Kuchitsu and L. S. Bartell, "Abstract R7, Symposium on 
Molecular Structure and troscopy, Columbus, Ohio, 1960. 

5 E. B. Wilson and J. B. Howard, J. Chem. Phys. 4, 260 (1936). 

* K. T. Hecht (private communication). 
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Dipole Moment of Lithium Hydride 


LENNARD WuHaRTON,* L. PETER GoLp,t 
AND WILLIAM KLEMPERER{ 


Department of Chemistry, Harvard University, 


Cambridge 38, Massachusetts 


(Received August 8, 1960) 


E have measured the electric dipole moment of 
lithium hydride by the molecular beam electric 
resonance method.’ Our apparatus utilizes electric 
quadrupole A and B fields for state selection and space 
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focusing of the beam.? The uniform electric C field 
transition region is 15 cm long. The transition observed 
is the rotational angular-momentum reorientation 
J=1,m ,=0—J=1, | my | =1. For Li7H in the ground- 
vibrational-state this transition was observed at about 
3.2 Mc in an electric field of 730 v/cm, 22.7 Mc at 
1920 v/cm, and 63.6 Mc at 3280 v/cm. The lines 
arising from the hyperfine structure of this transition 
extend over a range of 240 kc and the minimum width 
of these lines is 7 kc at optimum rf power. The hyper- 
fine line pattern is identical at the three observed 
frequencies, with each line showing the expected strong 
field behavior 


vi( E) =vsrarx(£)+ai, 


where vsrark(£) is the unperturbed Stark frequency 
and a; is the voltage-independent displacement of a 
line from this frequency. 

The electric dipole moments of Li’H and Li®H are* 


LYH V=0 = yw=5.882+0.003D 
V=1 u=5.990+0.003D 
LiH V=0 = yw=5.884+0.003D. 


This research has been aided by support from the 
Atomic Energy Commission and the Research Corpora- 
tion. 


* Junior Fellow, Society of Fellows. 

+ National Science Foundation Predoctoral Fellow. 

t Alfred P. Sloan Fellow. 

1N. F. Ramsey, Molecular Beams (Oxford University Press, 
New York, 1956); P. Kusch and V. Hughes, Encyclopedia of 
Physics, (Springer-Verlag, Berlin, Vienna, 1959) Vol. 37. 

2G. Bennewitz, W. Paul, and C. Schlier, Z. Physik 141, 6 
(1955); J. P. Gordon, H. J. Zeiger, and C. H. Townes, Phys. Rev. 
99, 1264 (1955). 

3 The rotational constants of Li, H, V=0 and V=1, are the 
effective values of F. H. Crawford and T. Jorgensen, Phys. Rev. 
47, 932 (1935), while that of Li*H is calculated from these con- 
stants. 


Comments and Errata 


Energy Levels of a Slightly Asymmetric Top 


Joun E. Beam Anp H. L. Davis 


Physical Sciences Research Department, Sandia Corporation, 
A que, New Mexico 


(Received July 25, 1960) 


T is the purpose of this comment to correct a table 
given by Norris and Laurie! for certain coeffi- 
cients Cs in the expansion 


(1) 


w=K?+>5C,b,", 
n=l 


for the reduced energy levels of a slightly asymmetric 
prolate rotor.? The present authors have been recently 





1256 


Taste I. Sixth-order coefficients in the expansion of energy levels 
of the asymmetric rotor. 








K=0 K=2 X10" 





—0.1298858 
—0.1010301 
—0.5782829 
—0.2642748 
—0.1016009 
—0.3405496 
—0.1020965 
—0.2790172 
—0.7052294 
—0.1667336 
—0.3720686 
—0.7894026 
—0.1601961 
—0.3124980 
—0.5884408 
—0.1073401 
—0.1902595 
—0.3285454 
—0.5539867 
—0.9139532 
—0.1477850 
—0.2345803 
—0.3660206 
—0.5620897 
—0.8504919 
—0.1269197 
—0.1869696 
—0.2721120 
—0.3915424 
—0.5573859 
—0.7854990 
—0. 1096458 
—0.1516768 
—0.2080339 
—0.2830265 
—0.3820980 


. 1298880 
-1010369 
5783392 
2643054 
1016139 
.3405958 
.1021109 
2790576 
7053337 
1667587 
3721251 
7895234 
1602208 
3125464 
5885323 
1073569 
1902893 
.3285970 
.5540739 
-9140972 
1478083 
2346174 
.3660785 
5621789 
8506268 
1269399 
1869993 
2721552 
-3916047 
5574747 
7856242 
. 1096633 
1517010 








engaged in obtaining general formulas for Cs and C; in 
the expansion (1) using a form of perturbation theory 
based on the adiabatic theorem.* When comparing our 
work with the table given by Norris and Laurie, 
discrepancies were found to exist; furthermore, our 
work was also found to disagree with that of Polo.‘ 
It was then decided to explicitly check some of the 
entries of the table of footnote reference 1 using Eqs. 
(3) of Nielsen®; e.g., for the level 52,3 we found that 
Cs=[(C2)*— 16C2C,—528C, ]/48. Using known values® 
of C. and Cy, we obtain Cs=0.1298880X10* which 
agrees with our general formula for Cs for the Je, 7-2 
level; however, both footnote references 1 and 4 give 
Cs=0.1300071X 10° for the 52,3 level.: Hence, one must 
conclude that the work of both footnote references 1 
and 4 is in error; in fact, not one entry of the table of 
footnote reference 1 is found to agree with our general 
formulas. However, we have found minor errors in the 
work of Polo, which, when accounted for, make his 
and our results agree. We have calculated the values of 
Cs for the levels Jo,z and Je,s-2 for J=5 through 40 
using our general formulas; the results are given in 
Table I under the headings K=0 and K=2. The coeffi- 
cients appearing in Table I are to be multiplied by the 
power of 10 given in the last column. Details of the 
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method used to obtain general formulas for Cs and Cz 
and the formulas themselves will be submitted for 
publication in the near future. 


asda" A. Norris and V. W. Laurie, J. Chem. Phys. 32, 1591 
2 See. footnote reference 6 for the relation between wed reduced 
energy levels and the actual energy levels of an ic rotor. 
5M. Gell-Mann and F. Low, P oe 3 (1951). 
‘S. R. Polo, Can. J. Phys. 35, (1957). 
5H. H. Nielsen, Phys. Rev. 38, 1432 (1931). Corrections to 
Eqs. (3) of { Nielsen's paper are found in H. M. Randall, D. M 
ow . Ginsburg, and L. R. Weber, Phys. Rev. ’52, 160 


°C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955). 


Erratum: Energy Levels of a Slightly 
Asymmetric Top 
[J. Chem. Phys. 32, 1591 (1960)] 
James A. Norris anp Victor W. LavuriE 
Department of ews University of California, 
Berkeley 4, California 
(Received August 5, 1960) 


T has been pointed out to us by Dr. J. E. Beam and 
Dr. H. L. Davis of Sandia Corporation that the 
formulas of Polo' which were the basis for the calcula- 
tion of our tables contain minor errors, and that there- 
fore the tables are not quite correct. The absolute 
magnitude of all entries is too large. For J>25, the 
largest error is <0.01%. For K=0, J=5-10, however, 
errors of ~1% are present. Corrected tables will be 
published by Beam and Davis elsewhere in this issue.* 


1S. R. Polo, Can. J. Phys. 35, 880 (1957). 
2 J. E. Beam and H. L. Davis, J. Chem. Phys, 33, 1256 (1960). 


Analysis of High-Resolution NMR Spectra 
by Iterative Methods 


Racnar A, HoFFMAN 
Department of Physics, University of Uppsala, Uppsala, Sweden 
(Received July 18, 1960) 


N a recent paper, Reilly and Swalen! have advanced 
some iterative procedures for analyzing NMR 
spectra. The schemes denoted? A BK and A A’K will be 
found useful for analyses of certain types of three-spin 
systems. The iterative procedure derived for ABC- 
cases is applicable also for systems of more than three 
spins, and the purpose of the present note is to compare 
this method (I) with a closely related method (II), 
which is based* on perturbation theory. 

A problem generally encountered in spectroscopy is 
to determine from a number of observed transition 
energies and intensities a set of parameters (a, b, c,-++) 
of the Hamiltonian H (a, b, c, -++), which describes the 
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system studied. The energy eigenvalues (A;) are analy- 
tic functions of these parameters. Thus, granted that 
approximate values (a°, b°, c°,-++) of the parameters 
are known, the corrections to the approximate eigen- 
values \;=d,(a°, 0°, &, +++), derived from the ap- 
proximate Hamiltonian H = H(a°, °, 2, +++), can be 
given the form of a power series in (a—a°), (6—&), 
etc. The general derivation of such expansions has been 
discussed by Léwdin‘ and others. However, for an 
analysis of NMR spectra, these series can be obtained 
by conventional perturbation methods because here 
the number of possible wave functions (spin states) is 
limited. 

In method II one starts by decomposing the NMR- 
Hamiltonian according to* 


H=H®+H®, (1) 


Here, H®=H(h,°, hp®++> Jap’, Jac®+++) is the 
approximate Hamiltonian, derived from estimated 
values of the NMR parameters.’ H depends linearly on 
these parameters, and the decomposition is trivial. 

Approximate estimations of shift values (#,°) and 
coupling constants (J °) can be obtained in a number 
of ways. If the spins are not too strongly coupled, the 
perturbation expressions derived by Anderson™ are 
usable. As illustrated in footnote reference 1, the 
ABX-approximation’ can often be used for three-spin 
systems. In principle, the moment method? will always 
be applicable. Recently, it has been shown’ that the 
average of the midpoint and the center of gravity for a 
multiplet is a good first approximation of the shift of 
the hydrogen assigned to this multiplet. Finally, the 
information from structurally similar molecules may 
be used. 

If the estimated 4 and J;;° are good approxima- 
tions to the quantities h4;, J,;, etc., the trial Hamil- 
tonian H® in (1) nearly equals H, and H™ may be 
treated as a perturbation. First-order perturbation 
theory gives* for energy level number k: \y=\+ 
Hw. The first-order corrections to the transition 
energies (which are to be compared with the observed 
line positions) are given by differences of the form 
Hyu®—HAn®. 

H,™ is the diagonal element number & of the matrix 
U-'H®U. The relation between methods I and II is 
obvious. To terms of the first order, the method de- 
scribed herein (II), uses the similarity transformation, 
which diagonalizes H® also in transforming the re- 
mainder [H ] of the correct Hamiltonian. In method 
I, the inverse transformation is used! to transform the 
experimental energy matrix. In both cases only the 
diagonal elements are retained. 

Some further comments can be made: 

(1) Both methods have the attractive feature that 
once approximate values of the NMR parameters are 
found, one obtains /inear equations relating the cor- 
rected values of these parameters to observed quanti- 
ties. 
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(2) In method II, there is an obvious way of incorporat- 
ing higher-order correction terms by means of second 
and higher-order perturbation theory. However, the 
linear dependence on the NMR parameters is now lost, 
and the formulas will not be very useful for the inter- 
pretation of a particular spectrum. On the other hand, 
for a study of several molecules having similar shifts 
and coupling constants, the inclusion of higher-order 
terms may suffice to render one approximate Hamil- 
tonian H® applicable for analysis of several spectra. 
Also, for some studies of solvent effects,"° this method 
may be preferable. 

(3) The expressions! for the diagonal elements of the 
matrix UA expU-' in method I are simpler than those 
for the elements? Hy, in method II. However, the 
setting up of an experimental energy-level scheme (a 
process perhaps not so conveniently programed for a 
computer) is unnecessary in method II. Therefore, 
method II will be effective also in cases where the num- 
ber of lines initially assigned to specified transitions is 
not large enough to allow the setting up of a level 
scheme, as illustrated* by the case of thiophene (at 
40 Mc). 


'C. A. Reilly and J. D. Swalen, J. Chem. Phys. 32, 1378 (1960). 

? The notations of footnote reference 1 are used throughout. 

3R. A. Hoffman and S. Gronowitz, Arkiv Kemi 15, 45 (1959). 

‘P. O. Léwdin, Technical Notes from the Uppsala Quantum 
Chemistry Group, ase The author is indebted to Professor 
ra and to Dr. A. Fréman for valuable discussions of this 

roblem. 

5It should be noted that the division defined by (1) of the 
total Hamiltonian differs from that usually*>: * encountered. 

6 (a) W. A. Anderson, Phys. Rev. 102, 151 (1956). (b) H. M. 
McConnell, A. D. McLean, and C. A. Reilly, J. Chem. Phys. 23, 
1152 (1955). 

7H. J. Bernstein, J. A. Pople, and W. G. Schneider, Can. J. 
Chem. 65 (1957). 

SW. A. Anderson and H. M. McConnell, J. Chem. Phys. 26, 
1496 Varad 
A. Hoffman and S. Gronowitz, Arkiv Kemi (to be 
published). 
#” For example, S. Clough, Mol. Phys. 2, 349 (1959). 


On The Analysis of High-Resolution NMR 
Spectra by Iterative Methods 


C. A. REILLY AND J. D. SWALEN 
Shell Development Company, Emeryville, California 
(Received July 25, 1960) 


N view of the preceding comments by R. A. Hoffman 
we should like to clarify and emphasize some 
points in our method for analyzing complex NMR 
spectra.! A more detailed discussion will appear shortly.” 
As Hoffman points out, his method and ours are 
closely related. Both depend upon making at least a 
partial assignment of the spectral lines. In the spectra 
that we have so far analyzed (up to five spins) we have 
always been able to derive the experimental energy- 
level matrix from a partial assignment. The complete 
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assignment follows directly from this matrix. An addi- 
tional advantage in this technique is that uncertainties 
in the energy levels tend to be less than in the individual 
line positions. Hence, the energy levels are more satis- 
factory for iterative purposes. 

Further, the traces of the energy-level submatrices 
can often be used to obtain improved values for the 
NMR parameters* and thus to reduce the number of 
iterations required to reach a consistent solution. An 
exact solution is even possible if the molecule has 
sufficient symmetry (e.g., the A2Bs case). 


1C. A. Reilly and J. D. Swalen, J. Chem. Phys. 32, 1378 (1960). 

2C. A. Reilly and J. D. Swalen, J. Chem. Phys. (to be 
published). 

3L. L. Van Reijen, private communication. 


Notes 


Electronegativities from Comparison of 
Bond Lengths in AH and AH+ 


Henry A. BENT 
School of Chemistry, Institute of Technology, 
University of Minnesota, Minneapolis, Minnesota 


(Received May 2, 1960) 


INNETT and co-workers have established a corre- 
lation among the difference in bond lengths in a 
radical AH (such as CH, NH, OH) and the correspond- 
ing hydride AH, (CHy, NH;, OH2) and the signs, and 
to a lesser extent the magnitudes, of the crossterms in 
the potential energy function of AH,.' They have 
found, for example, that when the change in bond 
length in going from AH to AH, is negative, the bond- 
bond crossterm constant hj: is also negative. 

We have observed a correlation between the differ- 
ence in bond length in a radical (or molecule) AH and 
the corresponding ion AH*, and the electronegativity of 
A. It is found that in going from AH to AH* the bond 
length increases when A is electronegative and decreases 
when A is electropositive. It is therefore possible to 
estimate the electronegativity x4 of A from the inter- 
atomic distances in AH and AH?*; or, conversely, to 
estimate the interatomic distance R(AH*+) in AH*+ 
from R(AH) and x4. One reason for the correlation 
between x4 and the difference R(AH)—R(AH*) 
may be stated as follows: 

We assume that atom A has two or more valence 
electrons; this ensures that the molecule or radical AH 
will contain at least one unshared valence-shell elec- 
tron. In abbreviated notation, the structure of AH 
may be indicated as -A—H. Removal of an electron 
from this structure gives the ion AH*. A convenient 
approximation of the structure of this ion is to regard 
the ion as a resonant hybrid of two extreme structures 
which we shall abbreviate as A—H and -A-H. A—H 
represents in qualitative terms the structure that would 
be obtained if the electron that is removed from -A—H 
were to come from a predominantly non- or anti-bond- 
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ing orbital localized about A. -A+H represents the 
hypothetical structure obtained when ionization occurs 
from a predominantly bonding orbital, i.e., one localized 
between A and H. An approximate wave function for 
the actual molecule AH* may be compounded from the 
wave functions for these two idealized structures. 


¥(AH*)=N[y(A—H)+9(-4-H) ], 


where the proper value of is that value which mini- 
mizes the energy. The dependence of the value of \ on 
the electronegativity of A is suggested by the following 
argument. 

The formal charge? on A in the structure A—H is 
+1; and, in -A-H, +}. It is inferred* from this that the 
importance of the latter structure probably increases 
as the electronegativity of A increases; i.e., it seems 
reasonable to suppose that 


0/dx4 >0. 


Also, it seems reasonable to suppose that R(+A+-H) > 
R(-A—H) and that the difference A=R(AH)— 
R(AH*) becomes smaller (i.e., more negative) as 
increases; in short, that 


04/dA <0. 
Hence, it follows that 


0A/dx4 = (04/9) + (8A/Oxa4). 
<0. 


The data in Table I follow this pattern. With an 
increase in electronegativity of A, there follows a mono- 
tonic decrease in A, 

The fact that A is actually positive for the more 
electropositive elements listed implies that R(A —H) < 
R(-A—H). Plausible reasons for this inequality may 
be found by combining information gained from studies 
of the role of s—p hybridization in the bonding of 
diatomic hydrides* with the generally accepted fact 
that bonds become shorter with increasing s content® 
and the plausible assumption that ionization of an 
unshared electron leads to second-order® or isovalent’ 


TABLE I. Bond lengths of AH and AHt*, their difference, and x 4 
(bond lengths in A). 





Hydride, 
AH R(AH)* 


A=RA(H) 
— R(AH*) 


\- 


R(AH*t)* 
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® Tables of Interatomic Distances and Configuration in Molecules and Ions, 
edited by L. E. Sutton, Special Publ. No. 11 (The Chemical Society, Burlington 
House, W.1, London, 1958); G. H. Herzberg, Spectra of Diatomic Molecules 
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1950). 

> H. O. Pritchard and H. A. Skinner, Chem. Revs. 55, 745 (1955). 
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rehybridization of A in a direction such as to increase 
the s content of the bonding orbital. 

It is seen from the data in Table I that an electro- 
negativity scale based on changes in bond length caused 
by the removal of an electron from diatomic hydrides 
shows promise of comparing well with scales based on 
the partial* or complete® removal of a hydrogen atom. 
From the accepted value for the electronegativity of 
fluorine (3.9-4) and the near linearity of A with x4 
(Table I), it is inferred that the interatomic distance in 
HF* is probably 0.98-+0.02 A. 


1D, F. Heath and J. W. Linnett, Trans. Farada 
(1947); J. W. ew) and M. F. Hoare, ibid. 844 (1949); 
DF. Heath, J. W. Linnett, and P. J. Wheatley, ibid. 46, 137 


2G. N. Lewis, J. Chem. Phys. 1, 17 (1933). 

3See L. Pauling, Victor “ov ag ger Volume (Maison 
Desoer, Liége, 19: ; J. Chem. Soc. 1948, 1461; 
J. Phys. Chem. 56, 361 (1952 

4D. Z. et sag: Chem. Ph S. Ris 1022 ene or 
ca Roy. Soc. (London) A202, (1950), R 


rd Soc. 44, 556 


(isi 17, 173 (1954) ; R. S. Mulliken, J. Chem. Pie Ie 19, 900 
51); J. Ph Chem. 56, 295 (1952) ; A. C. Hurley, Proc. Roy. 
adn) Ass, 1 119 (1958); A. J. Freeman, J. Chem. Phys. 


& .. Trans. Faraday Soc. 55, 694 (1959); C. A. 

Coulson, Victor Henri Commemoratif Volume (Maison 
Liege, 1947-1948), p. 15. Also, G. R. oy J. Chem. Phys. 
31, 919 (1959) ; an Cc. bs Costain and B. P. Stoicheff, J. Chem. 
Phys. 30, 777 (1959). 

*W. Moffitt, Proc. Roy. Soc. nage ee A202, 534 (1950). 

TRS. Mulliken, J. Phys. Chem. 56, 295 (1952 

8 A. D. Walsh, Proc. Roy. Soc. (London) A207, 13 (1951). 

°L. om ” Nature of the Chemical sy nego Uni- 
versity Press, Ithaca, New York, 1960), Chap. 3. 


Correlation of Bond Shortening by 
Electronegative Substituents with 
Orbital Hybridization 
Henry A. ant 


School of Chemistry, Institute of Technol 
University of Minnesota, M roma dh Minnesota 


(Received April 25, 1960) 





T seems well established that in the absence of 
marked steric requirements, replacement in the 
structure X-—A—Y of Y by an atom more electro- 
negative than Y causes the adjacent X—A bond to 
become shorter. This effect is particularly noticeable 
when fluorine is introduced into a molecule! (C-F 
distances in F-CH; and F-CF;, for example, are 1.391 
A and 1.323 A, respectively) ,? but occurs also on further 
halogen substitution in the chlorinated and brominated 
silanes, the methyltin chlorides, bromides, and iodides, 
and in the methylarsenic chlorides.* Several other 
examples have been cited.‘ It is the purpose of the 
present note to suggest a possible explanation for this 
phenomenon. 

Often the changes in bond lengths, which are in the 
opposite direction from what one would expect, were re- 
pulsions between nonbonded atoms, the important ef- 
fect operating. Explanations that invoke participation 
of double-bonded structures have been criticized by 
Skinner and Sutton* and Wells.’ It is suggested here that 
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the observed changes in bond lengths are in a direction 
compatible with present knowledge concerning second- 
order® or isovalent’ hybridization. These terms have 
been introduced to describe nonintegral states of 
hybridization. Evidence for such states may be inferred 
from bond angles (neither 90° or 109°28’ in NH; 
and H,0, for example, nor exactly 120° in C,H,*) and 
from the effects of electronegative substituents on bond 
angles, chemical reactivity, and proton-C* coupling 
constants. 

To illustrate, replacement of the methyl groups in 
CH;OCH; by hydrogen atoms causes the valence angle 
about oxygen to decrease from 111° to 105°; replace- 
ment of the hydrogen by fluorine causes a further de- 
crease to 103.2°.2 The corresponding angles about 
nitrogen in the series N(CH3)3, NHs, NF; are 109°, 
106°46’, and 102°30’, respectively.? Further evidence 
of the effect of electronegative substituents on interbond 
angles has been cited by Mellish and Linnett.? While 
several different explanations have been offered for 
these changes in geometry,’ it is sufficient here to 
observe that in nearly every instance the observed 
changes seem compatible with the view that an increase 
in electronegativity of Y in the structure X-A—Y 
causes atom A to divert s character from the bond to Y 
to the orbital toward X (a pair of unshared electrons 
in the examples cited above). Rehybridization of A 
in this manner is consistent with present views of the 
inductive effect and the hypothesis tendered many years 
ago by Mulliken," and more recently by Walsh,” 
that the more s character there is in an atomic valency, 
the more electronegative is the atom in that valency." 
Recent data on proton-C® coupling constants may be 
interpreted in a similar manner. Coupling constants" for 
methane, benzene, and methyl acetylene are 125, 
159, and 248 sec™'; this suggests, in agreement with 
theory, that the greater the s character in a carbon 
valency toward hydrogen (and, hence the greater the 
probability of finding the bonding electrons at the 
C® nucleus), the greater the interaction constant. 
Accordingly, from the coupling constants for the series 
CH;Cl, CH:Cl., CHCl; of 150, 178, 209 sec™', respec- 
tively," one infers that there is more carbon s character 
in the orbital toward hydrogen in CHC); than in CH;Ch, 
and more in the latter than in CHCl, in agreement with 
the view already expressed that an atom tends to con- 
centrate its s character in orbitals toward electro- 
positive groups (unshared electrons may be viewed as 
electrons in a bond to an atom of vanishing electro- 
negativity). This rule describes the effect of electro- 
negative substituents on orbital hybridization. 

The effect of orbital hybridization on bond lengths 
seems to be already well established."* Bonds become 
shorter with increasing s content. The carbon-carbon 
single bond, for example, decreases in length with 
increasing s content in the series sp*-sp* (ethane, 
propane, diamond), sp*-sp? (acetaldehyde, propene), 
sp*-sp (methyl acetylene, methyl cyanide) sp*-sp 
(vinyl cyanide), sp-sp (cyanoacetylene, diacetylene, 
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cyanogen) in approximately the following manner: 
1.54, 1.50, 1.46, 1.42, 1.38 A. Other bonds have been 
discussed from a similar point of view.'*!7 

Together, the effect of electronegative substituents 
on orbital hybridization and the effect of the latter on 
bond lengths form a scheme for predicting the effect of 
electronegative substituents on bond lengths. The 
three empirical observations that: (i) s character tends 
to concentrate in orbitals toward electropositive groups, 
(ii) bonds become shorter with increasing s content, 
and (iii) bonds become shorter with the introduction 
of electronegative substituents are, thus, internally 
consistent. Any one of the three may be inferred from 
the other two. 


1L. S. Bartell and L. O. Brockway, J. Chem. Phys. 23, 1860 
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2 Tables of Interatomic Distances and Configuration in Mole- 
cules and Ions, edited by L. E. Sutton, ial Publ. No. 11 
(The Chemical Society, London, England, 1958). 

*T. L. Cottrell and L. E. Sutton, Quart. Revs. (London) 2, 
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Soc. 40, 164 (1944). 
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7R. S. Mulliken, J. Phys. Chem. 56, 295 (1952). 

8 L. S. Bartell and R. A. Bonham, J. Chem. Phys. 27, 1414 
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Organic Chemistry, edited by M. S. Newman (John Wiley & 
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see also I. M. Mills and H. W. Thompson, Proc. Roy. Soc. (Lon- 
dor) A228, 287 (1955). 
( om) Muller and D. E. Pritchard, J. Chem. Phys. 31, 768, 1471 
1959). 

% Compare A. D. Walsh, Discussions, Faraday Soc. 2, 18 
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1M. G. Brown, Trans. Faraday Soc. 55, 694 (1959), see also 
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Bond Shortening by Electronegative 
Substituents 
Henry A. BENT 
School of Chemistry, Institute of Technology, 
University of Minnesota, Minneapolis, Minnesota 


(Received April 4, 1960) 


HE systematic effect of electronegative substi- 
tuents on bond angles has been summarized and 
discussed by Mellish and Linnett.! There exists, also, a 
systematic effect of electronegative substituents on 
bond lengths. The noticeable foreshortening of bond 
lengths that occurs when fluorine atoms are introduced 
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TaBLe I, mia he stectrnnagptore groups on bond lengths 
bond lengths in angstroms). 





Single bonds 





: C—F. Substitution: F for H. 


CHF 


CHF 
CHF; 


CF, 
: C—Cl. Substitution: Cl for H. 


CH;Cl 


CH:Ch, 
CHCl\; 


CCh 


C—Br. Substitution: Br for H. 


Reference 
CH;Br f 
CHBr; 


1.939 
1.930 f 


C—Cl. Substitution: F for H. 


Reference 
aye 
751 i 


CH;Cl 1.783 
CF;Cl 1 
. Bond: C—Cl. Substitution: F for Cl. 


CChF 2 
CF;Cl 


1.775 
1.751 


: C—C. Substitution: F for H. 


Reference 
1.536 j 
1.51 k 


C.Hs 
Coks 


: N—Cl. Substitution: Cl for CH. 


N(CHs3):Cl 
N(CH) Cle 


1.77 
1.74 


Double bonds 





: C=C. Substitution: F for H. 
Reference 
CoH, : m 
CoF, ‘ n 
O 
. Bond: C=0 in xe. 
y C=O distance 
CH; 1.226 
H 1.225 
C=CH 1.216 
F 


1,192 
F 1.17 


Reference 
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into molecules has already been commented upon.? It 
is the purpose of this note to show that bond shortening 
by electronegative substituents is of wide occurrence. 
Table I summarizes some of the recent data that 
illustrate the foreshortenings which occur in adjacent 
bonds when an atom of relatively low electronegativity, 
such as hydrogen, is replaced by an atom of greater 
electronegativity, such as fluorine or some other halo- 
gen. Data for such molecules as CBr, and CI, in which 
steric effects are probably very large are not included 
in this table. 

The effects described here are next-nearest neighbor 
effects; i.e., they involve the effect of an atom on a bond 
one atom removed. As such, they are closely related to 
the inductive effect of organic chemistry. It may be 
mentioned, also, that these variations in bond lengths 
are not those predicted by the Schomaker-Stevenson 
rule: they are, in fact, opposite in direction from what 
one would expect from a logical extension of this rule. 
It is interesting to note, too, that the variations in bond 
length are usually in the reverse direction from what one 
would expect were repulsive interactions between non- 
bonded atoms the important effect operating. 

(9s Mellish and J. W. Linnett, Trans. Faraday Soc. 50, 657 


(1958). Bartell and L. O. Brockway, J. Chem. Phys. 23, 1860 


%V. Schomaker and D. P. Stevenson, J. Am. Chem. Soc. 63, 
37 (1941). 


Number of 3d Electrons in Iron 
S. K. Josut 
Physics Department, The University, Allahabad 2, U. P., India 
(Received June 20, 1960) 
ECENTLY there has been much controversy over 
the number of 3d electrons in iron.!? Weiss and 
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DeMarco, from their measurements of absolute inten- 
sities of Bragg reflections from an iron crystal, and 
after applying necessary corrections to them, computed 
the atomic-scattering factor. They then deduce (2.3+ 
0.3) as the number of 3d electrons in iron. This unex- 
pected result was challenged by Batterman? who from 
his x-ray measurements on powdered Fe estimates the 
number of the effective 3d electrons in iron at 6.3+1.0. 
He also finds that the use of scattering factors cal- 
culated from the nonexchange wave functions yields 
7.5 as the number of 3d electrons. 

The number of free electrons in iron can be estimated 
on the basis of the lattice theory of elastic constants. 
In an iron crystal a tightly bound d electron contributes 
a strong, but primarily central, force to the cohesive 
energy and elastic constants. These central forces follow 
the Cauchy relation, ¢i:=cu. The discrepancy in the 
Cauchy relation will be just equal to the bulk modulus 
K, of the electron gas and one can write after de Launay* 


K.=Cn—Cu=43(Nigo/V). (1) 


Here N is Avogadro’s number, V is atomic volume, and 
mo is the number of free electrons per atom. {o, the Gibbs’ 
potential per electron, is given by 


So= (i? /2m) (3Nno/8rV) '. (2) 


where h is Planck’s constant and m is electronic mass. 
Combining (1) and (2) we get 


no= (8x7/3)25(3mn/ht)*(V/N) (cre—cus)**. 


In the case of iron, V=7.1 cc, ¢2=1.41, and cu=1.16 
in units of 10% dynes cm™ (as cited by de Launay’*). 
This gives n=0.57. With this value of the number of 
free electrons per atom and 18 as the number of elec- 
trons in the inner core, we find 7.4 to be the number 
of rather compactly bound 3d electrons of iron. This 
number is in close agreement with Batterman’s findings. 
The author is deeply indebted to Professor K. 
Banerjee for his interest and to Dr. B. K. Agrawal for 
ssc 
R. J. Weiss and J. J. DeMarco, Revs. Modern Phys. 30, 59 
(1958); Phys. Rev. Letters 2, 148 (1959). 


B. W. Batterman, Phys. Rev. Letters 2, 47 (1959), Phys. Rev. 
115 81 (1959). 


$ }. de Launay, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1950), Vol. 2, pp. 219. 


Absorption Spectrum of Chlorine in the 
Vacuum Ultraviolet 


Raymonp P. Iczkowsk1!, JoHN L. MARGRAVE AND JOHN W. GREEN 
Department of mtg University of Wisconsin 


ison, Wisconsin 


(Received June 24, 1960) 
E absorption spectrum of chlorine in the region 


1350 A—1100 A of the vacuum ultraviolet has 
been observed at a dispersion of 17.5 A/mm. Walsh! 
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TaBLeE I. Band heads in the absorption spectrum of chlorine. 
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TABLE II. Rydberg series in chlorine. »_=93200— R/(m+0.46)? 





System A(A) v(K) 


Intensity 





Ag 1343.4 
1332.5 
1321.8 


74 437 
75 047 
75 652 


83 325 
83 926 


84 092 
84 718 
85 324 
85 853 


1200.1 
1191.5 


1189.2 
1180.4 
1172.0 
1164.8 
1140.8 87 659 
1148.2 
1138.9 


87 093 
87 801 


1125.5 
1118.4 


88 849 
89 415 


88 996 
89 638 


90 592 


1123.7 
1115.6 


1103.9 


1160.8 
1154.6 
1143.6 
1134.5 
1129.1 


86 148 
86 609 
87 447 
88 143 
88 564 








has reported on the bands from 1870 A— 1300 A but his 
results at low wavelengths were obscured by contamina- 
tion with HCl produced by reaction of the chlorine 
with the hydrogen carrier gas. By using the same 
apparatus as was used previously” to study F2, it was 
possible in this work to mitigate the effect of con- 
tamination by HCl which was experienced by Walsh 
and extend the region studied sufficiently that a Ryd- 
berg series and the ionization potential are established. 

The wavelengths, wave numbers, relative intensities, 
and designations of the strongest bands are given in 
Table I. Many more bands are observed at higher 
pressures but are not reported here. The bands are 
designated and analyzed by analogy with the corre- 
sponding bands observed in the previous work on F». 
The progressions labeled “A” have a fundamental 
frequency of approximately 610 K, are shaded toward 
the x rays, and probably represent the transition 


++°(2my)4(29,)?mmy, A Loute—+ ++ (2m,)4(24,)4, X Zt. 


The first vibrationally excited bands in this series are 
the most intense and they can be arranged in a Rydberg 
series 


Y¥m=93 200— 109 736/(m-+0.46)?. 


A comparison of calculated and observed band fre- 
quencies is given in Table II. Agreement is good except 
for vs, where the deviation is outside of experimental 
error. The ionization potential to the ground state of 
Cl;+ is obtained by subtracting from 93 200 K the 
fundamental frequency of Cl*+, which yields the value 
92 550 K, or 11.47 ev. 


m 2 3 + 5 6 





Voos (K) 
Veale (K) 


Yobs Veale 


75 047 83 926 87 659 89 415 90 592 
75 060 83 980 87 680 89 520 90 570 
—13 —34 —21 —105 22 





In the past, many attempts to interpret ionization 
potentials for the purpose of gaining insight into the 
bonding character of a molecule have been rendered 
valueless because the experimental values were incor- 
rect. Therefore if Cl, is to be compared with Fy, it is 
very necessary to have accurate, and preferably also 
precise, values of these molecular ionization potentials. 
A low value of the ionization potential of F, was pre- 
viously obtained from spectroscopic studies, 15.71 ev,” 
and later confirmed by electron impact work, 15.83 ev.* 
The value of the ionization potential of Cl, obtained in 
this work, 11.47 ev, is in agreement with the value 
obtained from photoionization, 11.48 ev‘ but not 
with those obtained from electron impact, 11.64 ev’ and 
11.80 ev. 

Pitzer® pointed out that the first row single bonds, 
N—N, O—O, and F—F, are much weaker than the 
corresponding higher row single bonds. In particular, 
the question of why the bond in F, is much weaker 
than the bond in Cl, has been tke subject vf much specu- 
lation. On the basis of the geometry of the orbitals 
involved, Pitzer suggested that the difference in bond 
strength between F; and Cl, was the result of strong 
repulsions in the z-orbitals of F, and a lack of such re- 
pulsions in the outer z-orbitals of Cl. 

If this were true, then in F, there would be formed an 
antibonding z-orbital with a term value appreciably 
less than that of the p-orbital in the fluorine atom, while 
in Cl, the corresponding difference would be slight. 
Actually the ionization potentials are changed to the 
same appreciable extent in the process of molecule 
formation for both Cl, and F,, and therefore strong 
interactions are present to the same degree in the 7- 
orbitals of both Cl, and Fy. 

If there exists any simple explanation of the relation- 
ship of the bond energies of the first row elements to 
those of higher rows, it probably involves the possi- 
bility of 3d-orbital hybridization for the higher rows’ 
or else the effects of interactions with the inner shells.** 
However, 3d-orbital hybridization could not be said 
to make chlorine more stable than fluorine by effecting 
less pr repulsion’ in chlorine than exists in Fy. 
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4K. Watanabe, J. Chem. Phys. 26, 542 (1957). 
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°K. S. Pitzer, J. Am. Chem. Soc. 70, 2140 (1948). 

7R. S. Mulliken, J. Am, Chem. Soc. 77, 884 (1955). 

§R.S. Mulliken, J. Phys. Chem. 56, 295 (1952). 

®L. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1960), p. 143. 
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Comment on Dynamical Theory of 
Electrosedimentation 


C. J. MacCaLitum 
Sandia Corporation, Albuquerque, New Mexico 
(Received June 9, 1960) 


ECENT papers by Peterlin and Ribarié! and by 

Prock and McConkey’ discuss the measurement 
of very large molecular weights via the capacitance 
change induced in a cylinder of solution by applied 
electrostatic voltage. This note reports a numerical 
solution of the time dependence of the capacitance 
change, valid for all times and voltages, which demon- 
strates that measurement of the time dependence alone 
yields only one quantity: a (roughly logarithmic) 
average diffusion constant. If the diffusion constant 
is separately determined for the weight average mass 
present, the width of the mass spectrum present may 
possibly be estimated. 

Using notation from reference 2 (except that 
7r=1tD/a’), we solve the cylindrical diffusion equation 
with m(x, 0) =exp(n/x*)—1 where 7 is the dimen- 
sionless ratio a&)/2kT which may take any value 
(positive or negative). The fractional capacitance 
change is 


F(n,r) = [ ms, syas/x | mis, 0) dx/x 
1 


~ i “m(x, 7) dx/x / > n"/(2nn!). (1) 
1 1 
The right hand denominator will be called g(n). Note 
we have let 8=b/a—, introducing errors of order 
8B. When 6—> the solution m(x, 7) can be expressed 
as a double integral’ involving m(x, 0). Insertion in 
Eq. (1) and expansion of m(x, 0) in powers of 7 yields, 
after some manipulation, 
16 f~exp(—A*r)A-'dA 


“rea [mop 


n"r?" . 
> 4 Lapis) 5 (2) 


where the S’s are Lommel functions,‘ the first defined 
by power series and successive ones by recurrence 
formulas. 


An asymptotic series in r} can be developed yielding 
g(n) (1—F) ~4rng" (9) — (32/3m!) ry exp(n) +++, 


but the numerical solution shows that is not useful 
except when 1—F is too small to be experimentally 
useful. An expression for large r is 


8rg(n) F/n~(In4r-+f(n) —y)?+2?/6—f?* 


where + is the Euler constant 0.577+++ and f(n) = 
>on"/2n(n+1)! This is shown by dotted lines in the 
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Fic. 1. Fractional change in capacitance with time. Solid curves 
represent monodisperse systems. Dotted curves represent asymp- 
totic approximation. Dashed curves represent polydisperse sys- 
pe by Schulz spectrum with b= O(n =O, —4) and 
b=5(nm= +4). 


figure. Since the outer cylinder radius is finite, F must 
eventually decrease exponentially with 7; this does not 
occur until 72 (8/2)? by which time F is experi- 
mentally zero. 

Equation (2) can be evaluated numerically by hand 
for small n; for large » Sandia Corporation’s IBM 704 
computer was used. Some results are shown as solid 
lines in Fig. 1. In the region 0.25< F <0.75, n?< 20, the 
results can be empirically represented as F =0.641— 
0.357 logr—0.0419—0.001 77’. 

The fractional capacitance change induced in a 
polydisperse sample is 


a= ["W(P)dP En) F(a, 7) / [wePare), (3) 
0 0 


where W(P) is the differential weight distribution and 
n=1m(P/Pm), T=Tm(P/Pm)~*, (1/3<6<1). Sub- 
script m refers to values for the weight average mo- 
lecular weight. @ has been calculated by computer as a 
function of 7» and 7» for various 6 and various W (P) ; 
dashed curves in the figure are for 5=0.5 and a very 
broad (6=0) Schulz distribution? for W(P). Numerical 
data for other cases are available from the author. As 
all the curves have virtually identical shape even for 
grossly differing 7, and W(P), the only quantity 
which can be deduced from a single experimental curve 
is an effective diffusion constant which, except for 
large | |, is not very different from the value for the 
weight average. 
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In the limit of zero applied voltage one can sub- 
stitute the empirical expression for F into Eq. (3) and 
deduce that a Schulz mass spectrum yields 6-F= 
0.155[y(b+3) —In(b+2) ] where y is the logarithmic 
derivative of the gamma function. In principle this 
allows measurement of sample polydispersity without 
going to large || as required by the “method of 
moments,’” but this more difficult method will probably 
be seldom required. For large positive » the difference 
—F becomes large, but the moments method is more 
sensitive. For negative 7 the moments method is rather 
insensitive and this method might be useful, but 
@—F is difficult to express except numerically. 


1 A. Peterlin and M. Ribarit, J. Chem. Phys. 31, 759 (1959). 

2 A. Prock and G. McConkey, J. Chem. Phys. 32, 224 (1960). 

3H. Carslaw and J. Jaeger, Proc. London Math. Soc. 46, 383 
(1939). 

4G. Watson, Theory of Bessel Functions (Macmillan Company, 
New York, 1944), p. 345. 


Nonmolecular Nature of Nitric-Oxide- 
Inhibited Thermal Decomposition of 
n-Butane 


ARON KUPPERMANN AND JOHN G. LARSON 
Noyes Chemical Laboratory, University of Illinois, Urbana, Illinois 
(Received June 13, 1960) 


HE thermal decomposition of most organic mole- 

cules is generally accepted to occur at least in part 
via a free radical chain process. Since Hinshelwood 
and Staveley! discovered that small additions of nitric 
oxide reduced the rate of thermal decomposition, there 
has been much controversy*® concerning the nature of 
the “residual” reaction remaining after further addi- 
tions of inhibitor produce no further decrease in rate. 
Jach, Stubbs, and Hinshelwood* have shown this limit- 
ing rate to be independent of the inhibitor used and 
attribute this residual reaction to a nonchain molecular 
process in which the parent molecule breaks up, in a 
single step, into stable products. 

Wall and Moore* and later Rice and Varnerin® 
studied isotopic exchange in the thermal decomposition 
of ethane and ethane-d, and found extensive mixing in 
both the inhibited and normal decompositions. In build- 
ing a case for concluding that the limiting rate corre- 
sponds to the complete surpression of chains and hence 
to a unimolecular split into stable molecules, Hinshel- 
wood! discounts the results of Wall and Moore for not 
using sufficient inhibitor to produce complete inhibition, 
and the results of Rice and Varnerin on the grounds 
that the mixing they observe may result from a second- 
ary process involving the methylene radical formed in 
the split-off of methane from ethane. He suggests that 
methylene may not be easily scavenged by NO and 
thus that the isotopic mixing may be due to this atypical 
decomposition in which one product is a stable molecule 
and the other a diradical. 
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Semenov,’ in quoting work by Voedvodsky, explains 
complete inhibition as the using up of free valencies on 
the surface of the reaction vessel which would normally 
produce a higher gas-phase-radical concentration. 
Voedvodsky® has suggested that two heterogeneous 
initiation processes, a reversible and an irreversible one, 
satisfactorily explain experimental observations. 

If this limiting rate corresponds to a unimolecular 
process, then there exists a good set of unimolecular 
reactions for study. If the residual reaction is of the 
chain variety, then inhibition may shed some light on 
the mechanism of chain initiation. In either case, it is 
important to clearly establish the nature of this residual 
reaction. 

In order to obtain uniquivocal information about this 
residual reaction, we have investigated the thermal 
decomposition of a mixture of m-butane and n-butane- 
dy in the absence and presence of NO. About 10 cm Hg 
pressure of an equimolar mixture of these butanes was 
decomposed in a 100-ml pyrex reaction vessel to extents 
varying from about 1% to 5%. A temperature of about 
430°C was selected so that the reaction could be stopped 
at small percentages of decomposition. The product- 
reactant mixture was analyzed with the help of a 
mass spectrometer. The ratio of ion currents at m/e 
values 20 and 68 (after a small contribution from the 
unreacted mixture to the current at m/e 20 was sub- 
tracted) was taken as a measure of the extent of de- 
composition. The latter was also determined by the 
pressure change in the reaction vessel. The CD,;5H/CD, 
ratio was determined from a liquid nitrogen non- 
condensible fraction of the reacted mixture. This ratio 
was found not to change as the fractional decomposition 
varied from 5% down to 1%, which was the lowest 
value for which reliable measurements could be made. 
It was further found that this ratio did not change if 
the reaction was inhibited by initially adding NO to 
the reaction mixture in amounts variable between 13.4 
and 27.6 mole-percent, although this added NO de- 
creased the decomposition-rate-constant by a factor of 
3.4. The average CD;H/CD, ratio was 2.38+0.04 for 
fifteen uninhibited runs and 2.36+0.04 for fifteen 
inhibited runs. Conditioning of the vessel by twelve 
successive runs with pure m-butane did not, within the 
accuracy of the experiments, change the rate constants 
or the CD;H/CD, ratios. A sixty fold increase in the 
surface to volume ratio, obtained by packing the vessel 
with pyrex wool, had no detectable effect on the rate- 
constant or the CD3;H/CD, ratio of the uninhibited 
runs. 

In order to eliminate the possibility that the forma- 
tion of isotopically mixed methanes in the inhibited 
reaction might be due to secondary processes, mixtures 
of 5.15% CD, and 94.85% CH were reacted in the 
absence of NO and in the presence of 15.4% of NO, 
under the same experimental conditions described 
above, until about 5% of the C,Hi decomposed. No 
formation of CD;H whatsoever was detected. This 
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entirely excludes the possibility of mixing of molecu- 
larly formed CD, by any subsequent secondary pro- 
cesses, whether heterogeneous or gas phase, under 
these experimental conditions. 

If the inhibited reaction were entirely molecular, the 
corresponding CD3;H/CD, ratio should be zero. Since, 
within experimental error, it was actually the same 
as in the uninhibited one, it may be clearly concluded 
that practically no (i.e., less than 2%) methane is 
formed by a direct split mechanism in the NO-inhibited 
thermal decomposition of n-butane. This casts very 
serious doubts on the validity and consequences of the 
conclusions previously reached*** that inhibited reac- 
tions of this type were entirely molecular. The results 
of the present experiments are, furthermore, not in- 
consistent with a heterogeneous initiation mechanism.’ * 

1L. A. K. Staveley and C. N. Hinshelwood, Proc. Roy. Soc. 
ee A154, 335 (1936). 

E. W. R. Steacie, Atomic and Free Radical Reactions (Rein- 
hold Publishing Corporation, New York, 1954), p. 99. 
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and Dissociation Energy of Molecular 
Astatine 
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Department of pm Kansas State University, 
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HERE does not exist in the literature any directly 
measured value for the ionization potential or the 
dissociation energy of astatine. The ionization potential 
of At has been found to be 9.5 ev.! By using empirical 
correlations one may arrive at estimations of these 
values. 
The values of w, of 892, 565, 323, and 215 cm= for 


F,, Cl, Bre, and I,? allow the estimation of w 
cm“ for Ate. By using the relation 


&=160 


logw. =a—b logn?! 


(1) 


given by Varshni* for XX molecules, one estimates 
I(Atz) =8.3 ev, as shown in Fig. 1. »=principal quan- 
tum number and a and 0 are constants (or nearly so). 
Values of J(X2) are 15.83, 11.48, 10.55, and 9.28, 
for F2, Cle, Bre, and Is, respectively.** 

The relation given by Mitra for XX molecules, 


logD =c+d log/, (2) 





3 


3.0) 


J 


1, 


Frc. 1. Plot of the Varshni relation for the halogen molecules. 











may be used to estimate the dissociation energy, D, 
of Ate. The curve of Eq. (2) is shown in Fig. 2, and is 
found to be remarkably linear, except for the data for 
F, which have been omitted. Values of D(X.) are 1.59, 
2.47, 1.97, and 1.54 ev for F:, Cl, Bre, and Is, respec- 
tively.*? From Fig. 2, D(At:) =1.2 ev. 
The thermochemical cycle 

D(X3+) = D(X2) +1(X) —1(X2) (3) 
may be used to calculate values of D(X;*+). Taking 
I(X) equal to 17.42, 13.01, 11.84, and 10.45 ev for 
X=F, Cl, Br, and I, respectively,* we find that D( X;*) 
is 3.18, 4.00, 3.26, 2.71, and 2.4 ev for X2=F:, Cle, 
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Frc. 2. Plot of the Mitra relation for the halogen molecules. 
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Bre, Ip and Ats. This indicates that D(F2) and D(F;*) 
are both lower than might be expected from the trends 
of this family, but that all four quantities of Eq. (3) 
for X=At, namely D(At,+) =2.4 ev, D(Aty) =1.2 ev, 
I(At) =9.5 ev, and J(At,) =8.3 ev, appear to be 
reasonable estimations. 


1W. Finkelnburg and F. Stern, Phys. Rev. 77, 303 (1950). 
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Princeton, New Jersey, 1950), 2nd ed., pp. 512-541. 
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8C. E. Moore, Natl. Bur. Standards (U. S$.) Circ. No. 467, 
3 (1958). 


Crystal Spectra of Chromium tris-Acetyl 
Acetone 
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(Received June 2, 1960) 


N chromium éris-acetyl acetone the cubic crystal field 
is expected to split the fivefold degenerate d or- 
bitals into two levels of symmetry, e, and fz, re- 
spectively, the optical transition between which will 
give rise to one absorption band. It was observed by 
Mead! that the visible absorption band of hexaco- 
ordinated trivalent chromium complexes could be very 
well represented by Lowry-Hudson’s Gaussian curve, 
suggesting that only one electronic transition is re- 
sponsible for the absorption band, as expected from the 
theoretical considerations. Recently Jarrett? from the 
paramagnetic resonance measurements on chromium 
tris-acetyl acetone concluded that, in this case at least, 
in addition to the normal cubic field a trigonal field is 
present which causes a further splitting of the é, levels 
into a doublet and a singlet. Although the splitting is 
not as large as claimed by Jarrett, it is sufficient to 
give rise to two absorption bands with different polari- 
sation.’ In Fig. 1 are shown the absorption spectra of 
a crystal of chromium ¢ris-acetyl acetone with light 
polarized parallel and perpendicular to the long axis 
of the crystal.‘ It is evident that we do get two bands 
with peaks at 555 mu and 585 my which are differently 
polarized. Each band can be approximately represented 
by a suitable Lowry-Hudson relation, suggesting that 
each one is associated with one transition only. 

Jarrett suggested that the trigonality may arise from 
the w bonding of the metal d electron with the p electron 
of the ligand oxygen. This interpretation is probably 
correct because the 275 my band of acetyl acetone is 
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shifted to 335 mp in chromium /ris-acetyl acetone® 
which may be due to mesomeric interaction of the 
metal-oxygen + bond with the conjugated double 
bonded system of the ligand molecule. 

Sincere thanks are due to Dr. L. E. Orgel, Cam- 
bridge, for helpful suggestions. 


1A. O. Mead, Trans. Faraday Soc. 30, 1052 (1934). 
2H. S. Jarrett, J. Chem. Phys. 27, 1298 (1957). 
3 L. Orgel, private communication. 
4A. Chakravorty and S. Basu, Nature 184, 50 (1959); 185, 
681 (1960). 
(1988 Basu and K. K. Chatterjee, Z. physik Chem. 209, 360 
). 


Hyperfine Structure of F-Center Spin 
Resonance in Sodium Azide 


F. F. Carzson, G. J. Kinc, anp B. S. MILLER 
Basic Research Group, U. S. Army Engineer Research and 
Development Laboratories, Fort Belvoir, Virginia 
(Received June 14, 1960) 


HE electron spin resonance absorption line of an 

F center is normally a broad, smooth, Gaussian 
line.!* An important type of broadening which occurs 
in an F-center resonance is produced by unresolved 
interactions of the F-center electron with the magnetic 
hyperfine fields of the nuclei surrounding the F-center 
site. 

The hyperfine structure in the spin resonance line 
cannot be resolved in the standard electron spin reso- 
nance experiment unless special conditions exist. Among 
these conditions are: the value | yr |? of the F-center 
wave function Wp at the nuclei of the nearest cations 
must be large, and the magnetic hyperfine field of these 
nuclei must be sufficiently strong to overcome compet- 
ing broadening effects, including the hyperfine fields of 
other nuclei. Since these conditions are not usually 
realized, the electron nuclear double-resonance tech- 
niques’ are used to study hyperfine interactions. 
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On rare occasions, F-center resonances have been 
observed in which the hyperfine structure has been 
revolved by standard techniques.** In this present work 
we report an ultraviolet irradiation-induced microwave 
resonance absorption in NaN; which we conclude is 
caused by F centers. The resonance displays the char- 
acteristic hyperfine structure of the F center observed 
by Lord in NaF.5 The optical absorption data for ir- 
radiated NaN; corroborates the conclusion that the 
center is of the F type.® 

Microcrystalline NaN; was sealed in an evacuated 
fused silica tube and then irradiated at 90°K with an 
ultraviolet lamp (Hanovia $100). The material turned 
from white to blue during this treatment. Cunningham 
and Tompkins‘ have shown that the ultraviolet irradia- 
tion of NaN; at 90°K produces F-type optical absorp- 
tion bands but not V-type optical absorption bands. 

The sample was examined at 90°K in a Varian EPR 
spectrometer and an absorption spectrum of 19 evenly 
spaced lines was found. The shape of the envelope of 
the lines was Gaussian in nature and showed saturation 
effects. The g values for the lines were distributed 
closely above and below g=2. 

We interpret this spectrum in terms of an Ns~ va- 
cancy model analogous to de Boer’s model for an F- 
center in an alkali halide. Electrons freed during ultra- 
violet irradiation are trapped at N;~ vacancies, which 
are present in large numbers. The immediate environ- 
ment of the F electron in the Ns~ vacancy consists of six 
equivalent nearest neighbor sodium ions with nuclear 
spin 3. The interaction of this F electron with the 
magnetic field of the six sodium nuclei should split the 
F resonance into 19 lines. Using broad field sweep and 
high gain on the EPR spectrometer, 19 lines are ac- 
tually observed. Figure 1 shows a trace made at lower 
sweep and gain for presentation purposes. 

The analysis of Lord,’ which assumed that the mag- 
netic hyperfine field effect of the nearest neighbors of 
the F electron is much greater than that of other ionic 
shells, is adopted here. The broadening of the individual 
lines is ascribed in part to the action of nuclear hyper- 


Taste I. Experimental data and results. 





Microwave frequency 
Magnetic field 
Central g value 


“tonan of hyperfine structure 
(Hyperfine field of sodium shell) 


=9000 Mc/sec 

= 3000 gauss 
2.003+0.001 
9.1+0.1 gauss 


| vr |? at sodium nucleus 1.45>< 1088 cm=* 


Hyperfine field of next effective shell 2.30.3 gauss 
From linewidth of structure 


Crystal structure of NaN; Rhombohedral 


Temperature of sample during entire 90°K 


experiment 





Fre. 1. The slope, dx’’/dH, of the electron-spin-resonance ab- 
sorption in sodium azide at 9000 Mc/sec and 3000 gauss. The 
separation of the hyperfine lines is 9.1 gauss. 


fine fields of other shells of ions. Numerical computa- 
tions and measurements are given in Table I. 

The interest and encouragement of Z. V. Harvalik 
are gratefully acknowledged. 
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The Effective Ionic Charge in CdS* 


FREDERIC KEFFERT 


Department of ee University of California, 
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INCE no precise elastic or piezoelectric data on any 
of the wurtzite-type binary compounds have been 
available, a quantitative check of the macroscopic 
theory of the distortion and polarization of these com- 
pounds' has not hitherto been possible. Recent measure- 
ments of the elastic? and piezoelectric? constants of 
CdS, however, now allow a partial verification of the 
theory and also an estimate of the size of the postulated 
charge-tfe per ion. 
The pertinent data are, for CdS, 


(2s13— Su— S12) = — 3.1302 X 10-” cm*/dyne, 

(sss— S13) = 3.2591 X 10-” cm?/dyne, 

(dss— dis) = +12.3X 10° esu/dyne. 
Unfortunately the signs of the piezoelectric constants 
are not easily determined. We have assumed, with 
Tanaka and Tanaka, opposite signs for d33 and d);. 

When these numbers are inserted into Eq. (21a) 
of footnote reference 1, the following relation is ob- 
tained: 

(c/a) — (¢o/ao) _ 

(¢o/ (C/o) 


It is to be noted that the second term on the right 
(piezoelectric distortion) is about ten times larger than 


—0.0089+0.0014f. (1) 
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was estimated in footnote reference 1, but it is still 
considerably smaller than the first term (anisotropy 
of the Coulomb forces). The measured value of (c/a) 
in CdS is 1.623, and hence 


f=0.75 or 0.91, (2) 


with the uncertainty coming from the unknown signs 
of the piezoelectric constants. 

Thus the c/a distortion can quantitatively be ac- 
counted for with a value of f slightly less than 1, i.e., 
with a lattice slightly less ionic than Cd*S~. Roughly 
the same value of f is required in a quantitative theory 
of the optical double-refraction.t Such an effective 
ionic charge is very reasonable. Let us imagine, with 
Goodman,® “neutral”? Cd°S® brought together into a 
crystal. Because of the electronegativity difference there 
will be a shift of electronic charge from Cd to S. This 
shift will stop short of Cd+*+S~~ because of opposing 
covalent tendencies. 

It is to be hoped that elastic and piezoelectric meas- 
urements will be made on the other wurtzite like com- 
pounds. It might then be possible to establish a semi- 
empirical relationship between f and electronegativity 
difference in compounds with the wurtzite structure. 


Note added in proof. The elastic and piezoelectric 
constants of CdS have just been measured by D. 
Berlincourt, H. Jaffe, H. H. N. Krueger, and L. 
Shiozawa [Phys. Rev. (to be published) ]. They find 
dys—dyy=+46.5 10-*, in large disagreement with 
Tanaka and Tanaka. Use of their numbers exclusively 
in Eq. (1) makes the right side —0.0187 f?+0.00514 f, 
yielding f=0.73. Their elastic data differ only slightly 
from Bolef et al.; and it is now evident that the f? 
term, which arises from a subtraction of nearly equal 
numbers, is extremely sensitive to small changes in the 
S ij. 

* Supported by the National Science Foundation 

+On leave from the University of Pittsburgh, Pittsburgh, 
Pennsylvania. 
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Molar Sound Velocity in Inorganic Acids 
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OMATO)! studied the variation of molar sound 
velocity in aqueous solutions of weak acids, such 
as formic, acetic, propionic, and butyric acids and strong 
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F1G. 1. Variation of ultrasonic velocity with concentration. 


acids, such as nitric and sulphuric acids. In all these 
cases he found a definite linear variation of molar sound 
velocity with concentration. In the first four acids he 
computed the theoretical values for R and found that 
they were always greater than the experimental values. 
He explained the differences as due to the highly 
associative nature of the acids and water. 


In the present investigation, the molar sound velocity 
in the aqueous solutions of sulphuric, nitric, phosphoric, 
and perchloric acids is studied. The data for the first 
two acids is taken from Porosorov’s* paper and the 
latter two are studied by the authors. Though there is a 
significant minimum in the ultrasonic velocity at a 
concentration of 1.6 mole/liter for perchloric acid as 
seen from Fig. 1 and similar nonlinear variations in the 
case of nitric and sulphuric acids as reported by Poroso- 
rov, the molar sound velocity exhibited remarkable 
linear variation with concentration expressed in molar 
fractions as illustrated in Fig. 2. The results for sul- 
phuric acid are available up to 99% concentration but 
values up to 50% concentration only are shown in 
Fig. 2. By extrapolating the graphs shown in Fig. 2 to 
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100% concentration, the molar sound velocity for the 
pure acid is obtained and these are compared with the 
theoretical values computed by Rao’s atomic-incre- 
ments method. In this computation due account is taken 
of the contribution of —25 to semipolar bond as previ- 
ously estimated.’ It is well known that sulphuric acid 
has two, nitric and phosphoric acids, one each, and 
perchloric acid three semipolar bonds. The experi- 
mental values of R thus estimated are presented in the 
Table I along with the theoretically computed values 
of R with and without taking into account the contri- 
bution of the semipolar bond. It is interesting to note 


TABLE I. 





R Theoret- R Theoret- 
ical ical 
including 
semipolar 
bond 


excluding 
semipolar 
bond 


R Experi- 


Acid mental 





Nitric acid 
Sulphuric acid 
Perchloric acid 
Phosphoric acid 


410 28. 
580 26. 
496 . 
549 17. 


453.5 
676.0 
615.0 
742.0 
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that there is better agreement with the theoretical 
values computed after taking into account the contribu- 
tion of semipolar bonds. There is a fairly good agree- 
ment between the experimental and theoretical values 
in the case of perchloric, sulphuric and nitric acids and 
there is large deviation in the case of phosphoric acid. 
This may be attributed partly to the uncertainty of 
estimating R value for phosphorus. The interesting 
feature of this investigation is the perfect linear varia- 
tion of R with concentration even in the case of 
inorganic acids. 

The authors are indebted to Council of Scientific & 
Industrial Research, India for financial assistance of 
this research project. 

ane Nomato, Bull, Kobayaski Inst. Phys. Research 7, 136 
is P. Porosorov, Zhur. Fiz. Khim. 14, 384 (1940). 


3P. R. K. L. Padmini, K. Subba Rao, and B. Ramachandra 
Rao, Trans. Faraday Soc. (to be published). 


Electron Spin Resonance in Neutron- 
Irradiated Calcite* 


J. C. Kempt 
Electronics Research Laboratory, University of California, 
Berkeley, California 
(Received June 8, 1960) 


N interesting spin resonance spectrum has been 
observed in single crystals of natural calcite 
subjected to fast neutrons in a reactor. The lines are 
extremely narrow (widths of 0.1 gauss were noted) 
and showed thermal relaxation times 7; of several 
séconds at liquid helium temperatures; they have been 
used to advantage in electron spin echo! and pulsed 
maser experiments. Selected high purity calcite, with 
only one ppm of manganese and no detected important 
amount of other impurities, was used; it was believed 
that impurities played no role in the spectrum reported 
here. Mn** lines were in all cases much weaker than 
the principal irradiation-induced lines. Three crystals, 
designated I, II, and III, weight 900 mg each, were 
given total dosages of 10”, 10", and 10 fast neutrons, 
respectively; a brownish color resulted, sample III 
being almost opaque. Unlike some short-lived centers in 
calcite,’ these centers have not faded during months’ 
storage at room temperature. 

The main features of the spectrum, observed at 8700 
Mc in sample I at 77°K, were: (a) three strong equal- 
intensity lines, called the A lines, located within 5 
gauss of the free-electron Ho (Zeeman-splitting) field 
value; and (b) twelve lines about one-fifth as strong as 
the A lines, the four threefold sets BCDX, located 
within 50 gauss of the free-electron Hy value on the low- 
field (g>2) side. Additional lines, mostly much weaker 
than BCDX, were also present. The lines were aniso- 
tropic, the sets ABCDX showing certain symmetries, 
related to the crystal symmetry, under variation of the 
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Fic. 1. Behavior of prominent spin resonance lines in neutron- 
irradiated calcite as function of azimuthal angle ¢. The Zeeman 
field (Ho) direction is in a plane normal to the c axis and makes an 
angle @ with a fixed direction in this plane. Constant frequency 
(8700 Mc) spectra were taken at intervals Ag=5°. 


Hg, direction with respect to the crystal axes. Figure 1 
shows the behavior of these lines as Hp was rotated in a 
plane normal to the c axis, i.e., with the polar angle 
6 between Hp and the c axis maintained at 90°. The azi- 
muthal angle @ was measured between the plane of Ho 
and the c axis, and a twofold axis direction. Lines 
X,X2X; were coincident for @=0° and for #=90° for any 
¢, but slightly separated otherwise. For a particular ¢, 
as @ was varied from 6=90° (Fig. 1) to @=0° (Hy 
along the c axis), the A lines converged to a single line 
at an Hy value 5 gauss smaller than their center of 
gravity in Fig. 1. Sets B, C, and D behaved somewhat 
similarly, with center of gravity shifts of —7, +14, 
and —30 gauss, respectively. This compact spectrum 
was well resolved only in sample I and at 7$77°K, 
but seemed generally the same in samples I and IT and 
over the range 1.5°XK—77°K. 

The width of all the lines at 7<$77°K was 0.12 gauss 
in sample I, containing (21) X10" spins per single A 
line, and 0.6 gauss in sample II, with 10” spins per A 
line. Relaxation times for the A lines in sample I, 
measured during maser and spin echo experiments,'? 
were 7;=(5+2) seconds at 1.5°K and T\~2 usec at 
77°K; transverse relaxation time 7, was 18 psec at 
1.5°K, compared with an inverse line half-width T,* 
of 0.8 usec. Hyperfine broadening being negligible, the 
linewidth for 777°K was a concentration-dependent 
spin-spin width; broadening was inhomogeneous and 
presumably due mostly to nonsecular dipolar interac- 
tions between spins in the several lines. 

Hyperfine splittings and fine structure (with S>} 
spins) seem unlikely causes of the major multiplicities 
in this spectrum. Of several structures possibly present, 


the following could explain the threefold multiplicity 
and anisotropy of one or more of the sets ABCDX, 
perhaps only set A. Linear CO: groups,> formed by 
knocking oxygens from the CO; complexes, might line 
up with equal likelihood in any of three directions 
related by the trigonal crystal symmetry. The magnetic 
axes of an unpaired electron trapped in the vicinity of 
such a CO: group could thus be oriented in one of three 
ways, giving a threefold distribution. 


* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air Re- 
search and Development Command. 

} Present address: Physics Department, University of Cali- 
fornia, Berkeley, California. 
is J. C. Kemp, Ph.D. thesis, University of California, Berkeley 
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Multiple Velocity Dispersion in 
Halomethane Gas Mixtures 


J. B. CALVERT AND R. C, AMME 
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XPERIMENTS by Amme and Legvold! on sound 
velocity dispersion in halomethane gas mixtures 
probably indicate multiple dispersion, although the 
dispersion curves are characteristic of a single relaxation 
frequency. We shall assume parallel excitation of the 
vibrational degrees of freedom for the two gases of a 
mixture. If w4, wg are the relaxation frequencies in gases 
A and B, respectively, and wag, wpa are the “‘interac- 
tion’”’ frequencies, the frequencies associated with each 
gas in the mixture are 


w= (1—X) wa +Xorn, we = Xwea+(1—X) wpa, 


where X is the mole fraction of gas B. 


(1) 


TABLE I. Observed relaxation frequencies and the quantity R in 
halomethane gas mixtures.* 








CCIF;—CHCkLF CF,—CHCIF: 


Wobs R Wobs R 





1. 








® Wobs and R are in units of 10° sec~!, data computed from work cited in 
footnote 1. 
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The observed relaxation frequencies? are dependent 
ON w, w, and the specific heats for vibration associated 
with each component of the mixture. If the two gases 
have approximately the same specific heats, and if 
w, and we are nearly equal, the observed frequencies are 


@=(1—X)wtXw2,  wo=(co/c,,.) [Xait(1— X) oe]. 
(2) 


The specific heat associated with @ is the full value for 
the mixture, while that associated with w» is practically 
zero. When (wi—w:) is small, or when one gas pre- 
dominates in the mixture, the observed frequencies 
are slightly shifted. However, the major portion of the 
specific heat remains with the frequency closest to . 
The exact analysis is given by Herzfeld and Litovitz.* 

In the mixtures CCIF;—CHCI,F and CF,—CHCIF, 
the specific heats of the mixed gases are almost equal, 
and the velocity dispersion occurs with a single pre- 
dominant relaxation time. We believe that this observed 
relaxation frequency is practically equal to @. This 
hypothesis was tested by calculation of the quantity 
R= {wors—[(1—X)wa+Xwp |}[X(1—X)}°, — which 
should be practically independent of the concentration 
X if wa, wp, wap, wea are constant, and if wops is equal to 
@. From Eqs. (1) and (2), R is (ws+wa)— (wast 
wpa). Within experimental error, R was found constant 
with respect to concentration (See Table I). 

It seems, therefore, that the observed dispersion is 
principally due to the predominant relaxation mechan- 
ism which carries most of the specific heat, and is quite 
consistant with the hypothesis of parallel excitation. 
Higher resolution would be necessary to resolve the 
contribution of the minor mechanism. 


1R.C. Amme and S. Legvold, J. Chem. Phys. 26, 514 (1957). 

? Throughout this letter, the “observed” frequencies are the 
inflection-point frequencies multiplied by Co/Co. 

3K. F. Herzfeld and T. A. Litovitz, Absorption and Dispersion 
of cane Waves (Academic Press, Inc., New York, 1959), 
p. 93ff. 


Decomposition of Activated sec-Butyl 
Radicals from Different Sources and 
Unimolecular Reaction Theory.* 


R. E, HARRINGTON AND B. S. RABINOVITCH 
Department of Chemistry, University of Washington, 
Seattle 5, Washington 
AND 
H. M. Frey 
Department of Chemistry, University of Southampton, England 


(Received June 10, 1960) 


IHE study of the unimolecular decomposition of 
chemically activated sec-buty! radicals'? to give 
propylene and methyl has been extended here to include 
radicals formed from H and D atoms with butene-1; 
these have minimum total excess internal energy, above 
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the critical decomposition energy, of around 8.9 and 
10.7 kcal/mole respectively,’ compared to 8.0' and 9.8? 
kcal/mole for radicals formed from H and D-+<is- 
butene-2 respectively. 

The average experimental rate constants kg at 25°C 
are shown in Fig. 1 as functions of S and D, the amounts 
of radical decomposition D and collisional stabilization 
S, and are extrapolated to the limits of high and low 
pressure. In Table I, the results are compared to cal- 
culated quantities. The method of calculation and the 
molecular vibration models used are as given previ- 
ously.?, Within the experimental error, reasonable 
correspondence is obtained in both our present and in 
earlier work between observed values and those cal- 
culated by us under the assumptions that all internal 
degrees of freedom are active and that rate of reaction 
varies with total excess internal energy. 

In a general way, these findings tend to support the 
importance of vibrational anharmonicity, and the 
unimolecular reaction model of coupled vibration modes 
of O. K. Rice and Kassel. A more specific criterion has 
been remarked recently by Frey*®: A molecule may be 
activated by processes which give rise to characteris- 
tically different excitation of the normal modes, e.g., 
random thermal excitation of 1,1-dimethylcyclopro- 
pane, as contrasted with chemical activation by its 
production from methylene+isobutene; nonrandomiza- 
tion of internal energy during the lifetime of excited 
molecules should result in different rates of reaction in 
the two cases (other things being equal or accounted 
for). Frey concluded, from an observed variation in the 
relative rates of production of 3-methylbutene-1 and 
2-methylbutene-2 in these two cases, that N. B. Slater’s 
model of orthogonality of the normal mode vibrations 
was supported. 

Now formation of activated sec-butyl radicals from 
butene-1 and cis-butene-2 involves different processes. 
With the former, the atom attaches to C, of the butene-1 
molecule, while the C;—C, bond is later ruptured. 
With the latter, the atom attaches to C2, a part of the 
breaking C;—C, bond. Since the radicals are formed in 














2 


Frc. 1. ka for sec-butyl radicals against S/D, 4, and D/S, A; 
ka for sec-butyl-d; radicals against S/D, @, and D/S, O. 25°C. 
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TABLE I. Butene-1 k, values (10’ sec~!) and butene-1:cis-butene-2 
ka ratios at 25°C. 








Ram hay Ragg/Rag hag Rag kago/hag 





butene-1 hydrogen 


4 1.3 1. 
ys ee oe alia 


deuterium 


3.1 1.5 
2.92 1.38 


obs 


<i S$ 47 
calc z 46 4.02 





butene-1: cis-butene-2 


obs 
calc 


1.60 1.44 1.41 
1.41 1.47 1 


1.42 
1.38 1.43 








uniquely different ways (leading to the presumption of 
significant differences with respect to C—C rupture in 
the normal mode excitations), but decompose at vir- 
tually the same rates, describable by the same model 
in which only the total excess energy enters, migration 
of internal energy among the various vibrational modes 
presumably occurs before decomposition. This conclu- 
sion weighs against the orthogonality assumption of 
Slater’s theory, and supports Butler and Kistiakowsky 
who recently found evidence for migration of energy 
in their studies of methylcyclopropane energized in 
several ways.® Our data’ on the relative rates of geo- 
metric and structural isomerization of cyclopropane-ds, 
excited in characteristically different ways, also sup- 
ports this conclusion.® 


* Abstracted from the Ph.D. Thesis, University of Washington, 
1960, of R.E.H., which contains a fuller account. This work was 
supported by the ONR. 

1 ‘Ng Rabinovitch and R. W. Diesen, J. Chem. Phys. 30, 735 
(1959). 

?R. E. Harrington, B. S. Rabinovitch, and R. W. Diesen, J. 
Chem. Phys. 32, 1245 (1960). 

5 The estimated activation energy for addition of an atom to 
butene-1 is ~0.6 kcal/mole less than for butene-2, as inferred 
from the results of M. D. Scheer and R. Klein, J. Phys. Chem. 
63, 1517 (1959). 

‘ The data for butene-1 are somewhat complicated by a small 
amount (~5%) of n-butyl radical formation by nonterminal 
addition, evidenced particularly by its observed decomposition 
product ethylene and small amounts of stabilization product 
n-pentane (from m-butyl+methyl). 

5H. M. Frey, Trans. Faraday Soc. 56, 51 (1960). 

6 J. N. Butler and G. B. Kistiakowsky, J. Am. Chem. Soc. 82, 
759 (1960). 

7B. S. Rabinovitch, E. Tschuikow-Roux, and E. W. Schlag, 
J. Am. Chem. Soc. 81, 1081 (1959). 

SIt is suggested in addition to experimental errors noted by 
Frey® that, considering the large difference in average excitation 
energy of the 1,1-dimethyl-cyclopropane produced by the two 
methods used, the comparatively small variation (from ~1.0 to 
~1.6) of rate ratios of olefin formation found in that work may be 
no more than expected for two processes whose activation energies, 
while ostensibly equal, may actually differ a little. 


Tables for the Calculation of Lattice Sums* 
Pxitrp RaBrnowitz* AND GEORGE WEIsst 


Department of Applied Mathematics, Weizmann Institute of Science, 
Rehovot, Israel 


(Received March 11, 1960) 


N many calculations in crystal physics, one needs to 
evaluate sums of the form 
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Syh™" (x1, X2, Xs) = > Cisjomjs"/ (j2+je+js)? ] 
i1,i2,i9=—? 
X expLia(jitrtjoretjors)] (1) 


where the term with j;=j2=j;=0 is omitted. This sum- 
mation might be over all integers, all odd integers, or 
all even integers. By means of the representation 


z= {T'(p) i ae exp(—2t)dt, 
0 
the sum in Eq. (1) can be written: 
Simm (ay, as, = (0(9)}4 [0 
0 


XU (x, t)U (x2, t)U (as, t)dt = (2) 
where, for example, 

U (ay t)= OF expLiarn—re), (3) 
where the sum may be over all integers, all odd integers, 
or all even integers. In the present method for evaluat- 
ing S,*™"(a, x2, x3) by means of Eq. (2), we tabulate 
values of the U functions at values of ¢ suitable for 16- 
point Laguerre integration. That is, we approximate 

[esae~ Das f(em) () 
0 k=0 
where the x’s are roots of generalized Laguerre poly- 
nomials and the U’s are obtained from derivatives of 
these polynomials." 
We have tabulated six types of functions 


Gi (x, 1) = > jt exp(—7*t) cosmjx 


Gilx, t) = (2j)* exp(— (2)%) cosm2jx 
Gu(x, t) = 35 (2j—1)* exp(— (2j-1)4) cos(2j—1) x 


H,(x, 1) = yi exp(—7*t) sinajx 


j=l 


Ai, (x, t)= 3 (2;)# exp(— (2j)%) sin2xjx 


Hex, t) = 93(2j—1)* exp(— (2)—-1)) manta, 
j=l 


The tables contain an x range of x=0(.05)1.0 and are 
good to six significant figures. Tables IIa and IIIa are 
valid for k=0, IIb and IIIb for &=2, and IIc and IIIc 
for k=4. Table I facilitates evaluation of the integrals 
for other values of k by presenting the Laguerre abscis- 
sas and various powers of these abscissas. The tables 
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were prepared by direct summation of all terms less 
than 10-* in magnitude. The calculations were done on 
WEIZAC, the digital computer at the Weizmann 
Institute of Science. 

As an example of the use of these tables we cite the 
representation of Ss /2'!(x, x2, xs): 


S52! (x1, X2, Xs) = [4/3 (4)*] t Bi 
0 


CAs (a1, t) (x2, t)+2Hi (am, t) Hi (x2, t)Go(%s, t) Jdt, (6) 


in which form the numerical integration formulas can 
be applied. 

These tables have been deposited as Document num- 
ber 6393 with the ADI Auxiliary Publications Photo- 
duplication Service, Library of Congress, Washington 
25, D.C. A copy may be secured by citing the document 
number and by remitting for photoprints or for 35-mm 
microfilm. Advance payment is required. Make checks 
or money orders payable to Chief, Phutoduplication 
Service, Library of Congress. 

* This research was tially su 


rted by the United States 
= Force through the Air Force 


ce of Scientific Research. 
Present address: Institute for Fluid Dynamics and lied 
Mathematics, University of Maryland, College Park, Maryland. 
1P. Rabinowitz and G. Weiss, Math Tables and Other Aids 
to Comp. XIII, 285 (1959). 


Rate of Reaction of Nitrogen Atoms 
with Ethylene* 


Joun T. HERRON 


Mass S$ pectrometry Section, National Bureau of Standards, 
- Washington, D. C. 


_ (Received June 15, 1960) 


OME preliminary results have been obtained on a 
mass spectrometric study of the reaction of nitro- 
gen atoms with ethylene. 

The reaction was studied in a simple flow system. 
Nitrogen gas was partially dissociated in a 2450-Mc 
electrodeless discharge. The products flowed through a 
0.7-cm tube, across the 1-mil glass sampling leak of the 
mass spectrometer, and then to the pump. Reactant 
gas was added through a concentric tube 18 cm up- 
stream of the leak. Normal operating conditions were 
2.8 mm of Hg total pressure, 50 cc/min Ne flow, and 
10 sec reaction time. The reaction zone could be 
heated to 350°C, as measured by a glass-encased 
thermocouple. 

Changes in the concentrations of stable materials 
were observed by means of conventional mass spectro- 
metric techniques, using 70-v ionizing electrons. Rela- 
tive nitrogen atom concentrations were similarly meas- 
ured, except that nominal ionizing energies of 17.5 v 
were used. 

Absolute N atom concentrations were determined 
using the NO titration technique.'* 


EDITOR 





1 L 1 1 _b 1 1 
to 20 30 40 60 60 70 
CeHg— MOLES/CC x 10" 


Fre. 1. Log (N) vs (C2H,) at 328°C. 











The reaction was studied from 27°C to 327°C. Both 
initial C,H, and-N atom concentrations were varied. 
Initial C,H, concentration was varied from about 10~° 
mole/cc to 10-” mole/cc. Two different initial N atom 
concentrations were used, approximately 6x10-” 
mole/cc, and 4X10-" mole/cc. Over the temperature 
range covered, most of the nitrogen atoms were de- 
stroyed without equivalent decomposition of ethylene. 
The disappearance of N atoms was found to be first 
order in both N and C,H, at temperatures greater than 
150°C. A reaction mechanism compatible with these 
observations is 


ky 
N+C.H;—[NC2H4 J, 


followed by either catalytic recombination, 


(1) 


ke 
N+[NC.Hy}-—?N2+ Coy, 


(2) 


or dissociation, 


ks 
(NCH, }—- products. (3) 


This mechanism is identical to that proposed by Evans, 
Freeman, and Winkler*® in their unified mechanism 
for the reaction of nitrogen atoms with organic mole- 
cules. 

The products of reaction (3) are probably HCN 
and CH;.** 

If reaction (2) is considerably faster than (1), and 
the concentration of C,H, is taken to be constant, the 
rate of disappearance of N atoms reduces to a simple 
first-order rate expression, the solution of which is 


log(N) = log(No) — (2kit/2.303) (CzH,). 


A plot of log (N) vs (C2H4) is shown in Fig. 1. 

Over the temperature interval 200°C to 330°C, k; 
was almost constant, having an average value of 5.8X 
10 cc mole sec. This would indicate a relatively 
low activation energy for reaction (1). 

This value of &; is in surprisingly good agreement with 
a value determined by means of the diffusion flame 
technique.‘ 

It should be noted that the species [NC.H,] was not 
detected. This gives credence to the assumption that 
ko>hi. 

Because of the difficulty encountered in accurately 
measuring the amount of ethylene consumed, it was not 
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possible to obtain an exact value for the relative rates 
of reactions (2) and (3). However, it is estimated that 
k;/keo~10- mole/cc, and does not show a marked 
temperature dependence. 


* This research was supported in part by the Department of the 
Army under the National Bureau of Standards’ Free Radical 
Research Program. 


1G. B. Kistiakowsky and G. G. Volpi, J. Chem. Phys. 27, 1141 
(1957). 


2 J. T. Herron, J. L. Franklin, P. Bradt, and V. H. Dibeler, 
J. Chem. Phys. 30, 879 (1959). 


5H. G. V. Evans, G. R. Freeman, and C. A. Winkler, Can. J. 
Chem. 34, 1271 (1956). 


‘J. H. Greenblatt and C. A. Winkler, Can. J. Research B27, 
721 (1949). 


5 J. Versteeg and C. A. Winkler, Can. J. Chem. 31, 1 (1953). 


Condensation Coefficient of Arsenic 
Trioxide Glass 


A. B. Bestut anp D. H. BLackBuRN 
National Bureau of Standards, Washington 25, D. C. 
(Received May 13, 1960) 


HE condensation coefficient for a surface is defined 

as the fraction of the molecules striking the surface 
which condense there. The condensation rate on a sur- 
face in equilibrium with its vapor is equal to the maxi- 
mum rate at which molecules can vaporize from the 
surface at the prevailing temperature. Only for a small 
number of substances is. it accepted that the condensa- 
tion coefficient is substantially less than unity.' It has 
been demonstrated that for some substances, low values 
reported as condensation coefficients may be spurious 
because limitations on the heat supply to the vaporizing 
surfaces may have lowered their temperatures below 
the values indicated.2 There are reported here the 
results of some preliminary measurements which indi- 
cate that vaporization from arsenic trioxide glass occurs 
at a rate consistent only with an extremely low value 
for the condensation coefficient. A value of <10~7 
is already accepted for the condensation coefficient of 
monoclinic arsenic trioxide crystals directly on the 
basis of condensation studies. Without giving the 
details of the measurements, Stranski reports‘ that the 
super-cooled liquid has also been observed to have evap- 
oration rates low enough to indicate a condensation 
coefficient appreciably less than unity. The term 
“super-cooled liquid” designates uncrystallized matter 
at temperatures below its freezing point, but above its 
glass transformation region. In this interval it is in 
equilibrium with respect to liquidlike states and its 
properties are unique functions of temperature, which 
are smooth extrapolations of relations between proper- 
ties and temperature for the liquid above the melting 
point. The term “glass” designates uncrystallized 
matter at temperatures below the glass transformation 
region. In cooling through this region the relations 
between properties and temperature deviate from 


THE EDITOR 


smooth extrapolations of the relations at higher temper- 
atures, and become no longer unique for a given sub- 
stance. The glass transformation region for arsenic 
trioxide is estimated to be above 200°C. The tempera- 
ture of the experimental sample which Stranski refers 
to as a “super-cooled liquid” is not known. 

The maximum rate of vaporization from arsenic 
trioxide glass at 194°C has been determined by meas- 
urement of weight loss in vacuum. The principal speci- 
men used had a surface area of 2.07 cm? and was roughly 
a cube. The glass was prepared from Baker Analyzed 
Reagent Primary Standard arsenic trioxide powder 
by melting at 575°C and recooling, both in an evacuated 
sealed Pyrex tube. 

The specimen was suspended in a thermostatted high 
speed vacuum chamber jacketed by refluxing cis- 
decalin, of which the boiling point was measured as 
194°C. The suspension was 0.0014 in. diam. tungsten 
wire looped once around the specimen. The calculated 
rate of heat loss from the specimen through this wire 
under the experimental conditions is 1.6 10~ cal sec™. 
This figure is a factor of 10~ less than the latent heat 
requirement of the smallest rate of vaporization men- 
tioned in this note. The specimen and the wire were 
weighed with an analytical balance before and after 
such exposure to vacuum. The results of Littlewood 
and Rideal* demonstrate that reliable measurements of 
the maximum rate of vaporization can be obtained 
without a cold spot near the specimen to serve as a 
sink for the vapor species. The experimental tempera- 
ture was determined by separate measurements using a 
calibrated thermocouple fixed firmly against the surface 
of a specimen. However, it is not these measurements, 
but arguments given later, which are relied on to elimi- 
nate the possibility of dismissing the results reported 
here on the basis of surface cooling. Three determina- 
tions varying from about 2 to 19 hours of exposure to 
vacuum, respectively, gave an average value of 1.34 
0.210 g cm~ sec“ for the rate of vaporization. 

Since the vitreous state is metastable with respect to 
the crystalline, the vapor pressure of the crystal may be 
taken as a lower limit for that of a glass of the same 
composition. The value for monoclinic arsenic trioxide, 
which is the stable form, at 194°C is 0.11 mm Hg.5 
According to the kinetic theory of gases, a surface sur- 
rounded by gaseous As4O¢ molecules (the vapor species) 
at this pressure and temperature would be struck by 
them at the rate of 5.9X10-* g cm™ sec. This rate 
divided into the experimentally determined rate of 
vaporization reported above gives a ratio of 2.2X10-* 
as an upper limit for the value of a condensation coeffi- 
cient for arsenic trioxide glass. 

Using the Stefan-Boltzmann radiation law and an 
arbitrary emissivity coefficient of 0.7, calculations have 
been made as a function of surface temperature of the 
maximum rate of vaporization which can be supplied 
by net radiation from a surrounding heat source at 
194°C. Also as a function of temperature, calculations 
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have been made of the maximum vaporization rate 
(corresponding to a condensation coefficient of unity) 
consistent with the vapor pressure of monoclinic ar- 
senic trioxide. These two functions intersect at 155°C 
at a vaporization rate of 2.3X10~ g cm™ sec~. These 
values are taken as approximations to the corresponding 
values for the glass. Accordingly, if the condensation 
coefficient of arsenic trioxide glass were in fact unity, 
undetected surface cooling could not lower the observed 
rate of vaporization below the above value, which would 
correspond to an apparent condensation coefficient of 
0.04. Since the value reported in this note is lower than 
this by four orders of magnitude, the entire deviation 
from unity can hardly be dismissed on the basis of 
undetected surface cooling. The latent heat for vapor- 
ization of monoclinic arsenic trioxide at the experi- 
mental rate reported for the glass can be supplied by 
net radiation alone with a surface temperature lowering 
of about 0.001°C. This would depress the vaporization 
rate of the monoclinic form to 0.9999 times the value at 
the nominal temperature. In order to depress the vapor 
pressure of monoclinic arsenic trioxide to a value which 
would yield the reported vaporization rate for the glass 
with a condensation coefficient of unity, the tempera- 
ture of the vaporizing surface would have to be lowered 
to 69°C. 

The fact that the super-cooled liquid and the glass 
both have low condensation coefficients is consistent 
with the view of the vitreous condition as a non- 
equilibrium condition of liquidlike molecular configura- 
tion, 

1 L. Brewer and J. S. Kane, J. Phys. Chem. 59, 105 (1955). 
Poet at cricg and E. Rideal, Trans. Faraday Soc. 52, 1598 

70. Knacke and I. N. Stranski, Progress in Metal Physics, 
edited by B. Chalmers and R. King (Pergamon Press, New York, 
1956), Vol. 6, p. 209. 

41. N. Stranski and G. Wolff, Research (London) 4, 15 (1951). 


5 J. A. Schulman and W. C. Schumb, J. Am. Chem. Soc. 65, 
878 (1943). 


Effect of Thermal Treatment of Paramag- 
netic Resonance Spectra of Rare Earth 
Impurities in Calcium Fluoride* 


E. FRIEDMAN AND W. Low 
Department of Physics, The Hebrew University, Jerusalem, Israel 
(Received May 27, 1960) 


URING the last few years we have reported para- 

magnetic resonance spectra of rare earth ions in 
calcium fluoride.‘ These spectra show that trivalent 
rare-earth ions are substituted for the calcium ions and 
that the majority of the ions are situated at a site of 
cubic point-symmetry. On the other hand, the Oxford 
group has published paramagnetic resonance data on 
similar rare-earth ions in calcium fluoride indicating 
axial symmetry.*~” They conclude that charge com- 
pensation is probably obtained by a fluorine ion situated 
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in an interstitial site next to the paramagnetic impurity. 
This explanation is supported by the fluorine hyperfine 
structure in CaF,:U*.5* 

It was obvious that the difference in the spectra 
must depend upon how the crystals were grown. These 
differences were mainly in the rate with which the 
crystals were lowered through the thermal gradient 
and/or in the annealing process. 

Our crystals were grown at a rate of about 3—1 in. 
per hr (melting point 1380°C), whereas those used by 
the Oxford group were grown at a very slow rate.® We 
should like to report here supporting evidence that the 
annealing process is one of the main factors in account- 
ing for the difference between these two types of 
crystals. We are now able to transform the point- 
symmetry about the paramagnetic trivalent ion from 
axial to cubic symmetry or vice versa with relative 
ease. 

Most of the experiments were made on calcium 
fluoride containing 0.01%—0.001% gadolinium. This 
paramagnetic impurity was chosen because of the ease 
with which the paramagnetic resonance spectra can be 
detected. The results, however, are not limited to this 
particular ion, since similar effects were observed with 
Ce** and U*. 

The annealing procedure was as follows. The crystals 
were contained in a graphite crucible surrounded by 
PbF, as a scavenger. A constant flow of helium was 
maintained through the inside tube of the furnace so as 
to exclude the presence of air. The furnace was heated 
to 1000°C at a rate of 200°C per hour, and kept at 
1000°C for one hour until all the PbF, vapor had been 
driven off. The temperature was increased to 1200°C in 
one to two hours and kept at this temperature for 18 
hours. If a crystal, containing predominantly gadolin- 
ium in cubic sites, was cooled slowly at a rate of 100° 
per hour one obtained a crystal in which the gadolinium 
showed axial symmetry. The ratio of the number of sites 
with axial to cubic symmetry was in excess of 50:1. - 
This crystal was then given the same heat treatment 
except that it was quenched from 1200°C to room 
temperature in one to two hours. The axial symmetry 
spectrum nearly disappeared and the cubic spectrum 
became stronger by a factor of thirty. It has also been 
found that the conversion from one point-symmetry 
to the other depends on the length of time the crystal 
is held at 1200°C. A crystal heated at 1200° from two to 
four hours gives only a partial conversion, the amount 
of cubic and axial sites being of the same order of 
magnitude. Also, if the crystal is held at a lower temper- 
ature the conversion is less efficient. 

These data indicate that the excess F~ is not tightly 
bound to the cube nearest to the trivalent impurity 
ion at high temperatures. If the crystal is quenched, 
the excess fluorine has no time to diffuse to the ener- 
getically more stable sites near the trivalent ion. 

The partial conversion from one point-symmetry 
to another will no doubt effect the ionic conductivity 
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in doped calcium fluoride crystals. The results of con- 
ductivity measurements as a function of temperature 
by Ure” should be, therefore, reinterpreted taking into 
account the different activation energies of F~ randomly 
distributed and those located near the trivalent ion. 

We are investigating the change of the optical 
absorption spectrum of a number of rare earth ions as 
function of a change of the point-symmetry from axial 
to cubic symmetry. Similarly the effects of the change of 
point-symmetry on the color centers in irradiated 
crystals is being planned. 


* Supported in part by the U. S. Air Force, Air Research, and 
Development Command, through its European Office 

1 W. Low, Phys. Rev. 109, 275 (1958) 

2 W. Low, Phys. Rev. 118, 1608 (1960). 
me. - Dvir and W. Low, Proc. Phys. Soc. (London) 75, 136 

). 

* W. Low, Proc. Phys. Soc. (London) (to be published). 

5B. Bleaney, P. M. Llewellyn, and D. A. Jones, Proc. Phys. 
Soc. (London) B69, 858 (1956). 

6 J. M. Baker, W. Hayes, and D. A. Jones, Proc. Phys. Soc. 
(London) 73, 942 (1959). 

7J. M. Baker, B. Bleaney, and W. Hayes, Proc. Roy. Soc. 
(London) A247, 141 (1958). 

5 J. M. Baker, W. Hayes, and M.C. M 
(London) A254, 273 (1960). 

® The crystals fe by the Oxford group were grown by Dr. D. 
A. Jones and Dr. R. W. H. Stevenson of the University of Aber- 
deen. We are grateful to Dr. Stevenson for sending us a sample of 
his CaF;:Gd** crystals. 

R. W. Ure, Sr., J. Chem. Phys. 26, 1363 (1957). 


. O’Brien, Proc. Roy. Soc. 


Size Effects Among Isotopic Molecules* 


HuBert W. Joy Anp W. F. Lipsy 
Department of Chemistry, University of California, Los Angeles 
(Received June 22, 1960) 


S Bartel! has stated recently, the amplitudes of the 
zero point vibrations of isotopic molecules will 
differ by as much as 0.05 A (for hydrogen and deu- 
terium bonded to a heavy atom.) The molal volumes 
of the solid methanes at low temperatures’ differ by 
6% for the two isotopic forms CH, and CD,—30.94 cc 
vs 29.2 cc for the molal volumes at the melting points 
90.66 and 89.79°K, respectively—in good agreement 
with the different amplitudes of the stretching mode 
for methane,** 


{ (2912—2085) «[hc/(2+5-10°) ]}! or 0.041 A vs 1.9 A 


as the mean carbon-carbon distance in solid CH,, 
corresponding to an expected 3(.041/1.9) X 100 or 6.4% 
increase. 

It has long been recognized®* that the equilibrium 
constants for isotopic reactions will be temperature 
dependent due to the energy differences in zero point 
energy. Less well recognized, however, is the possi- 
bility of a pressure effect due to the volume differences 
in the zero point state. Thus a reaction such as 


H,0%+-CaC0Os caicite= HxO+CaCO;*catcite 
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may have a net change in volume. Assuming that the 
fractional volume change on isotopic substitution is 
about equal to the cube of the fractional change in dis- 
tance from the center of the molecule to the further- 
most position of any constituent atom in the course of 
the normal vibrations in the lowest energy state— 


3 (= streteh ing MC ) 
yi 2k stretching : 
where Aw is the frequency shift (in cm™ units) on 
isotopic substitution and V is the average volume per 
molecule in the state at the temperature considered, 
then 
—AV/(he)!=3(Awoo,--/2kco,—)'Vcaco,! 
—3(Awu.0/2hku0)'Va,0! 

ort 
ston} 

62-1078 

2+10.65- 10° a 


= —0.24-10-* cc/molecule 





—aV=(}e)'3 


=—0.14 cc/mole, 


since isotopic substitution of the centrally symmetric 
oxygen atom in water can to a first approximation cause 
no volume change. Therefore, if we assume that V 
for a single O"* substitution is $ of that for the fully 
substituted ion 


0 Ink/8P =+1.9- 10 atm (at 298°K) 


and at a depth in the ocean of about 3000 feet & is 
increased by 0.0019. This corresponds to —1° C on 
the Urey temperature scale.’ This effect should be 
directly measurable in the laboratory at high pressures, 
and effects of similar magnitude should apply to the 
phosphate’ and silicate oxygen isotopic equilibria with 
water. 

Bartel' and Leffels, Llewellyn, and Robertson’ 
recently have made a similar explanation for the 
effects on the rates of certain reactions of the substitu- 
tion of protium by deuterium in key positions in the 
reacting molecules. It thus seems likely that isotopic 
size effects exist for both equilibria and reaction kinetics 
and that these effects although small may be important 
in their diagnostic usefulness. They will be enhanced at 
high pressures, of course. 
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OW pressure gas chromatographic technique! has 

been employed for the analysis of products in the 
mercury photosensitized decomposition of cyclohexane 
at high temperatures. The observed products were 
propylene, ethylene, methane, ethane, butadiene, and 
propane as well as hydrogen, dicyclohexyl, and cyclo- 
hexene. At temperatures lower than 200°C only the 
last three compounds were observed. Gunning e al.? 
studied this reaction at room temperature and proposed 
a reaction mechanism which is consistent with our 
present data. 

In Fig. 1 is shown the time dependence of the relative 
rate of formation of the main products and in Table I 
the pressure dependence of the amounts of the main 
products formed. 

It is known that some normal hydrocarbon radicals 0 
decompose into olefins and smaller radicals at high GO rs & 4 3 6 
temperatures.* In the same manner, the cyclohexyl IRRADIATION TIME (min) 
radical produced in the initial process of the reaction 
may isomerize and decompose at temperatures higher Fic. 1. Time dependence of the relative rates of formation of 
than 200°C. The cocina results suggest the follow- ucts in the mercury photesensitinnd decomposition of cycle 


. z e at 400°C. The rate of formation of hydrogen in 10 sec is 
ing reaction mechanism, taken as unity. The initial cyclohexane pressure is 50 mm Hg. 
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RELATIVE RATE OF FORMATION _ 











CH,CH,.CH,CH,CH=CH,—C,H,+ CH,CH,CH=CH, (a) 


CH,CHCH.CH,.CH=CH,—C;H,+ CH,CH=CH, (b) 
cyclo C,H} 
CH;CH,CH:;CHCH=CH,—C,H;+ CH:.==CHCH=CH, (c) 





CH;CH,CHCH.CH=CH;—CH;+ CH:-=CHCH,CH=CH, (d) 





Radicals produced here may abstract hydrogen atoms Of these four reactions, (b) is presumed to be the 
from cyclohexane, may recombine or disproportionate, most important and explains the large formation of 
or may add to the olefins produced. propylene. The initial increase of the rates of formation 


TABLE I. Pressure dependence of the amounts of products formed in the mercury photosensitized decomposition of cyclohexane. Reaction 
temperature, 400°C. Irradiation time, 1 min. 





Products (u mole) 
C:H, C,H: C3Hs 


Initial pressure 








* nd=not determined. 
b Mainly butene-1. 
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of methane, ethylene and propane, as shown in Fig. 1, 
may be explained by the reaction of the hydrogen atoms 
with the accumulated propylene. The propyl radicals 
produced in this reaction may either decompose into 
methyl radicals and ethylene, or form propane by the 
abstraction of a hydrogen atom. 


Gas chromatographic analysis for C;—C, hydro- 


carbons using a dimethy] sulfolane column and a dioctyl 
phthalate column! showed two big and several small 
peaks besides the peak of cyclohexane. One of the big 


THE EDITOR 


peaks is assigned to cyclohexene and the other to methyl 
cyclopentane, the formation of which may result from 
the recyclization of the radical, CH»CH,CH,CH,CH= 
CH, followed by abstraction of a hydrogen atom. 
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